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Abstract

Data mining involves the use of data analysis tools to discover and
extract information from a data set and transform it into an understandable expression. One of its central problems is to identify a representative subset of features from which a learning model can be constructed.
Feature selection is an important pre-processing step before data mining
which aims to select a representative subset of features with high predictive information and eliminate irrelevant features with little importance
for classication. By reducing the dimensionality of the data, feature selection helps to decrease the time for training and by selecting the most
relevant features and removing the irrelevant and noisy data, the classication performance may be improved. Besides, with a smaller feature
subset, the learned model may be more intuitive and easier to interpret.
This thesis investigates the extension of Generalized Matrix LVQ (GMLVQ) model on feature selection. Generalized Matrix LVQ employs a full
matrix as the distance metric in training. The diagonal and o-diagonal
elements of the distance matrix respectively measure the contribution of
each feature and feature pair for classication; therefore, their distribution can provide a quantitative measurement of feature weight. More
steps and analysis are performed to force a more eective feature selection result and remove the weighting ambiguity. Besides, compared to
other methods which perform feature ranking rst and learning a model
after selecting the feature subset, GMLVQ based methods can combine
the process of feature ranking and classication together which helps to
decrease the computation time.
Experiments in this thesis were performed on data sets collected from
the UCI Machine Learning Repository [29]. The GMLVQ based feature
weight algorithm is compared with other state-of-the-art methods: Information Gain, Fisher and Relie. All these four feature ranking methods
are evaluated using both GMLVQ and RBF based Support Vector Machine (RBF-SVM) methods by increasing the size of the selected feature
subset with a stepsize rate. The results indicate that the performance
of GMLVQ based feature selection method is comparable to other methods and on some of the data sets, it consistently outperforms the other
methods.
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Chapter 1
1 Introduction and Background
1.1 Motivation
For a machine learning algorithm to be successful on a given task, the representation and quality of the data are the rst and most important. With the
advancing of database technology, data is easier to assess and more features can
be gathered for a specic task. However, more features do not necessarily result
in more discriminative classiers. Instead, when there are too many redundant
or irrelevant features, the computation can be much more expensive and the
classier may have a poor generalization performance due to the interference
of noises; therefore, proper data preprocessing is essential for the successful
training of machine learning algorithms.
Feature selection is one of the most important and frequently used preprocessing techniques [5] which aims to identify and select the most discriminative
subset from the original features while eliminating irrelevant, redundant and
noisy data. Some studies have shown that irrelevant features can be removed
without signicant performance downgrade [6]. The application of feature selection can have some benets:
1. It reduces the data dimensionality which helps the learning algorithms to
work faster and more eectively;
2. In some cases, the classication accuracy can be improved by using a
subset of all features;
3. The selected feature subset is usually a more compact result which can be
interpreted more easily;
To perform feature selection, the training data can be with or without label
information, corresponding to supervised or unsupervised feature selection. In
unsupervised tasks [1, 2], without considering the label information, feature
relevance can be evaluated by measuring some intrinsic properties within the
data, such as the separability or covariance.

In practice, unlabeled data is

easier to obtain compared to labelled ones, thereby indicating the signicance
of unsupervised algorithms. However, these methods ignore label information,
which may lead to performance deterioration when the label information is
available. Supervised feature selection is proposed to take the label information
into account. It can be generally divided into two major frameworks: the lter
model [14, 15, 16, 17] and the wrapper model [18, 19, 20].

The lter model

performs the feature selection as a pre-processing step, independent of the choice
of the classier. The wrapper model, on the other hand, evaluates subsets of
features according to their usefulness to a given predictor.
Feature selection techniques can be further categorized into feature ranking
and feature subset selection. Feature ranking methods assign a weight to each
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feature, indicating their importance in terms of some criterion. It is the user to
select the subset of features by choosing a threshold and eliminate all features
which do not achieve that score. Feature subset selection searches for the optimal subset which collectively has the best performance with respect to some
predictor. In this thesis, a new method for feature ranking will be investigated
and compared with other state-of-the-art ones.
Learning Vector Quantization is one of the most famous prototype-based
supervised learning methods. It was rst introduced by Kohonen [3]. After that,
several advanced cost functions were proposed to improve the performance, one
example being Generalized LVQ [4] which is only based on Euclidean distance.
To model the dierent contributions of features for classication, Generalized
Relevance LVQ is proposed [4, 7] to extend the Euclidean distance with scaling
or relevance factors for all features. The recently introduced Generalized Matrix
LVQ (GMLVQ) [33] extends the distance measurement further to account for
pairwise contribution of features. The distance matrix in GMLVQ contains some
information which may be useful for feature selection. For example, the diagonal
element

Λii

of the dissimilarity matrix can be regarded as a measurement of the

overall relevance of feature i for classication and the o-diagonal element

Λij

can be interpreted as the contribution of feature pair i and j. A high absolute
value indicates the existence of a highly relevant relationship while an absolute
value closer to zero may suggest that is is not that important for classication.
The above discussion illustrates the potential application of GMLVQ in feature ranking which has not yet been fully investigated. Early studies include
applying GMLVQ to select the best feature in the classication of lung disease
[39] and select the most discriminative marker in the diagnosis of Adrenal Tumor
[41]. In this thesis, a further investigation will be conducted and experiments
on more data sets will be carried out.

1.2 Research Questions
This thesis will attempt to answer the following questions:
1. Can GMLVQ method be extended to perform feature ranking?
2. How well does the feature ranking perform? In this thesis, the GMLVQ
based feature ranking technique will be compared with three other stateof-the-art feature ranking methods. All these four methods will be evaluated by GMLVQ and RBF-SVM in terms of their AUC metric.
3. Can GMLVQ combine the feature ranking and classication into one single
process and how well does the classication perform compares to other
methods in which feature ranking and classication are performed in two
steps?

1.3 Thesis Outline
This thesis has six chapters and is organized as follows.

Chapter 2 presents

the basic concepts in machine learning and the algorithm details of the Sup-
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port Vector Machine (SVM) and GMLVQ which will be used to evaluate the
performance of various feature ranking algorithms in a later stage. Chapter 3
discusses the idea of feature selection, its general framework and three stateof-the-art feature ranking techniques which will be compared with the GMLVQ
based ranking method. Chapter 4 gives a description about the GMLVQ based
feature ranking method. In this chapter, details will be given to extract feature
ranking from GMLVQ, the waypoint averaging algorithm and how to obtain a
unique feature ranking result.

Chapter 5 elaborates on the experiments con-

ducted to compare the four feature ranking techniques discussed above and is
followed by Chapter 6 that states the conclusion and future work for this thesis.
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Chapter 2
2 Machine Learning
In this chapter, we rstly give a brief introduction to machine learning and
some of its basic concepts. The data representation, classication and learning
algorithms are further presented. We further present some specic learning algorithms which are RBF-based SVM, basic LVQ and its two other variations. The
learning algorithms introduced in this chapter will be later utilized to evaluate
the feature selection algorithms introduced in Chapter 3.

2.1 Basic Concept of Machine Learning
2.1.1 Denition of learning
What is learning? Learning is generally referred to the mutual interaction between the environment and the person through which one gains or modies
knowledge or skills. A more formal denition was given by Runyon in 1977 [36]:
 Learning is a process in which behavior capabilities are changed as the result of
experience provided the change cannot be accounted for by native response tendencies, maturation, or temporary states of the organism due to fatigue, drugs,
or other temporary factors.
One of the examples in learning is the association between events.

For

example, if a normal person tastes an apple for the rst time and nds it very
delicious, he will assume that the next apple he meets will also be delicious
although he has not eaten it and that apple is dierent from the one he ate.
The important discovery here is the association of the facts that the apple is
tasty. This association is the knowledge someone gains by the experience to eat
an apple.

2.1.2 Denition of machine learning
Learning for computers falls into the eld of machine learning.

A widely ac-

cepted denition is: A computer program is said to learn from experience E
with respect to some class of tasks T and performance measure P, if its performance at tasks in T, as measured by P, improves with experience E [37]. The
experience here usually refers to the data which demonstrates the relationship
between observed variables.
There are many example applications in Machine Learning.

One of the

largest groups lies in the categorization of objects into a set of pre-specied
classes or labels. Some of the practical examples are:
1. Optical Character Recognition: classify images of handwritten characters
to the specic letters;
2. Face Recognition: categorize facial images to the person it belongs to;

7

Figure 1: The Golf  example demonstrating the data representation in machine
learning.

3. Medical Diagnosis: determine whether or not a patient suers from some
disease;
4. Stock Prediction: predict whether a stock goes up or down

2.1.3 Data representation
In the eld of machine learning, data is represented by a table where each row
corresponds to one sample or instance and each column describes one attribute
or feature.

In the case of supervised learning, there will be another column

containing the label information for each instance.

One of the examples is

shown in Figure 1. There are 14 instances in this example and each instance
consists of the data with four features: Outlook, Temperature, Humidity,
Wind and the label information specifying whether or not to play.
The mathematical expressions of the data and labels are presented here to
th
serve as the notations in this thesis. Let {xi , yi } denote the i
instance where
N
xi ∈ R denotes the data in the N dimensional space and yi is the corresponding
label information with C dierent possible values. To be brief, the combination
of data and label are expressed as below:

{xi , yi } ∈ RN × C

(1)

2.2 Classication
As discussed in the previous section, the major task in machine learning is to
learn how to classify objects into one of the pre-dened set of labels. In such task,
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it is crucial to identify the common characteristics from a set of representative
objects in a class. For example, to identify whether a fruit is a banana, people
have to check its color, size, shape and infer its label from this information.

2.2.1 Unsupervised and supervised learning
The classication task discussed above is generally referred to as supervised
learning where the labels of training data are provided and the learning algorithm tries to generalize from the training instances to enable novel objects
to be classied to correct categories.

