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Summary

Observable operator models (OOMs), a recently developed matrix model class of
stochastic processes [6], possesses several advantages over hidden Markov models
(HMMs). Nevertheless, there is a critical issue, the negative probability problem
(NPP), which remains unsolved in OOMs theory; and which has heavily prevented
it from being an alternative to HMMs in practice. To avoid the NPP we introduce
in this report a variation of OOM, the norm observable operator models (norm-
OOMs).

Like OOMs, norm-OOMs describe stochastic processes also using linear ob-
servable operators. But norm-OOMs differ from OOMs in that they employ a
nonlinear function acting on the state vectors, instead of the linear one used by
OOMs, to compute probabilities. Under this nonlinear map, the family of all
probability distributions can be embedded into a special inner product space.
This provides novel insights into the relationship between the stochastic processes
theory and linear algebra; and enables us to study stochastic processes by concepts
and methods from linear algebra, a more convenient field of mathematics.

In this report the basic theory of norm-OOMs is set up; an iterative method
for learning norm-OOMs is developed based upon the mazimum likelihood (ML)
principle; the advantages and limitations of norm-OOMs are discussed; and some
problems for future investigation are outlined.


mailto:m.zhao, h.jaeger@jacobs-university.de
http://www.jacobs-university.de/

Contents

I3 Norm Observable Operator Modeld 9
B.1  The inner-product space . . . . . . . . .o 9
3.2 Constricting norm-OOMs in the space D . . . . . . . . . . . . . .. 15
3.3 Norm-OOMs as generators and predictord . . . . . . . . . . . ... 17

A.1 Proof of Theorem ﬁ ........................... 29
A.2 Proof of Theorem H ........................... 35
A.3 Proof of Theorem ﬁ ........................... 35
A.4 Proof of Lemma E ............................ 35
A.5 Proof of Theorem E ........................... 36
A.6 Proof of Theorem @ .......................... 36
A.7 Proof of Theorem ﬁ .......................... 37
A.8 Proof of Theorem E .......................... 37
A.9 Proof of Theorem @ .......................... 37
A.10 Proof of Theorem ﬁ .......................... 37

A.11 Proof of Theorem @ .......................... 38



1 Introduction

Observable operator models (OOMs) are matrix models for describing stochastic
processes developed recently [6]. Compared with hidden Markov models (HMMs),
another model class of stochastic processes that has been widely and successfully
used in many applications; OOMs have several attractive properties [7].

e OOMs are mathematically simpler than HMMs for they can be defined and
manipulated in the framework of linear algebra.

e OOMs are more expressive in that any HMM has an equivalent OOM but
not vice versa. Here the word “equivalent” means the two models describe
the same stochastic process.

e The linear algebra nature of OOMs gives rise to a family of constructive,
asymptotically consistent algorithms for estimating OOMs from empirical
data [6l, 8, [[]; whereas HMMs are typically trained by the (iterative) EM
algorithm.

However, there is a crucial problem in OOMs theory remaining unsolved, namely
the negative probability problem (NPP). More concretely, up to now no algebraic
criterion is known for verifying whether an OOM-like system is indeed a valid OOM
or not and, as the result, all the learning algorithms of OOMs usually obtain invalid
models which might assign negative probabilities to some (rare) events, instead of
small positive numbers. It is proven that the NPP can be reduced to verifying the
existence of a common invariant convex cone under some given linear operators
(the observable operators), which itself is also a very difficult problem, even from
the viewpoint of mathematics.

In this report, we do not intend to address the NPP, but will set up another
model class called norm observable operator models (norm-OOMs) in which the
NPP is avoided. The idea of norm-OOMs is quite straightforward: the way that
OOMs model stochastic processes can be extended for describing arbitrary numer-
ical functions, so one can avoid the NPP by applying a nonnegative function on
the state vectors of OOMs. In more detail, an OOM of some process can be seen as
a dynamical system with state vectors w; uniquely determined by the initial real-
ization ajas - - - a; of the process up to time ¢ and the probability that ajas - - - a; is
observed computed via a linear function on w;: the sum of all elements of w;. So a
natural way to get rid of “negative probabilities” is to use a nonnegative function
o(w,) instead of the linear one used by OOMs. In particular, for norm-OOMs we
use o(w;) = ||w;||?, as indicated by its name.

