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nω0tsin
nω0tcos n 0 1 2 3 …, , , ,=

x n[ ]
a0

2
----- a1 ωncos … ak kωncos … b1 ωnsin … b+ k kωnsin …+ + + + + + +=

x n[ ]
a0

2
----- ak kωncos

k 1=

∞

∑ bk kωnsin

k 1=

∞

∑+ +=

ak
2
N
---- x n[ ] kωn

bk

cos

n 0=

N 1–

∑

2
N
---- x n[ ] kωnsin

n 0=

N 1–

∑

=

=

ω 2π
N
------=

ℜN

x n[ ] dkejkωn

k ∞–=

∞

∑=

dk
1
N
---- x n[ ]e jkωn–

n 0=

N 1–

∑=

x1 n[ ] ak↔ x2 n[ ] bk↔

Ax1 n[ ] Bx2 n[ ]+ Aak Bbk+↔

x n[ ] ak↔

x n n0–[ ] ake

2j πkn0

N
-----------------–

↔

x n[ ] ak↔

x n[ ] x n 1–[ ]– ak 1 e
2jπk
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x n[ ] ak↔

x k[ ]

k ∞–=

n

∑ ak 1 e
2jπk

N
------------–

– 
 

1–

↔

x1 n[ ] x2 n[ ]

x1 n[ ] ak↔ x2 n[ ] bk↔

x1 m[ ]x2 n m–[ ]

m 0=

N 1–

∑ Nakbk↔

x1 n[ ] ak↔ x2 n[ ] bk↔

x1 n[ ]x2 n[ ] ambk m–

m 0=

N 1–

∑↔

� Ω( ) x n[ ]e j Ωn–

n ∞–=

∞
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δ[�]�

x n[ ] 1
2π------ � Ω( )ej Ωn Ωd

2π∫=

� Ω( ) δ n[ ]e iΩn–

n ∞–=

∞

∑ δ 0[ ]e0 1= = =

x1 n[ ] �1 Ω( )↔ x2 n[ ] �2 Ω( )↔

ax1 n[ ] bx2 n[ ]+ a�1 Ω( ) b�2 Ω( )+↔
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Z ej Ω1=

Ω1

� z( )
� z( )

� z( )
-----------

K z z1–( ) z z2–( ) z z3–( )…
z p1–( ) z p2–( ) z p3–( )-----------------------------------------------------------------= =

�1 z( )
z z1–

z p1–
-------------=

�2 z( )
z z2–( ) z z3–( )
z p2–( ) z p3–( )

-------------------------------------=

z α=
z rejθ= z re jθ–=

�1 z( )
z

z α–
------------=

�2 z( ) z2

z rejθ–( ) z re jθ––( )
------------------------------------------------

z2

z2 2rz θ r 2+cos–
-------------------------------------------= =

Ω 0=
Ω π=

z re jθ±=
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n ∞→

� z( )
K z z1–( ) z z2–( ) z z3–( )…

z p1–( ) z p2–( ) z p3–( )…-----------------------------------------------------------------=

� Ω( )
K ejΩ z1–( ) ejΩ z2–( ) ej Ω z3–( )…

ej Ω p1–( ) ejΩ p2–( ) ejΩ p3–( )…
-----------------------------------------------------------------------------------=

� Ω( )
z α=

� Ω( ) ejΩ α– Ω α– j Ωsin+cos= =

� Ω( ) 1 2α Ωcos– α2+=

z α=
� Ω( ) � Ω( ) n

y n[ ] y n 1–[ ] x n[ ]+=

� z( )
� z( )

� z( )
-----------

1
1 z 1––
----------------

z
z 1–
-----------= = =

� Ω( )
1

1 e j Ω––
-------------------

ejΩ

ei Ω 1–
-----------------= =
� 
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y n[ ] y n 1–[ ] x n[ ] x n 1–[ ]+
2