In contrast to supervised learning, un-

supervised learning refers to the learning in which the labels of training data
are unknown. Its goal is to group the training data into dierent clusters by
evaluating some intrinsic properties within the data, such as the separability or
covariance; therefore, the quality of the data provided for training is crucial.
If irrelevant or noisy data are provided, misclassications will happen on novel
data.

2.3 Learning Algorithms
In this section, two supervised learning algorithms will be described which are
the SVM algorithm with RBF kernel and the LVQ algorithm with its two variants: GRLVQ and GMLVQ. The GMLVQ and RBF-SVM will be later utilized
to evaluate the performance of four feature ranking methods.

2.3.1 SVM with RBF kernel
The Support Vector Machine (SVM) was originally proposed by Vapnik for
classication and regression [25, 24, 26, 27] and then it was also extended for
other application [28]. It has attracted large attention in recent years due to
its superior performance and soundly developed theoretical foundation.

As a

result, it also serves as an evaluation method for the feature selection results in
this thesis.
The SVM is a method to nd an optimal hyperplane to separate training
data of two or more classes and at the same time, maximizing its margin. The
linear Support Vector Machine, as the simplest and most basic case, will be
introduced rst. Then we will show how it can classify non-linearly separable
data in a feature space in higher dimensions.

Linear SVM and separating hyperplane maximization

The linear SVM

is a supervised learning method which is built upon a group of labelled samples
and that performs binary classication in the feature space. Let's denote the
(xi , yi ) where xi ⊆ RN is a N-dimensional feature vector

data and labels as
and

yi

is the label of sample

xi .

In a two-class problem,

yi ∈ {+1, −1}.

The

classication process of a supervised learning algorithm can then be regarded
N
→ R which maps the feature vector from a
as a mapping process f (xi ):R
N dimensional space to the class membership of the vector.
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Without loss of

Figure 2: Linear Support Vector Machine.

Function f(x) divides the feature

space into two halves

f (xi ) > 0 and yi = 1 indicate the feature vector
f (xi ) < 0 and yi = −1 specify the class 2. Then a formal

generality, it is assumed that
belongs to class 1 and

denition about linearly separable data can be given as: a data set is linearly
separable if the following equations hold:

∀ yi = 1 : f (xi ) > 0

(2)

∀ yi = −1 : f (xi ) ≤ 0

(3)

An illustration example is shown in Figure 2. As can be seen from the gure,

yi = 1 are classied into the positive
yi = −1 are in the opposite side.

all the points with
and others with

side of the hyperplane

The discriminant function in Figure 2 is a linear model and can be expressed
as:

f (x) = wT x + b

(4)

where w indicates the weight vector and b is the bias. The hyperplane which
divides the plane into two half-planes is expressed as:

f (x) = wT x + b = 0
The discriminant function

f (x)

can also help to measure the distance of a

data point to the hyperplane. Consider the point

x0

xd

and its normal projection

on the hyperplane in Figure 2. The coordinates of the point

xd

can then be

expressed as:

xd = x0 + d

10

w
kwk

(5)

where d describes the algebraic distance between the point
cause

x0

is on the hyperplane,

f (x0 ) = 0.

and

x0 .

w
w
) = wT (x0 + d
)+b
kwk
kwk
wT w
f (x0 ) + d
= d kwk
kwk

f (xd ) =

f (x0 + d

=

f (xi )
kwk and to enforce that
correct classication, we dene:
It follows that:

xd

d =

di =
Then the term margin

p

Be-

We have:

d

(6)

(7)

is always positive under

yi f (xi )
kwk

(8)

can be dened here as the distance between the

hyperplane and the closest data points from both sides:

min yi f (xi )

p=
where

i=1,2···n

(9)

kwk

n is the number of examples in the training data set.

The linear SVM

is trained to nd an optimal hyperplane to maximize the margin

p.

As shown

in the formula above, this can be achieved by either maximizing the value of
yi f (xi ) of the closest points or by minimizing kwk. Since wT x + b can be scaled
without changing its sign, it is reasonable to impose the constraint that:

yi (wT xi + b) ≥
i =

1
1, 2, · · · n

(10)
(11)

Therefore, the optimization problem can be formulated as [25]: given a set of
{xi , yi }ni=1 , try to nd the optimal parameters w and b which
satises the constraint that:

training samples

yi (wT xi + b) ≥
i

=

1

(12)

1, 2, · · · , n

(13)

and minimizes the following function:

L=

1 T
w w
2

(14)

This is called the primary problem and can be solved by constructing the
Lagrange function [30] as below:

J(w, b, a) =

n
X
1 T
ai [yi (wT xi + b) − 1]
w w−
2
i=1
11

(15)

The

ai

here are called the Lagrange multipliers and the solution of this opti-

mization problem should be minimized with respect to
with respect to

ai .

w

and

b

and maximized

As a result, it follows that

n

X
∂J(w, b, a)
ai yi xi = 0
=w−
∂w
i=1

(16)

and

n

∂J(w, b, a) X
ai y i = 0
=
∂b
i=1

(17)

which gives rise to

n
X

w=

ai yi xi

(18)

i=1

and

n
X

ai y i = 0

(19)

i=1

Then by substituting the above two equations into equation (15), the equation becomes:

Q(a) =

n
X

n

n

1 XX
ai aj yi yj xTi xj
2 i=1 j=1

ai −

i=1

(20)

The corresponding problem is called the dual problem and is formulated
n
as below: given training samples {xi , yi }i=1 , try to nd the optimal Lagrange
n
multipliers {ai }i=1 which maximize the objective function above and also satisfy
the following constrains:
1.

n
X

ai yi = 0;

i=1

2.

ai ≥ 0

for

i = 1, 2, . . . , n

After the Lagrange multipliers are determined, the weight vector can be easily
determined by

w=

n
X

ai yi xi

(21)

i=1

and the bias b can be determined by arbitrarily choosing a labeled sample

{xi , yi }

and calculate:

12

yi (wT xi + b)
∀ yi = 1 :

=
b = 1 − wT xi

1

(22)
(23)

or
∀ yi = −1 : b = −1 − wT xi

(24)
(25)

It is also important to state the Karush-Kuhn-Tucker theorem [25, 30] which
gives the following constraint on the saddle point of the Lagrange:

ai0 [yi (w0T xi + b0 ) − 1] = 0 f or i = 1, 2, . . . , n

(26)

T
It states that ai0 6= 0 only for the points which satisfy yi (w0 xi
These points are called the support vectors.

+ b0 ) = 1.

To sum up, we have:

f (x) =

m
X

ai0 yi xTi x + b0

(27)

i=1

m
where {xi }i=1 are the support vectors and
Lagrange multipliers.

{ai0 }m
i=1

Non-linear separable data and soft margin

are the corresponding

In practical applications,

many of the data sets are non-linearly separable which makes the algorithm
in the previous section infeasible. One example is shown in Figure 3. As can be
seen from the gure, although most of the points are classied into the correct
side, there are still some points which violate the hyperplane.

These points

either cross the boundary of the margin but are still located on the correct halfspace, or have been misclassied onto the incorrect half-space. In such cases, it
is impossible to nd a hyperplane which completely removes the errors; instead,
a solution can be proposed to minimize the errors on the training data.
Slack variables are introduced to solve this problem. For a data set with
n slack variables {εi }ni=1 which satisfy:

n

samples, there are

∀ yi = 1 : wT xi + b > 1 − εi

(28)

∀ yi = −1 : wT xi + b 6 −1 + εi

(29)

The slack variable εi here is a measure of the violation to the margin. If
0 < εi < 1, then the sample violates the margin but is still correctly classied.
When εi > 1, the sample is classied into the wrong half-space. Since the goal
is to have fewer training samples misclassied, a penalty force can be added:

η(ε) =

n
X
i=1

13

εi

(30)

Figure 3: Non-linearly separable situation in SVM

which should be minimized. It can be incorporated into the cost function in
the previous section as:

n

f=
The parameter

C

X
1 T
εi
w w+C
2
i=1

(31)

here controls the trade-o between the margin rigidity

enforcement and the number of errors it can tolerate during training. A larger
value of

C

will produce a more accurate model while at the same time increasing

the risk of over-tting; therefore, the value of

C

has to be optimized by the user

during the experiment.
The corresponding Lagrange function for this problem is:

J(w, b, a, u, ε) =
where

µi

n
n
n
X
X
X
1 T
αi [yi (wT xi + b) − 1 + εi ]
µi ε i −
εi −
w w+C
2
i=1
i=1
i=1

(32)

is the Lagrange multiplier for the slack variables.

Kernel trick

Consider the typical XOR problem which tries to separate four

examples in four corners of a rectangle such that the two examples connected
by a diagonal belong to the same class.

It is impossible to make this in a

two-dimensional space but when projecting it to a three-dimensional space, it
becomes much easier. This example indicates that a non-linearly separable data
set may become linearly separable in a higher dimensional space. This kind of
mapping increases the separability of the data set.
Let the function

θ

denes the non-linear mapping:

θ : RN → H
14

(33)

Therefore, the discriminant function can be formulated as:

f (x) =

n
X

ai yi θ(xi )T θ(x) + b

(34)

i=1

The kernel function is dened here by:

K(x, y) = θ(x)T θ(y)

(35)

and the discriminant function turns into:

f (x) =

n
X

ai yi K(xi , x) + b

(36)

i=1

This expression avoids providing the exact representation in a higher dimensional space.

Numerous kernels have been proposed to solve various kinds of

problems. One of the most popular kernels is the RBF kernel which is used in
this thesis. The RBF kernel can be expressed as:
2

1

K(x, y) = e(− 2σ2 kx−yk
σ

indicates the kernel width. A larger

σ

)

(37)

indicates a smoother function to

avoid overtting and also avoid reproducing the noises in the training data; On
the other hand, a smaller

σ

implies a more exible function to produce highly

irregular decision boundaries. Hence, it is important to determine the optimal
value for

σ

by means of cross validation.

2.3.2 LVQ
Learning Vector Quantization is one of the most famous prototype-based supervised learning methods which was rst introduced by Kohonen [3]. It has
some advantages over the other methods.

Firstly, this method can be easily

implemented and the complexity of the classier can be controlled and determined by the user. Secondly, multi-class problems can be naturally tackled by
the classier without modifying the learning algorithm or decision rule. Lastly,
the resulting classier is intuitive and easy to interpret due to its assignment
of class prototypes and intuitive classication mechanism of new data points to
the closest prototype. The resulting prototypes can then provide class-specic
attributes for the data. This is a big advantage over the methods such as SVM
or Neural Networks which suer from the drawback of being like a black box and
because of that, LVQ has been applied into many elds, such as bioinformatics,
satellite remote sensing and image analysis [34, 35, 39]
Training data for LVQ can be denoted as:

{xi , yi }ni=1 ∈ RN × {1, 2, . . . C}
where

xi

denotes the data in N dimensional space and

dierent classes.

15

(38)

yi

is the label with C

Figure 4: Example for LVQ with 3 Dierent Prototypes

LVQ can be parameterized by a set of prototypes representing the classes
in feature space and the distance measurement which may be a traditional
Euclidean distance or a full matrix trained from the data. One of the examples
can be seen in Figure 4 where there are 4 dierent prototypes representing 3
dierent classes.
Traditional LVQ employs Euclidean distance measurement and is based on
nearest prototype classication.

To be more specic, a set of prototypes are

dened to represent the dierent classes. If one prototype per class is dened,
N
the prototypes can be represented as: W = {wj , c(wj )} ∈ R
× {1, 2, . . . , C}.
Each unseen example

xnew

will be assigned a label whose prototype has the

closest distance to it with respect to the distance measurement:

c(xnew ) ← c(wk ) with wk = argmin d(wj , xnew )

(39)

j
It is called a winner-takes-all strategy.
Training of this model is guided by the minimization of the cost function:

F =

n
X

φ(εi ) with εi =

i=1

where

wM

φ

d(xi , wH ) − d(xi wM )
d(xi , wH ) + d(xi wM )

is any monotonic function and in this thesis,

φ(x) = x; wH

(40)

and

are respectively the closest prototype with the same and dierent label to

sample

xi :
wH = argmin d(xi , wj ) ∀c(wj ) = c(xi )

(41)

j

wM = argmin d(xi , wj ) ∀c(wj ) 6= c(xi )

(42)

j
In traditional LVQ systems, only the locations of the prototypes are updated
during the training to minimize the errors.
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wH

is pushed toward the sample

xi

and

wM

is pushed away from it. Their derivatives to the cost function

F

are

expressed as:
0

0

4wH = −α · φ (εi ) · εi,H · ∇wH d(xi , wH )
0

(43)

0

4wM = α · φ (εi ) · εi,M · ∇wM d(xi , wM )

(44)

0

0

α is the learning rate; φ (εi ) = 1 because φ(x) = x; εi,H = 2 ·
0
d(xi wM )/[d(xi , wH )+d(xi wM )]2 and εi,M = 2·d(xi wH )/[d(xi , wH )+d(xi wM )]2 ;
∇wH d(xi , wH ) and ∇wM d(xi , wH ) are respectively the derivatives of wH and wM
to the distance d(xi , wH or M ) and therefore depend on the distance measurewhere

ment.

2.3.3 Two variants of LVQ: GRLVQ and GMLVQ
How the distance is calculated is very important in the LVQ system. One of
the most popular metrics is the Euclidean distance which is a special case of
Minkowski distance. The Euclidean distance from a data point

w

xi to a prototype

can be expressed as:

v
uN
uX
d(w, xi ) = t (xji − wj )2

(45)

j=1

The Euclidean distance assigns the same weight for each feature, indicating that each feature has the same contribution for classication. However, in
practical applications, it is usually observed that dierent features contribute
dierently toward the classication. Therefore, relevance learning [7, 4] is proposed to assign adaptive weight values for dierent feature inputs:

v
uN
uX
d(w, xi ) = t
λj (xji − wj )2

(46)

j=1

The corresponding LVQ system is called GRLVQ [7, 4].
Each feature, besides their individual contribution for the classication, will
also correlate with the others to inuence the performance. Generalized Matrix
LVQ (GMLVQ) [38] is proposed to extend the previous methods. A full matrix
of adaptive relevance is employed as the similarity metric and the distance is
calculated as:

d(w, xi ) = (xi − w)T Λ(xi − w)
where

Λ

is a full

N ×N

matrix whose o-diagonal element

the contribution of feature pair

i

and

j

(47)

Λi,j

account for

for classication. The matrix

Λ

has to

be positive denite to keep the distance result positive. Its positive deniteness
is achieved by constructing:

Λ = ΩT Ω
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(48)

where

Ω

is an arbitrary real

M × N matrix with M 6 N . However, in this
M = N . Substituting Eq. (42) into Eq. (41),

thesis, we only consider the case :
obtain:

(xi − w)T Λ(xi − w) = (xi − w)T ΩT Ω(xi − w) = [Ω(xi − w)]2 > 0
It is noticed the GRLVQ is a special case of GMLVQ with
The derivative of the distance

d(w, xi )

(49)

diag(Λ) = {λi }N
i=1 .

with respect to prototype w is:

∇w d(w, xi ) = −2Λ(xi − w)

(50)

Substituting Eq. (50) into Eq. (43) and Eq. (44), we can obtain the update
rule for closest correct and incorrect prototype.
In the model of GMLVQ, the update rule of the distance matrix
to be computed. The derivative of

Ωlm

d(w, xi )

Ω also need

with respect to one single element

is:

∇Ωlm d(w, xi ) =

X

m
k
k
(xm
i − w )Ωlk (xi − w ) +

=

2·

m
(xji − wj )Ωlj (xm
)
i − w(51)

j

k

(xm
i

X

m

− w )[Ω(xi − w)]l ,

(52)

The derivative of the cost function F with respect to one single element

Ωlm

can then be expressed as:

4Ωlm

=
=

where

β

M
4ΩH
lm + 4Ωlm
0

(53)
0

0

0

−β · 2 · φ (εi ) · εi,H · ∇ΩH
d(xi , wH ) + β · 2 · φ (εi ) · εi,M · ∇ΩM
d(xi , wM )
lm
lm
is the learning rate for

Ω.

18

Chapter 3
3 Feature Selection
3.1 Challenge
In this section, two topics about the challenges in feature selection will be discussed. The rst issue about the curse of dimensionality and the second one is
the relevance and redundancy of features.

3.1.1 Curse of dimensionality
In machine learning, the term curse of dimensionality was initially dened by
Richard Bellman [10] when he conducted the work on dynamic optimization
[9, 10] and found it quite dicult to tackle the problem of the curse of dimensionality. He stated:
 In view of all that we said in the foregoing sections, the many
obstacles we appear to have surmounted, what casts the pall over our
victory celebration? It is the curse of dimensionality, a malediction
that has plagued the scientist from the earliest days." [10]
Up to date, there are already many denitions about it, but generally it refers
to the problem incurred by adding extra features to the space. The reliability of
the learning model depends on the density of training examples in the feature
space.

The increase of data dimensionality will sparse the feature space and

thus deteriorate the generalization performance.
It states that the predictive performance of a learning algorithm will deteriorate with the increase of data dimensionality. With the increase of the feature
space, the feature space will become more sparse and more training examples
are required. For example, if 5 samples are enough in each dimension, then 25
samples are sucient to ll a two-dimensional cube. However, this number will
20
for a 20-dimensional hypercube.
increase to 5
It is also observed that it becomes more dicult to estimate the kernel in
a higher dimension [11]. Table 1 illustrates the number of samples required to
estimate a kernel at density 0 with a certain accuracy.
Dimensionality

Sample Size

1

4

2

19

5

786

7

10,700

10

842,000

Table 1: Sample size required for kernel estimation [11].
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3.1.2 Irrelevance and redundancy
There are some controversies in the denition of feature relevance. There is a
review [8] which introduces the dierent relevance denitions that have been
proposed in the literature.

The authors then present an example to indicate

that all the other relevance denitions produce unexpected results and based on
that, the authors suggest that two dierent degrees of relevance are required:
strong relevance and weak relevance. The denition of weak relevance can also
be regarded as the denition of redundancy.
Let

denote the training examples where

X ∈ RN is the data
th
set and Fi is the i

F be the full feature
X is one element of the combination of the set
F1 × F2 × · · · FN . Let Si = F − {Fi } denote the feature subset with all features
except for Fi and si denote one value instantiation of Si . Let P denote the
conditional probability of the label Y given a feature subset.
and

Y

< X, Y >

indicates the labels.

Let

feature; therefore each instance

Strong relevance

∃xi ∈ Fi , y ∈ Y
y|Si = si )

Weak relevance

Fi is strongly relevant i
P (xi , si ) > 0 and P (Y = y|Si = si , Fi = xi ) 6= P (Y =

A feature

where

A feature

Fi

is weakly relevant i it is not strongly

relevant and

∃xi ∈ Fi , si ⊆ Si , y ∈ Y, such that P (Y = y|Si = si , Fi = xi ) 6= P (Y =
y|Si = si )
A feature Fi is called relevant if it is either strongly or weakly relevant to
the class label; otherwise it is irrelevant. A feature Fi which is weakly relevant
can become strongly relevant after removing a certain feature subset. The weak
relevance can be interpreted as the existence of other relevant features which
can provide similar prediction power as the one we are measuring. This is also
what we call redundant. It is important to note that the feature

Fi

which is

weakly relevant or redundant should not be removed if the feature subset whose
removal makes

Fi

strongly relevant has been removed by the feature selection

algorithm.

3.2 General Framework
The framework in Figure 5 shows that a typical feature selection system usually
consists of four components. They include: feature subset generation, feature
subset evaluation, stopping criterion and feature subset validation. As indicated
in the gure, the complete feature set is rstly sent to the Generation" model
which produces dierent feature subset candidates based on some search strategy. Each subset candidate will then be evaluated in the Evaluation" model by
a certain evaluation measurement. A new subset which turns out to be better
will replace the previous best one. This subset generation and evaluation will
be repeated over and over until the given stopping criterion is met. After that,
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Figure 5: Framework of Feature Selection

the ultimately selected feature subset will be sent to the Validation" model for
validation by certain learning algorithms.
Two basic issues have to be addressed in the Generation model".