-------------------------------------+=

� z( )
z 1+

2 z 1–( )-------------------=

� Ω( ) ejΩ 1+
2 ej Ω 1–( )
-------------------------=

y n[ ] y n 2–[ ] x n[ ] 4x n 1–[ ] x n 2–[ ]+ +
3

------------------------------------------------------------------+=

� z( )
z2 4z 1+ +

3 z2 1–( )
--------------------------=

� Ω( )
e2jΩ 4ejΩ 1+ +

3 e2jΩ 1–( )
--------------------------------------=
��
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0 n N 1–≤ ≤

� k[ ] x n[ ]e
j 2πkn

N
---------------–

n 0=

N 1–

∑=

x n[ ]WN
kn

n 0=

N 1–

∑=

WN e
j2π–
N

------------
=

0 k N 1–≤ ≤

x n[ ] 1
N
---- � k[ ]e

j2πkn
N

---------------

k 0=

N 1–

∑=

1
N
---- � k[ ]WN

kn–

k 0=

N 1–

∑=

0 k N 1–≤ ≤

0 n N 1–≤ ≤

T0

T0
1– Hz

NT( ) 1– Hz 2π NT( ) 1–

Ω ωT=
2πN 1–

0 n N 1–≤ ≤ 0 k N 1–≤ ≤

x n[ ] x n N+[ ]= � k[ ] � k N+[ ]=
��
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x1 n[ ] �1 k[ ]↔ x2 n[ ] �2 k[ ]↔

Ax1 n[ ] Bx2 n[ ]+ A�1 k[ ] B�2 k[ ]+↔

x n[ ] � k[ ]↔

x n n0–[ ] � k[ ]e

j 2πkn0

N
-----------------–

↔ � k[ ]WN
kn0=

x1 n[ ] �1 k[ ]↔ x2 n[ ] �2 k[ ]↔

x1 n[ ] x2 n[ ]⊗ �1 k[ ]�2 k[ ]↔

x1 n[ ] �1 k[ ]↔ x2 n[ ] �2 k[ ]↔

x1 n[ ]x2 n[ ] �1 k[ ] �2 k[ ]⊗↔
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ℜ ℑ ℜ ℑ

� k[ ] x n[ ] 2πkn
N

------------- 
  j

2xkn
N

------------ 
 sin–cos 

 

n 0=

N 1–

∑=

x n[ ] 1
N
---- � k[ ] 2πkn

N
------------- 

  j
2xkn

N
------------ 

 sin+cos 
 

m 0=

N 1–

∑=

4N2

N2

WN
kn

N 8=

W8
kn
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0 1 2 3 4 5 6 7

0 1 1 1 1 1 1 1 1

1 1 1 j–( )
2

---------------
j– 1 j+( )

2
---------------–

1– 1 j–( )
2

---------------–
j 1 j+( )

2
---------------

2 1 j– 1– j 1 j– 1– j

3 1 1 j+( )
2

---------------–
j 1 j–( )

2
---------------

1– 1 j+( )
2

---------------
j– 1 j–( )

2
---------------–

4 1 1– 1 1– 1 1– 1 1–

5 1 1 j–( )
2

---------------–
j– 1 j+( )

2
---------------

1– 1 j–( )
2

---------------
j 1 j+( )

2
---------------–

6 1 j 1– j– 1 j 1– j–

7 1 1 j+( )
2

---------------
j 1 j–( )

2
---------------–

1– 1 j+( )
2

---------------–
j– 1 j–( )

2
---------------

n 2r= n 2r 1+=

� k[ ] x n[ ]WN
kn 0 k N 1–≤ ≤,

n 0=

N 1–

∑=

x 2r[ ]WN
2rk x 2r 1+[ ]WN

2r 1+( )k

r 0=

N
2
---- 1–

∑+

r 0=

N
2
---- 1–

∑=

x 2r[ ] WN
2( )rk x 2r 1+[ ] WN

2( )rk

r 0=

N
2
---- 1–

∑+

r 0=

N
2
---- 1–

∑=

WN
2 e

2j 2π
N

------------–
WN 2⁄= =
��
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N
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N
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� k[ ] WN
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x n[ ] 0.1
2πn
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----------16 

 sin 0.2
2πn
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----------53 
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 cos+ +=