Those

are: Starting point and search strategy.

•

Starting Point. Choose a point to start the search in the feature space.
One choice is to begin with no feature and then for each iteration, expand
the current feature subset with each feature that is not yet in the subset.
The feature whose addition produces the best evaluation performance is
added to the current subset.

This is called forward selection.

Another

option is to do it conversely. The search starts with a full feature set and
then successively eliminates the feature whose removal results in the best
evaluation performance. This search is called backward selection. A third
alternative is to start by selecting a random feature subset [13] and then
successively add or remove features depending on the performance. This
random approach can avoid being trapped into local optima.

•

Search Strategy.

There are three dierent search strategies:

heuristic and random.

complete,

The complete strategy examines all the possible

feature subsets and guarantees to nd the optimal one. When there are
N features, the search will examine 2N subsets which makes it unrealistic
for large

N.

Heuristic search is guided by some heuristic. It is less com-

putationally demanding but the optimal subset is not guaranteed. The
guideline determines whether or not a better subset can be found. The
random strategy just simply chooses the next feature at random; therefore,
the probability to nd the optimal subset depends on how many epochs
are tried.

3.3 Wrapper and Filter Approach
The evaluation methods in feature selection can be generally divided into two
basic models: the lter model [14, 15, 16, 17] and the wrapper model [18, 19, 20].
The lter model selects a feature subset as a pre-processing step, without
considering the predictor performance. It is usually achieved by designing an
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evaluation function and then choosing a set of features to maximize it. Some
evaluation functions that are frequently used are distance measures, information
measures, dependency measures and consistency measures.

The lter model

does not involve any training of learning algorithm and is thus much faster
which makes it suitable to be applied on large data sets.
In the wrapper model, a predetermined data mining algorithm is utilized
to evaluate the feature subset and the candidate with highest prediction performance will be selected as the nal subset. The wrapper model can usually
select a feature subset with superior performance because it selects features better suited to the predetermined algorithm. However, because the algorithm has
to be trained and tested for each subset candidate, the wrapper model tends to
be very computationally expensive, especially with large feature size.

3.4 Feature Ranking Technique
3.4.1 Information gain
Information gain [21] measures the dependency between a feature
class label

Y.

Xi

and the

It is a very popular technique in feature selection because it is

easy to understand and compute. Information gain can also be regarded as a
measure of the reduction in uncertainty about a feature

Y

Xi

when the value of

is known. Uncertainty is usually measured by Shannon's entropy:

Entropy

Entropy measures the amount of uncertainty that a feature

Xi

con-

tains. It is given by

H(Xi ) = −

p
X

P (j)log2 P (j)

(54)

j=1

Where

p is the number of possible values in Xi and P (j) indicates the obserj . Form this formula, a more uniform distribution

vation probability of the value

tends to produce a higher entropy. For example, if you toss a fair coin, there
are two possible values each with equal probability 0.5. Its entropy value is

H(coinT oss) = −2 × (0.5 × log2 0.5) = 1
In another example, if you toss a die, there are six possible outcomes, each
with probability

1/6.

Its entropy value is

H(diceT oss) = −6 × ((1/6) × log2 (1/6)) = 2.585
Therefore, the higher the entropy is, the more uncertainty it contains and
the more dicult to predict the output.
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Figure 6: Example to illustrate the algorithm Information Gain

Information Gain

The information gain of a feature

Xi

and the label

Y

I(Xi , Y ) = H(Xi ) − H(Xi | Y )
Where

is:

(55)

H(Xi ) and H(Xi | Y ) are respectively the entropy of feature Xi and
Xi after knowing the value of Y . H(Xi | Y ) is calculated as
X
X
P (Yj )
P (xk | Yj )log2 P (xk | Yj )
H(Xi | Y ) = −
(56)

the entropy of

j

k

A better understanding can be gained from Figure 6.

H(X)

As can be seen in

H(Y ) respectively measure the entropy of X and Y . The
information gain I(X, Y ) is a measure of the information shared by X and Y .
H(X, Y ) is the information that X and Y collectively contain.

Figure 6,

H(X, Y ) = −

and

XX
x

p(x, y)log2 p(x, y) = H(X | Y )+I(X, Y )+H(Y | X) = H(X)+H(Y )−I(X, Y )

y

(57)
If

X

and

Y

are highly correlated, then the information they share is very

high, indicating a large value of

X can
H(Y | X).

information about
vice versa for

I(X, Y ).

be guessed from

Then if

Y,

Y

is known, much of the

suggesting a low

H(X | Y )

and

3.4.2 Relie
Relief [22] is a univariate feature weighting algorithm in the lter model.

It

is based on the principle that the attribute which can better separate similar
instances but with dierent classes is more important and should be assigned a
larger weight. The three basic steps to compute the feature weight are:

23

Algorithm 1 Pseudo code of Relief algorithm
Description: There are P instances described by N features and there are
N
dierent classes: x ∈ R c(x) ∈ {1, 2, . . . C}; T iterations are performed.
1. Set all the feature weights to 0:
2. For t = 1 to

T,

C

∀i, w(i) = 0;

do:

3.

Randomly pick an instance

4.

Find nearest hit

N H(x)

x ∈ RN ;

and nearest miss

N M (x):

N H(x) ← xh , with xh = argmin d(x, xj ) ∀c(xj ) = c(x)

5.

j

N M (x) ← xm with xm = argmin d(x, xk ) ∀c(xk ) 6= c(x)

6.

k
7.

For i =1 to

N,

do:

w(i) = w(i) + d(xi , N M (x)i )/(P × T ) − d(xi , N H(x)i )/(P × T )

8.
9.

end do.

10. end do.

1. Find the nearest miss and nearest hit where nearest hit is the closest
sample with the same class as the test sample and nearest miss species
the closest sample with a dierent label as the test sample;
2. Calculate the weight of a feature;
3. Return a ranked list of feature weights or the top

k

features according to

a given threshold;
The algorithm starts by initializing all the feature weights to be zero and it
randomly select an instance from the samples and calculates its nearest hit NH
and nearest miss NM. Each feature weight is then updated based on its ability
to discriminate NH and NM. The detailed pseudo code is given in Algorithm 1.
Relie [23] extends the original Relief algorithm to deal with the multi-class
situation.

It incorporates two important improvements.

more robust to noises because of the consideration of

k

First, the result is

nearest neighbourhoods.

Second, it can deal with the multi-class problem. The detailed pseudo code is
shown in Algorithm 2.

3.4.3 Fisher
Fisher [40] is an eective supervised feature selection algorithm which aims to
select features that assign similar values to the same class and dierent values
to dierent classes. The evaluation score of Fisher's algorithm is:
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Algorithm 2 Pseudo code of Relie algorithm
Description: Instances described by N features and there are C dierent classes:
x ∈ RN , c(x) ∈ {1, 2, . . . C}; Look for k nearest neighbours; perform T iteration;

p(y)

the class probability specifying the probability of an instance being from

the class

y.

1. Set all the feature weights to 0:
2. For t = 1 to

T,

do:

3.

Randomly pick an instance

4.

for y = 1 to

5.

nd

6.

k

C,

x ∈ RN

nearest instances of

for i = 1 to

N,

for l = 1 to

8.

if

yx ;

x from

class

y : x(y, l) where l = 1, 2, · · · k

do:

k,

y = yx

do:

(nearest hit), then

w(i) = w(i) −

9.
10.

with label

do

7.

d(xi −x(y,l)i )
T ×n

else (nearest miss),

w(i) = w(i) +

11.
12.

end if.

13.

end for.

14.
15.

∀i, w(i) = 0;

end for.
end for.

16. end for.
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p(y)
1−p(yx )

×

d(xi −x(y,l)i )
T ×n

F isher(fi ) =

nj (µi,j − µi )
Pc
2
j=1 nj σi,j

j=1

(58)

fi is the ith feature to be evaluated, nj is the number of instances
j, µi is the mean of feature i, µi,j and σi,j are respectively the mean

where
in class

Pc

and the variance of feature i on class j.

Fisher algorithm is computationally

eective and widely applied in many applications, however, because it considers
the features individually, it has no ability to deal with redundant features.
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Chapter 4
4 GMLVQ Based Feature Selection Algorithms
4.1 Entropy Enforcement for Feature Ranking Results
It is stated that the element
feature
feature

i
i

and

j

Λi,j

in matrix

and the diagonal element

for classication.

Λ measures the
Λi,i quanties

correlation between
the contribution of

The above statement only makes sense when the

features have similar magnitude, therefore a z-score transformation is always
performed on the data before the training starts.

One example is shown in

Figure 7 where 32 features are ranked with respect to their value of the diagonal
th
elements. The 19
feature contains the highest value, indicating that it has the
largest correlation with the classication. Another constraint is added so that
after each adaption, the sum of the diagonal elements is equal to zero:

N
X

Λi,i = 1

(59)

i=1

Figure 7: One example of diagonal elements of

Λ

One of the ideal situations in feature ranking is that some of the features
are much more important than others and the least important features can
therefore be removed from the feature set without deteriorating the classication
performance. An external entropy force is added to the cost function to push
the diagonal elements to this ideal situation.
The denition of the entropy force is:
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Figure 8: Classication performance with respect to dierent values of regularization force

Entropy(Λdiag ) = −

N
X

Λi,i log2 Λi,i

(60)

i=1

where

N

is the data dimension.

This external force will reach the maxi-

mum when all the diagonal elements are equal, i.e. all the features are equally
important for classication. Its minimization will, on the other hand, push to
generate a discriminative feature relevance and at the extreme, only one feature
is identied as relevant for classication and the relevances of other features are
zero.
It is integrated into the cost function by:

F new = F + α × Entropy(Λdiag )
where the regularization parameter

(61)

α controls the trade-o between the clas-

sication accuracy and the discrimination between features. A larger value of

α

will produce a more discriminative feature ranking result by sacricing the

classication performance.

Their mutual relation on one of the data sets is

visualized in Figure 8.
The choice of the regularization value depends on how important the accuracy and the discrimination are for the user and diers per data set. A safe way
is to post their relation for each data set and choose the optimal point based on
N2
the requirement. A more ecient way in this thesis is to choose the value by
10
where N is the data dimension. On all of the data sets conducted in this thesis,
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Figure 9: Comparison of feature ranking result with and without entropy force

such a value can generate a considerable discriminative feature ranking result
without deteriorating the performance to a large extent. One of the examples
with and without entropy force can be seen in Figure 9.

4.2 Way-Point Average Algorithm
Gradient based minimization is a popular and powerful method in non-linear
optimization [31]. In this thesis, batch gradient descent is employed to train the
GMLVQ model. One of the critical choices in gradient descent methods is the
appropriate choice of the step size. Too small step sizes will slow the convergence, however large steps can result in oscillatory or even divergent behavior.
In this section, a modication of batch gradient descent [32] is introduced
which aims at better convergence behavior. The idea is that, during the training
procedure, we compare the cost function of normal descent adaption with that of
the gliding average over the most recent steps and if the latter produces a lower
optimization value, minimization jumps to the latter conguration and decreases
the step size at the same time. A more detailed description is described below.
Consider we want to minimize an objective function F with respect to a
x ∈ RN . A gradient descent process is started at x0 and

N-dimensional vector

proceeds to generate a sequence of steps iteratively:

xt+1 = xt − at
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∇F
|∇F |

(62)

∇F
|∇F | and therefore,
is exactly the step size length during adaption: |xt+1 − xt | = at .
Note that the gradient has been normalized by

The waypoint averaging algorithm starts at

x0

with initial step size

at

here

a0

and

performs k steps with gradient steps unchanged:

xt+1 = xt − at
After that

(t > k),

∇F
|∇F |

f or t = 0, 1, 2 . . . k − 1 with at = a0

(63)

the procedure proceeds as below:

1. perform the normal gradient descent step and evaluate the corresponding
cost function:

x∗t+1 = xt − at

∇F
and calculate F (x∗t+1)
|∇F | t

(64)

2. perform the waypoint average over the previous j steps:

j−1

xt+1

1X
xt−i and calculate F (xt+1)
=
j i=0

(65)

3. determine the new step size and adaption position by comparison:

n

∗
xt+1 =x∗
t+1 and at+1 =at if F (xt+1 )6F (xt+1 )
xt+1 =xt+1 and at+1 =λat else

with the parameter

(66)

0 < λ < 1.

As can be seen from the algorithm, as long as the normal gradient descent
procedure produces a position with lower cost than the waypoint average algorithm, the iteration proceeds as a normal gradient descent algorithm.
∗
On the other hand, F (xt+1 ) < F (xt+1 ) indicates the potential existence of
oscillatory behavior because under oscillatory condition, the position uctuates
around the local minimum and it is expected that the average over the previous
steps may provide a closer estimate to the minimum than the normal gradient
descent adaption. It also indicates that the step size may be too large to get to
the minimum and should be decreased for better convergence.
An intuitive example is shown in Figure 10 [32] which visualizes the adaption
steps of both the normal gradient descent and waypoint averaging algorithm.
The dotted lines mark the update trajectory of normal gradient descent algorithm with constant step sizes which display strong oscillatory behavior. The
waypoint averaging algorithm shares the same trajectory with the normal gradient descent in the rst four steps. However, after that it jumps to the average
position over the previous steps and reduces the step size at the same time which
enables it to move closer to the minimum in the middle.
When considering its application in GMLVQ, since the cost function in GMLVQ has to be optimized with respect to both the prototype

w

Ω,

and

two independent waypoint averaging algorithms about

performed. The typical scheme is formulated as below:
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w

and the matrix

Ω

have to be

Figure 10: Comparison between way-point average algorithm and normal gradient descent. From [32]

{wk }M
k=1
0
with cost function represented by F, respectively choose the start points Ω and
Ω
w
{wk0 }M
k=1 and initial step sizes a0 and a0 for Ω and w;
Given a GMLVQ system represented by

Ω

and a set of prototypes

1. perform k (k=3 in this thesis) steps with gradient steps unchanged:

Ωt+1 = Ωt − aΩ
t

∇F
|∇F |

Ω
f or t = 0, 1, 2 . . . k − 1 with aΩ
t = a0

(67)

wt+1 = wt − aw
t

∇F
|∇F |

w
f or t = 0, 1, 2 . . . k − 1 with aw
t = a0

(68)

After that

(t > k),

the procedure proceeds as below:

2. perform the normal gradient descent step and evaluate the corresponding
cost function for both

Ω

and w:

Ω∗t+1 = Ωt − aΩ
t

∇F
and calculate F (Ω∗t+1)
|∇F | t

(69)

∗
wt+1
= wt − aw
t

∇F
∗
and calculate F (wt+1
)
|∇F | t

(70)

3. perform the waypoint average over the least previous j (j=3 in this thesis)
steps:

j−1

Ωt+1 =

1X
Ωt−i and calculate F (Ωt+1)
j i=0
31

(71)

j−1

wt+1

1X
wt−i and calculate F (wt+1)
=
j i=0

(72)

4. determine the new step size and adaption position for both

Ω

and w:



(73)

n

(74)

Ω
Ω
∗
Ωt+1 =Ω∗
t+1 and at+1 =at if F (Ωt+1 )6F (Ωt+1 )
Ω
Ωt+1 =Ωt+1 and aΩ
t+1 =λat else

∗
w
∗
wt+1 =wt+1
and aw
t+1 =at if F (wt+1 )6F (wt+1 )
w else
wt+1 =wt+1 and aw
=λa
t
t+1

with the parameter

λ = 2/3.

4.3 Feature Ranking Ambiguity Removal
Up to this step, we have the input vectors and class labels:

{x, yi }ni=1

with xi ∈ RN ,

yi ∈ {1, 2, . . . C}

(75)

associated with a set of prototypes:

{wk }M
k=1

where M > C

(76)

And the distance is calculated as:

d(xi , wk ) = (xi − wk )T Λ(xi − wk ) = (xi − wk )T ΩT Ω(xi − wk ) =| Ω(xi − wk ) |2
(77)
where
tors with

Λ, Ω ∈ RN ×N
dimension N .

and

Ω = [z1, z2 , · · · zN ]T

where

{zi }N
i=1

are column vec-

The feature ranking results can be obtained from the

Λ. However, an issue is raised whether
Λ which can keep the distance measurement unchanged.

values of diagonal elements in matrix
there is another matrix

It that matrix exists, the feature ranking results can be dierent without modifying the classier, which means the feature ranking results we have obtained
in previous steps are not unique.
Consider a vector

vj

which satises the following constraints:

If we add such a vector

vj

∀ i : vjT xi = 0

(78)

∀ k : vjT wk = 0

(79)

to any row

ziT

of the matrix

Ω,

consider, for

instance, i = 1:

Ωnew = [z1 + vj , z2 , · · · zN ]T
we can easily verify that the following mappings keep unchanged:
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(80)

∀ i : Ωnew xi = Ωxi

(81)

∀ k : Ωnew wk = Ωwk

(82)

Therefore, the distances between any pair of input samples and prototypes
will keep the same:

d(xi , wk ) =| Ω(xi − wk ) |2 =| Ωnew (xi − wk ) |2

f or all i, k

Since the mapping and distance calculation are the same between

Ωnew ,

(83)

Ω

and

the cost functions, classication errors and classiers they produce will

also stay the same. However, the feature ranking results may vary between
and

Ω

Ωnew ,

because there is no constraint on the consistency of their diagonal
new
elements in matrix Λ and Λ
.
Without loss of generality, we assume that there are

{vj }Jj=1

J

such spurious vectors

and as it will be proved in later stages all such vectors are actually

eigenvectors of a construction matrix, we can additionally assume that all the
J
vectors {vj }j=1 are orthonormal:

vj • vk = δjk =

n

1
0

if j=k
otherwise

(84)

The proposed solution is to project out all the spurious directions
a given matrix

{vj }Jj=1

from

Ω:
ΩTnew = [I −

J
X

vj vjT ]ΩT

(85)

j=1

It follows that:

ΩTnew (xi − wk ) = ΩT (xi − wk ) −

vkT Ωnew = vkT Ω −

J
X

vj (xi − wk ) vjT ΩT = ΩT (xi − wk )
{z
}
|
j=1

J
X

(86)

0

vj vk vjT Ω = vkT Ω − vkT Ω = 0
|{z}
j=1

(87)

δjk

Hence, we can interpret the resulting matrix

Ωnew

as the minimal represen-

tation of the mapping which contains no contribution of the spurious direction

vj .
J
The next question is how to nd all these vectors {vj }j=1 . The conditions
T
T
that ∀ i : vj xi = 0 and ∀ k : vj wk = 0 can be rewritten as

X T vj = 0 where X = [x1 , x2 , · · · xL , w1 , w2 , · · · wM ]
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(88)

This in turn, is equivalent to

[X T vj ]2 = 0 ⇔ vjT Cvj = 0 where C = XX T =

L
X

xi xTi +

i=1

M
X

wk wkT

(89)

k=1

The matrix C here is a positive (semi-) denite matrix. Let's assume that the
N
set of its orthonormal eigenvectors {gi }Ni=1 with eigenvalues {γi }i=1 >0 form
N
N
can be written as a linear combination
a basis of R . Then any vector vj ∈ R
PN
N
of all the eigenvectors vj =
and we obtain:
i=1 ai gi with coecients ai ∈ R

vjT Gvj =

X

ai giT Gaj gj =

X
i,j

i,j

ai aj γj giT gj =
| {z }
=δij

X

a2j γj

(90)

j

Hence, except for the nontrivial solutions in which
n v = 0, the other vectors v
aj =0
T
which satisfy v Gv = 0 should meet the requirement or a 6=0,f or γ =0 .
Combined
j
j
J
together, the solution {vj }j=1 are those eigenvectors with zero eigenvalues. Since
in practical applications, it is dicult to obtain exactly zero eigenvalues, the

J

smallest eigenvalues are selected here.
To sum up, the typical scheme to obtain unique feature ranking results for
GMLVQ is formulated as below:
Given a GMLVQ system represented by Ω and a set of prototypes
n
the training examples are {x, yi }i=1 , construct the matrix X as:

{wk }M
k=1 ,

X = [x1 , x2 , · · · xL , w1 , w2 , · · · wM ]

(91)

and then calculate its eigenvalues and eigenvectors and perform the projection as:

Ωnew = [I −

J
X

vj vjT ]Ω

(92)

j=1

where

{vj }Jj=1

are the

J

eigenvectors of

X

with smallest eigenvalues.