x n[ ] 0.1
2πn
512
----------16 
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f∆ 2π
N
------=
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probability x n[ ] xn={ }=

pxn

Pxn
probability x n[ ] xn≤{ } pxn
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mx x n[ ]〈 〉 1
2N 1+
---------------- x n[ ]

n N–=

N

∑
N ∞→
lim= =

σ2 x n[ ] mx–( )2〈 〉 1
2N 1+
---------------- x n[ ] mx–( )2

n N–=

N

∑
N ∞→
lim= =

φxx m[ ] x n[ ] x n m+[ ]⋅〈 〉=

1
2N 1+
---------------- x n[ ] x n m+[ ]⋅

n N–=

N

∑
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lim=

γxx m[ ] x n[ ] mx–( ) x n m+[ ] mx–( )=

1
2N 1+
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m ∞–=

∞

∑=

φxx m[ ] 1
2π------ �xx Ω( )ejΩm Ωd
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φxy m[ ] x n[ ]y n m+[ ]〈 〉=

1
2N 1+
----------------

N ∞→
lim x n[ ]y n m+[ ]

n N–=

N

∑=

γxy m[ ] x n[ ] mx–( ) y n m+[ ] my–( )〈 〉=

1
2N 1+
----------------

N ∞→
lim x n[ ] mx–( ) y n m+[ ] my–( )

n N–=

N

∑=

�xy Ω( ) φxy m[ ]e j Ωn–

m ∞–=
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φxy m[ ] 1
2π
------ �xy Ω( )ejΩm Ωd
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my E y n[ ]{ }=

E x n k–[ ]{ }h k[ ]

k ∞–=

∞
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mx h k[ ]

k ∞–=
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my mx� 0( )=

φyy m[ ] E y n[ ]y n m+[ ]{ }=

E x n k–[ ]h k[ ] x n m r–+[ ]h r[ ]

r ∞–=
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∞

∑
 
 
 
 
 

=

h k[ ] E x n k–[ ]x n m r–+[ ]{ }h r[ ]
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m k r–+( )

φyy m[ ] h k[ ] φxx m k r–+[ ]h r[ ]

r ∞–=

∞

∑
k ∞–=

∞
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r k–( )

φyy m[ ] h k[ ] φxx m q–[ ]h r[ ]

q ∞–=

∞

∑
k ∞–=

∞
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φxx m q–[ ] h k[ ]h k q+[ ]

k ∞–=

∞

∑
q ∞–=

∞

∑=

j q[ ] h k[ ]h k q+[ ]

k ∞–=

∞
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φyy m[ ] φxx m q–[ ] j q[ ]

q ∞–=
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m 0=

φyy 0[ ] φxx m[ ] j m[ ]

m ∞–=
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∞

∑
 
 
 
 

mx h n[ ]
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m 0=

mx 0=

σx
2 1=

φxx m[ ] δ m[ ]=

�xx Ω( ) 1=

φyy m[ ] φxx m q–[ ] j q[ ]

q ∞–=

∞

∑ δ m q–[ ] j q[ ]

q ∞–=

∞

∑ j m[ ]= = =

σy
2 φyy 0[ ] my

2– φyy 0[ ] j 0[ ]= = =

my 0=

σy
2 j 0[ ]=

φyy m[ ] j m[ ]=

�yy Ω( ) � Ω( ) 2=

φxy m[ ] E x n[ ]y n m+[ ]{ }=

φxy m[ ] E x n[ ] x n m k–+[ ]h k[ ]

k ∞–=

∞
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φxx m k–[ ]h k[ ]
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m 0=

φxy m[ ] δ m k–[ ]h k[ ]

k ∞–=

∞

∑ h m[ ]= =

�xy Ω( ) �xx Ω( )� Ω( )=

�xy Ω( ) � Ω( )=

φyy 0[ ] 1
2π
------ �yy Ω( ) Ωd

2π∫=

φyy 0[ ] 1
2π------ � Ω( ) 2�xx Ω( ) Ωd

2π∫=

∆Ω

φyy 0[ ] 1
2π
------ �xx Ω( ) Ωd

2∆Ω∫=

φyy 0[ ] 1
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