It is therefore important to determine the number

J.

as the delete rate which is the ratio between the value of

It can be represented

J

and dimension

The delete rate is determined by experiment and diers per data set.

N.

Since

no additional training is required when testing with multiple delete rates, the
choice of an optimal delete rate will not signicantly increase the computation
time.
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Chapter 5
5 Experiments and Results
5.1 Data Set Description
Table 2 summarizes all the datasets that are chosen in our experiments for
feature selection evaluation. Except for the rst data Adrenal Tumor, all the
other datasets in the table are selected from the UCI data set repository [29].
The selected datasets describe diverse real-world problems and thus show a
variety of characteristics. They are utilized to assist the comparison of dierent
feature selection algorithms. The table below provides a summary about the
various characteristics of the datasets, including the number of instances and
the number of input attributes and output classes.
Name of Datase

Number of Instances

Attribute Type

Number of Attributes

Number of Classes
2

Adrenal Tumor

147

Real

32

Breast Cancer Wisconsin

569

Real

30

2

Ionosphere

351

Integer and Real

34

2

SPECTF Heart

267

Integer

44

3

Connectionist Bench Sonar

208

Real

60

2

Table 2: The ve datasets above are selected for the experiments.

For each

dataset, its number of instances, attribute type, number of attributes and number of output classes are illustrated in the table.

5.2 Experiment Design
We now turn to the experimental procedure to perform feature selection and
evaluate the results. The various algorithms used in our experiments include
the four feature selection algorithms (information gain (IG), Relie (RFF),
sher (FR) and GMLVQ-based (GMLVQFS) feature selection and two evaluation methods (GMLVQ and rbf-kernel SVM). A ve-fold cross-validation is
used in the experiment. As shown in Figure 11, the data is divided into ve
folders.

In each cross-validation, one folder is chosen as the test set, one for

validation and the other three as the training set. Feature selection algorithms
are performed on the dataset constituting of the training and validation set. For
the GMLVQ-based feature selection algorithm, the GMLVQ model is trained on
the training set and validated on the validation set to prevent overtting. As
long as the feature ranking result is obtained, new data sets are constructed by
selecting dierent numbers of features, in term of their importance indicated
from the feature ranked list. For each new data set, which has the same distribution of training, validation and testing set, only dierent in the number of
features, the two evaluation methods are trained on the training and validation
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Figure 11: Experiment design of data set.

set and then tested on the test data. Their performances on the test set are
evaluated by the ROC curve and the AUC.

5.3 Results and Discussion
In this section, the experimental results on the ve datasets are presented and
discussed.

Each dataset will serve as a case-study.

The abilities of the four

feature selection algorithms to deal with irrelevant and redundant features will
also be demonstrated in independent sections.

5.3.1 Case Study 1: Adrenal Tumor
As shown in Table 2, the Adrenal Tumor data set consists of 32 features and 2
classes. There are a few missing values in this data set and those missing values
are replaced by the mean of that feature. Four dierent feature ranking techniques (IG,RFF,FR,GMLVQ) have been used on the Adrenal Tumor dataset.
After that, two dierent evaluation methods, GMLVQ and RBF based SVM,
are built to evaluate the feature selection results. The performance is evaluated
in terms of the AUC metric.

Feature Ranking Results Comparison

The dierences between feature

ranking algorithms are essentially measured by the dierent feature ranking lists
they generate; therefore it is important to compare the dierent feature ranking lists they have produced. Figure 12 illustrates the average feature ranking
results over 125 epochs from the four feature ranking methods. It is shown that
the features 5, 6 and 19 are ranked as the top three most important features
by all the four algorithms.

Closer inspections on the feature distributions of

the top 3 features are demonstrated in Figure 13. It is obvious that although
the average ranking results of the top 3 features are the same among the four
feature ranking algorithms, their top three feature distributions are dierent.

36

Figure 12: Dierent feature ranking results on data set Adrenal Tumor.

For example, while the GMLVQ based feature ranking algorithm always chooses
features 5, 6 and 19 as the top 3 features, the Information Gain algorithm also
occasionally ranks feature 2, 12, or 14 as the top three most important. It is
these dierences in feature distribution that causes the performance dierences
during the valuation even when the average ranking results are the same. This
analysis also demonstrates the more stable ranking results from GMLVQ based
method compared to other algorithms.

Feature Ranking Algorithm Evaluation

In this section, dierent feature

ranking algorithms are evaluated by both the GMLVQ and SVM with RBF
kernel in terms of the AUC metric. Figure 14 describes the average evaluation
performance over 125 epochs using GMLVQ as the evaluation method on the
four feature ranking algorithms. It is seen from the gure that GMLVQ based
method outperforms other feature ranking algorithms when the feature subset
contains less than 13 features. This is essential for feature selection algorithms
because we always aim to achieve relatively better results by using smaller feature subsets. For example, when using only the top six most important features,
GMLVQ based method can achieve a AUC metric of 0.956 which is already quite
close to the 0.961 when all the features are included.
Furthermore, the line with squares illustrates the evaluation performance
when we directly utilize the prediction model from the feature ranking training
process to test on unseen data. In this way, the feature ranking training and
model learning process are combined together as one process which saves much
computation time.

From Figure 14, it is shown that its performance is even

better than other feature ranking algorithms by using the top eight or less most
important features.
The evaluation result by RBF-based SVM in Figure 15 demonstrates that
GMLVQ based feature ranking method consistently outperforms methods Fisher
and Information Gain no matter how many features are selected. The method
Relie  performs slightly better when in the range of (16,20) and (24,26) than
the GMLVQ based method.

Another notable feature about GMLVQ based

ranking method is that it achieves the maximum performance when the number
of features is 6 and then decreases when more features are added into the sub-
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Figure 13:

Top three feature distribution among methods Fisher (top left),

GMLVQ based (top right), Information Gain (bottom left) and Relie (bottom
right)
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Figure 14: Evaluation on test set using GMLVQ on dierent feature selection
methods. Data set: Adrenal Tumor.

set. This is the ideal situation for feature selection algorithms because a better
performance can be achieved with less features and thus less computation time.

Irrelevant Features

Irrelevant features are added to the original data set to

test their ability to lter out irrelevant features. To be more specic, three uniformly random boolean attributes, three uniformly random 4-valued attributes
and three uniformly random 8-value attributes are added to the dataset. Figure 16 demonstrates the average number of irrelevant features included in the
subset with various feature subset sizes. The ideal method will include no irrelevant feature in the top 32 features, leaving all the irrelevant attributes ranked
the least important ones.

It is shown from Figure 15 that Information Gain

method can generate such ideal result while for the GMLVQ based method, its
32-feature subset will contain 2 irrelevant features by average, ltering out 7
irrelevant features. The performance dierence here depends on how we construct the irrelevant features. It is therefore expected that dierent methods of
irrelevant feature generation will produce dierent ltering out performance.

Redundant Features

9 Redundant features were added to the original data

set to form a data of 41 dimensions and test their ability to lter out redundant
th
th
th
features. Specically, the 5 ,20
and 25
feature in the original data set were
selected as they represented dierent importances to the classication. Each of
these three features was duplicated for three times to generate three more redundant features and for these three redundant features, Gaussian noises with
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Figure 15: Evaluation on test set using SVM on dierent feature selection methods. Data set: Adrenal Tumor

Figure 16: Irrelevant feature detection performance between dierent feature
selection methods. Data set: Adrenal Tumor

40

dierent signal-to-noise ratios of respective 10, 50 and 80 were added.

The

feature ranking results are shown in Figure 17. The top gure illustrates the
average number of redundant features that a feature subset contains. Although
the GMLVQ based method performs relatively better than the Fisher and Relie methods, the overall performances of all four methods are poor. To be more
specic, with a feature subset of 32 features which is the same size of the original feature sets before adding redundant features, even the method with best
performance already contains 7 redundant features, ltering only 2 features. A
closer inspection about their exact ranking results was conducted to investigate
the reason of bad performance. It reveals that the redundant features can not
th
be eciently removed by all these four methods. For example, the 33 ,34 and
th
th
35 feature is the noisy copy of the 5 feature. In all the feature ranking results
here these three features are all ranked in the top 9 features. A similar situation
20th and 25th feature and their noisy copies.

can also be observed for the

5.3.2 Case Study 2: Ionosphere
The Ionosphere data set describes the radar data collected by a system in
Goose Bay.

As shown in Table 2, it consists of 34 features and 2 classes.

The second feature contains all zeros and is removed during the experiment.
There are 351 instances in total from which 210 random ones are selected for
training, the other 70 randomly picked samples for validation and the remaining 71 instances used for testing.

Four dierent feature ranking techniques

(IG,RFF,FR,GMLVQ) have been used on this dataset. After that, two dierent
evaluation methods, GMLVQ and RBF based SVM, are built to evaluate the
feature selection results.

The performance is evaluated in terms of the AUC

metric.

Feature Ranking Comparison

Figure 18 illustrates the average feature

ranking results over 125 epochs from the four feature ranking methods.

The

methods Fisher and GMLVQ based have closer average feature ranking
results and both rank the feature 1,4 and 2 as the most important features.
Method Relie  and Information Gain, on the other hand, display quite different average ranking results. For example, while the Relie feature ranking
algorithm chooses features 26, 23 and 7 as the top 3 features, the Information
Gain algorithm ranks features 5, 4, and 32 as the top three most important.

Feature Ranking Algorithm Evaluation

In this section, dierent feature

ranking algorithms are evaluated by both the GMLVQ and SVM with RBF
kernel in terms of the AUC metric. Figure 19 describes the average evaluation
performance over 125 epochs using GMLVQ as the evaluation method on the
four feature ranking algorithms. It is seen from the gure that GMLVQ based
method consistently outperforms other feature ranking algorithms in the top
30 features. Considering there are only 33 features in total, this phenomenon
demonstrates the big advantage of the GMLVQ based feature ranking method
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Figure 17: Feature ranking results after adding 9 redundant features. Data set:
Adrenal Tumor

Figure 18: Diernt feature ranking results. Data set: Ionosphere.
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Figure 19: Evaluation on test set using GMLVQ on dierent feature selection
methods. Data set: Ionosphere.

on this data set. Furthermore, the dash-dot line illustrates the evaluation performance by the classier directly from the feature ranking training process to
test on unseen data. It means the feature ranking training and model learning
process are combined together as one process and as long as the feature ranking
results are obtained, the classication can be performed without retraining the
learning model again.

Figure 19 shows it outperforms other feature ranking

algorithms when the number of feature selected is larger than 4.
Figure 20 present the evaluation results on the four feature ranking algorithm
using RBF-based SVM. It is shown that in the top 6 features, GMLVQ based
feature ranking results can provide a better AUC measurement and after the
methods Relie  and Information Gain take turns to lead the performance.

Irrelevant Features

20 irrelevant features were added to the original data

set to test their ability to lter out irrelevant features. The way to construct the
irrelevant features here is dierent from that of data set Adrenal Tumor. In this
experiment, the irrelevant features added are not discrete uniformly distributed
values but truly random continuous signals. From Figure 21, it is observed that
Information Gain method outperforms other methods by containing about only
1 irrelevant feature in the top 32 features, compared to 2 irrelevant features from
method Relie and GMLVQ. Fisher algorithm performs worst on this data set.

Redundant Features

9 Redundant features were added to the original data

set to form a data of 42 dimensions and test their ability to lter out redundant
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Figure 20: Evaluation on test set using SVM on dierent feature selection methods. Data set: Ionosphere.

Figure 21: Irrelevant feature detection performance between dierent feature
selection methods. Data set: Ionosphere.
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Figure 22: Feature ranking results after adding 9 redundant features on data
set Ionosphere. Data set: Ionosphere.

features.

Specically, the

5th ,20th

and

25th

features in the original data set

were selected as they represented dierent importances to the classication.
Each of these three features was duplicated for three times to generate three
more redundant features and for these three redundant features, Gaussian noises
with dierent signal-to-noise ratios of respective 10, 50 and 80 were added. The
results are shown in Figure 22. The gure indicates that in the top 32 features,
the GMLVQ based method consistently outperforms other methods no matter
how many features are selected in the feature subset.

5.3.3 Case Study 3: Connectionist Bench Sonar
The Connectionist Bench Sonar data set describes features of the cell nuclei
present from the digitized images of a breast mass. As shown in table 2, it consists of 208 instances with 60 features and 2 dierent classes. 125 random ones
are selected for training, the other 42 randomly picked samples for validation
and the remaining 42 instances used for testing. Four dierent feature ranking
techniques (IG,RFF,FR,GMLVQ) have been used on this dataset. After that,
two dierent evaluation methods, GMLVQ and RBF based SVM, are built to
evaluate the feature selection results. The performance is evaluated in terms of
the AUC metric.

Feature Ranking Comparison

Figure 23 describes the average feature rank-

ing results over 100 epochs from the four feature ranking methods. Since it is
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Figure 23: Feature ranking results on data set Connectionist Bench Sonar.

dicult to display all the 60 features clearly, only the top 30 features are visualized here for the ease of observation. It is observed that these four feature
ranking methods have similar results on this data set. For example, in the top 8
most important features ranked by these four methods, 6 of them are the same
th
th
th th
th
th
feature.
which are respectively the 11 , 12 , 10 , 9 , 10 and 48

Feature Ranking Algorithm Evaluation

In this section, dierent feature

ranking algorithms are evaluated by both the GMLVQ and SVM with RBF
kernel in terms of the AUC metric. Figure 24 describes the average evaluation
performance over 100 epochs using GMLVQ as the evaluation method on the
four feature ranking algorithms. It is observed that in the top six features, the
Relie  method outperforms other methods and achieves the maximal performance at number of features being 4. Thereafter, the GMLVQ based feature
ranking methods take the lead. It is also noticed that the model which combines
the feature ranking training and evaluation process together still demonstrates
some considerable performance, indicating the advantage of GMLVQ feature
ranking method.
The evaluation results by RBF-based SVM in Figure 25 demonstrates that
the evaluation performances of all these four feature ranking methods consistently improve with the increase of the number of features.

Specically, the

GMLVQ method starts at 0.82 when the number of features is 2 and achieves
the maximal performance among all these feature ranking methods at 0.95 with
the number of features being 36.

Besides, the GMLVQ based method has a

similar performance with the Relie  method and consistently outperforms the
other two methods.

Irrelevant Features

20 irrelevant features were added to the original data

set to test their ability to lter out irrelevant features. The irrelevant features
added are truly random continuous signals. From Figure 26, it is observed that
Information Gain method outperforms other methods by containing about only
1 irrelevant feature in the top 60 features, compared to 2 irrelevant features
from method Relie and GMLVQ based one. Fisher algorithm, on this data set,
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Figure 24: Evaluation on test set using GMLVQ on dierent feature selection
methods. Data set: Connectionist Bench Sonar.

Figure 25: Evaluation on test set using SVM on dierent feature selection methods. Data set: Connectionist Bench Sonar.
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Figure 26: Irrelevant feature detection performance between dierent feature
selection methods. Data set: Connectionist Bench Sonar.

performs worst.

Redundant Features

9 Redundant features were added to the original data

set to form a data set with 69 dimensions and test their ability to lter out
redundant features. The results are shown in Figure 27. It indicates that the
GMLVQ based feature ranking method contains about 3.5 redundant features in
the top 44 features which is the best performance compared to other methods. It
is observed that the GMLVQ based method consistently outperforms the Fisher
and Relie method for the whole range of subset size. When the size of feature
subset is over 52, the Information Gain method performs a little better than
GMLVQ based method.
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Figure 27: Feature ranking results after adding 9 redundant features. Data set:
Connectionist Bench Sonar.

5.3.4 Case Study 4: Breast Cancer
The Breast Cancer data set describes characteristics of cell nuclei from digitized images of ne needle aspirates of breast masses. It consists of 30 features
and 569 instances. There are two possible labels for each instance, indicating
whether the cancer is benign or malignant.

Feature Ranking Results Comparison

Figure 28 describes the average

feature ranking results over 100 epochs from the four feature ranking results on
data set Breast Cancer. It shows that these four feature ranking methods have
similar ranking results on this data set. For example, all these fours methods
23th , 21th , 28th , 24th , 8th , 3th , 1th , 4th , 7th as the top 10

rank the nine features:
most important ones.

Feature Ranking Results Evaluation

In this section, all these four feature

ranking methods are evaluated by GMLVQ and RBF-SVM in terms of their
AUC metric.

Figure 29 describes the performance evaluated by GMLVQ. A

closer inspection reveals that there is no dominant method on this data set with
the methods of Relie, Information Gain and Fisher take turn to lead. GMLVQ
based method performs a little worse than others on this data set.
Figure 30 describes the evaluation performance of RBF-SVM. It is seen from
the gure that all these four methods perform quite similarly while the GMLVQ
based method slightly outperforms others when the subset size is between 14 to
24.
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Figure 28: Feature Ranking Results on data set Breast Cancer

Figure 29: Evaluation on test set using GMLVQ on dierent feature selection
methods. Data set: Breast Cancer
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Figure 30: Evaluation on test set using SVM on dierent feature selection methods. Data set: Breast Cancer

Irrelevant Features

20 more random features are added to the original data

to form a 50 dimensional data set. It is seen from Figure 31 that the Information
Gain method performs best followed by the GMLVQ based method. Specically,
when selecting the top 30 features, the GMLVQ based method contains about
3 irrelevant features on average, ltering out the other 18 noisy features.

Redundant Features

9 redundant features are added into the original data

to form a data set of 39 features. All the 9 features are duplicates of one of the
features in the original data set and added with Gaussian noises. It is shown
in Figure 32 that the GMLVQ based method performs consistently better than
the others when the size of subset is smaller than 30. However, even the best
performance still contains 6 redundant features in the top 30 important list,
indicating that all these four methods can not eectively lter out redundant
features on this data set.

5.3.5 Case Study 5: SPECTF Heart
The SPECTF Heart data set describes the diagnosis of the Single Proton Emission Computed Tomography (SPECT) images. It consists of 267 instances and
44 dimensions with each dimension describing one feature extracted from the
SPECT images.

Each instance is labeled as normal or abnormal, indicating

whether the patient suers from the disease.

There are no missing values in

this data set. In each run of training, 160 examples are randomly selected for
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Figure 31: Irrelevant feature detection performance between dierent feature
selection methods. Data set: Breast Cancer

Figure 32: Feature ranking results after adding 9 redundant features. Data set:
Breast Cancer
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Figure 33: Feature ranking results on data set SPECTF Heart.

training, the other 53 are randomly selected for validation and the remaining
54 examples serve as the test data.

Feature Ranking Results Comparison

Figure 33 describes the average

feature ranking results over 100 epochs on data set SPECTF Heart. In the top
th
th
12 most important features, 7 of them are the same which are the 40 , 41 ,
th
th
th
th
th
26 , 6 , 25 , 43 and 30 features. It indicates that on this data set, these
feature ranking results have similar ranking results.

Feature Ranking Algorithm Evaluation

All the feature ranking methods

are evaluated in this section. Figure 34 illustrates the evaluation performance
by GMLVQ. It is seen from the gure that when selecting the top eight most
important features, GMLVQ based method performs the best and after that the
sher method takes the lead and in the end they converge to about 0.77 in terms
of AUC. It is noticed that the GMLVQ based method achieves the maximum
performance by selecting only the top six features which means that these six
features may be most informative and strongly relevant for classication.
Figure 35 illustrates the evaluation performance by SVM. As seen from the
gure, the Relie method takes the lead in the top 8 features and after that
the GMLVQ based method performs better than others when the number of
features is larger than 16.

Irrelevant Features

9 continuous random features are added to the original

data to form a 53 dimensional data set. The feature ranking results are shown
in Figure 36.

It is noticed that the Information Gain method performs the

best in this case. On the other hand, GMLVQ based method performs worst.
Specically, the number of irrelevant features it contains increases linearly with
the size of feature subset, indicating that most of the irrelevant features can not
be detected and ltered out.

Redundant Features

The

21th ,10th

and

43th

feature in the original data set

were selected to generate redundant features. The ranking results are shown in
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Figure 34: Evaluation on test set using GMLVQ on dierent feature selection
methods. Data set: SPECTF Heart

Figure 35: Evaluation on test set using SVM on dierent feature selection methods. Data set: SPECTF Heart
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Figure 36: Irrelevant feature detection performance between dierent feature
selection methods. Data set: SPECTF Heart

Figure 37. On this data set, the GMLVQ based method performs much better
than the others.

For example, by choosing a subset of 40 features, only 1.5

redundant features on average are included, indicating that the GMLVQ based
method can lter out most of the redundant features and assigning them as the
least important ones.

Figure 37: Feature Ranking Results After Adding 9 Redundant Features. Data
set: SPECTF Heart
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5.4 Discussion and Summary
Five experiments have been conducted in this chapter to compare the performances of the four features ranking algorithms. Their performances dier per
data set, and a summary is provided here to conclude their comparison.
The performances are evaluated by GMLVQ and RBF-SVM in terms of their
AUC metric. An easy way to compare their evaluation performance may be to
count the percentage that each method dominates among these four ranking
algorithms. An algorithm which dominates on more features may be regarded
as providing a better ranking results with respect to the evaluation methods.
The summaries can be seen in Table 3 and Table 4. It is obvious from Table
3 that GMLVQ related feature ranking methods, including the rst and second
columns, dominate the performances, indicating the advantage of GMLVQ based
methods. Table 4 also demonstrates the advantage of the GMLVQ based feature
ranking method.

To be more specic, on three of these ve data sets, the

GMLVQ based method has a dominance over 50%.
To compare their performances on ltering out irrelevant features, we count
the number of irrelevant features they contain when the sizes of subset are
equal to the original feature set before adding irrelevant features. The results
are shown in Table 5.

It is shown from the table that the Information Gain

method performs best among the ve experiments and in three of these experiments, the GMLVQ based method performs in the second place. On average,
the Information Gain method has the best performance. The GMLVQ based
method is in the second place. The Relie and Fisher methods are respectively
in the third and fourth place.
The performances on ltering out redundant features are also compared by
counting the number of redundant features the four algorithms contain when
the size of subset is equal to the original data set before adding redundant
features. The results are shown in Table 6. It is shown that the GMLVQ based
method contains 29.08 redundant features in total over the ve data sets. This
performance is close to that of the method Information Gain which contains
28.8 redundant features in total.

On the other hand, the Relie and Fisher

methods respectively contain 34.6 an 34 redundant features in total.

Name of Dataset

GMLVQ Based

GMLVQ Based Using Original Omega

Information Gain

Fisher

Relie

Adrenal Tumor

31.25%
12.50%
13.33%
6.67%
28.57%

12.50%
75.00%
53.33%
33.33%
0%

43.75%
6.25%
13.33%
13.33%
42.86%

0%
0%
6.67%
26.67%
7.14%

12.50%
6.25%
13.33%
20.00%
21.43%

Ionosphere
Connectionist Bench Sonar
Breast Cancer Wisconsin
SPECTF Heart

Table 3: Percentage of dominance of each method, evaluated by GMLVQ
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Name of Dataset

GMLVQ Based

Information Gain

Fisher

Relie

Adrenal Tumor

56.25%
25.00%
66.66%
20.00%
71.43%

0%
56.25%
0%
33.33%
0%

0%
6.25%
0%
20.00%
14.29%

43.75%
12.50%
33.33%
26.67%
14.29%

Ionosphere
Connectionist Bench Sonar
Breast Cancer Wisconsin
SPECTF Heart

Table 4: Percentage of dominance of each method, evaluated by RBF-SVM

Name of Dataset

GMLVQ Based

Information Gain

Fisher

Relie

Adrenal Tumor
Ionosphere
Connectionist Bench Sonar
Breast Cancer Wisconsin
SPECTF Heart

2
1.6
7.2
2.8
8.6

0
1
1.2
0
0

6.8
6.2
8.0
3.2
2.8

3.4
1.8
3.6
8.6
7.2

Table 5: Comparing the performances on irrelevant features

Name of Dataset

GMLVQ Based

Information Gain

Fisher

Relie

Adrenal Tumor
Ionosphere
Connectionist Bench Sonar
Breast Cancer Wisconsin
SPECTF Heart

8.28
5.8
5.5
6
3.5

7.2
6.4
4.8
6
4.4

9.0
6.2
6.6
6
6.2

8.4
5.4
8.2
6
6.6

Table 6: Comparing the performances on redundant features
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Chapter 6
6 Conclusion and Future Work
This thesis investigates the application of GMLVQ model on the the feature
ranking problems. The basic concepts in classication and feature selection are
discussed in the rst three chapters as background information. Three state-ofthe-art feature ranking techniques are then described and introduced to work as
comparison methods for the GMLVQ based method. The GMLVQ based feature
ranking technique is intensively described in Chapter 4 and then followed by
experimental results on the data sets collected from the UCI repository [29].
The experimental results, evaluated by GMLVQ and RBF-SVM, indicate
that GMLVQ based feature ranking method is comparable with other state-ofthe-art methods.

Sometimes it consistently outperforms other methods.

For

example, on the data set Ionosphere evaluated by GMLVQ, the GMLVQ
based method consistently has superior performance to others.
Another noticeable feature about GMLVQ based feature ranking method is
that it can combine the processes of feature ranking and classication together
which can help to save much computation time. Because the feature ranking
result is extracted from the distance metric from the training, after a specic
feature subset is selected the distance metric can then directly be obtained by
collecting the corresponding columns and removing the others.

In this way,

there is no need to retrain the learning model and the classication result can
be directly obtained. The experimental results in this thesis demonstrate that
its performance is comparable to other results which perform feature ranking
rst and model training in two steps.
The ability of the feature ranking methods to deal with irrelevant and redundant feature is also tested and the results demonstrate that these four feature
methods have better ability to tackle irrelevant features than redundant features.

On average, these four methods will contain more redundant features

than irrelevant features when a specic feature subset is evaluated.
To answer the three research questions proposed in Chapter 1:
1. Can GMLVQ method be extended to perform feature ranking?
Yes, GMLVQ can be extended for feature ranking.

The algorithm is de-

tailed in Chapter 4. The feature ranking results are obtained by measuring the
diagonal elements of the relevance matrix in GMLVQ. The diagonal elements
are regarded as a measurement of the contributions of the features for classication. External force is incorporated to enforce more discriminative ranking
results and to obtain a unique ranking list, the feature-pair linear dependency
in the relevance matrix is removed.
2. How well does the feature ranking perform?
The performances of the GMLVQ based method are comparable to the other
three state-of-the-art feature ranking methods. It is shown that on some of the
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data sets, the GMLVQ based method consistently performs better than other
ranking algorithms and on average, the GMLVQ based method performs better
than any of the other three algorithms. For example, when the performances
are evaluated by RBF-SVM, the GMLVQ based method demonstrates its performance dominance on three out of ve data sets that have been tested. When
the GMLVQ model is used for evaluation, the combination of the two GMLVQ
based methods also illustrates the performance superior to other methods on
three out of ve experiments.
3.

Can GMLVQ combine the feature ranking and classication into one

single process and how well does the classication perform compares to other
methods in which feature ranking and classication are performed in two steps?
Yes, the process of feature ranking and classication can be combined together under the framework of GMLVQ model. Its performances are compared
with four other feature ranking algorithms and it indicates the performances are
still comparable with other methods which perform feature ranking and classication in two steps. Among all the ve data sets that have been tested, it has
dominant performances on three of them which is a quite promising results.
Some challenges and future work can still be extended after this thesis.

Feature Selection with Larger Data Set

Some data sets in practi-

cal applications contain hundreds or thousands of features.

Such data sets

require ecient feature selection methods to select the most representative feature subset.

Experiments on such data sets may also demonstrate some new

characteristics of the feature ranking methods in this thesis.

Feature Selection with Active Data Selection

In this thesis, the train-

ing, validation and test data are selected randomly from the original data set, ignoring the dierent data characteristic that dierent instances can have. Active
data selection means to explore the data characteristics rst and then actively
select the instances with higher probability to be informative for the training
of feature selection. Such active training may improve the stability and performance of feature selection.

Investigate The GMLVQ Based Method on Feature Redundancy
Although some of the experiments in this thesis demonstrate that the GMLVQ
based method has better performance to lter out redundant features compared
to other state-of-the-art methods, its theoretical foundation to deal with redundancy has not yet been investigated. Since the GMLVQ model already accounts
for feature pair contribution for classication, the study may be extended to
investigate the feature pair correlation and try to reduce their inuence on the
classication.
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