While the NPP becomes a nonissue in norm-OOMs, new problems arise. First,
as models of stochastic processes, norm-OOMs should satisfy all constraints from
probability measures. So like the case of OOMs, here an important problem is

(P1) whether we can characterize a valid norm-OOM in an algebraic way.

Second, unlike an OOM living in the vector space spanned by the future condi-
tional distributions of the underlying process (cf. Section 4 of [6]), which only has
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the linear structure, a norm-OOM requires a normed vector space, involving both
a linear structure and a topological structure. So the second important problem
that should be discussed is

(P2) on which normed vector space norm-OOMs can be defined.

This report gives a general yet rigorous introduction to norm-OOMs, including
the study of the above two theoretical problems and a mazimum likelihood (ML)
learning algorithm for estimating norm-OOMs from data. The report has the
following organization. First we briefly review the construction of OOMs and the
NPP in Section Then a detailed introduction to the theory of norm-OOMs
is presented in Section Bl In Section Bl we introduce the ML learning algorithm
of norm-OOMs, whose performance is investigated in Section B through some
numerical experiments. Finally, we make the conclusion and point out some future
works in Section

2 An Overview of OOM Theory

In this report we only consider discrete-time stochastic processes with values from
a finite alphabet, say O = {1,2,--- ,£}. Such a stochastic process can be seen as a
sequence of random variables (Y});eny defined on some probability space (€2, .4, i)
and taking values on the same codomain O. To fully characterize the process (V)
one needs only to know the following family of finite joint distributions:

{Pr Yi=ay, -, Yo=a,) =u (ﬂ?:l Y;_l(ai))}neN,aieO . (2.1)
Other quantities can be computed from these joint probabilities, for example,

Pr(Yo=0) = Y ,coPr(Y1=a,Y2=0),
Pr(Yo=0bY1=a) = Pr(Yi=a,Yo=0)/Pr(Y1=0a).

As (conditional) probabilities such as Pr(Y; = a1,Y2 = ag,--+,Y,, = a,) and
Pr(Yos1 = by, -+, Your = bk|Y1 = ag,--+, Y, = a,) will be used very often in
this report, it is convenient to introduce some shorthand notations for later use.
Following the conventions of formal language theory, we denote by O™ the set of
all sequence of length n of symbols from O; by O* the set of all finite sequences
of symbols in O, including the empty sequence e, the sequences of length 0 which
“consists” of no symbol at all. Thus O° = {¢} and O* = U0 O". We shall use
small letters with a bar (e.g., a, Z, - - - ) to denote any element in O*, i.e., any finite
sequence a; - - - a,. For any two finite sequences @ = a1 - -a,, and b = by - - - by, we
write P(a) for the joint probability Pr(Y; = ay,---,Y, = a,) and P(bla) for the
conditional probability Pr(Y, .1 = by, , Y = k|1 = a1, -+, Y, = a,). With
these shorthands we can rewrite the family (Z1]) as { P(a) }aco+, which may be, and
sometimes is, seen as a numerical function on the set O*. Thus, the distribution
of (Y;) is uniquely characterized by the function P : O* — R.
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2.1 Linear dependent functions and processes

We denote by F the family of all real-valued functions defined on O*. By the
discussion above it is clear that F contains the family of all discrete processes in
the sense that each process is uniquely characterized by a member of F. Moreover,
constructing an OOM from a given stochastic process is actually the procedure of
deriving an OOM-like system from the function A € F defined by h(a) = P(a),
the probability distribution of the given process. In the following we will briefly
review this procedure, see Section 4 of [6] for the detail.

The set F canonically becomes a real vector space in which the vector addition
and scalar multiplication are defined pointwise. For each symbol a € O we define
a left appending operator I, on the space F by setting (I,f)(Z) = f(az) for all
f € Fand x € O*. One can easily see that each [, is a linear operator: for any
fyg € F and a € R it holds that

La(f +9)(@) = (f + 9)(aZ) = f(aZ) + g(aZ) = (lf + lag)(Z)
and (o)) = (af)(az) = af(az) = a(lf)(@) = (ol f)(7)
for all z € O*. So l,(f + g) = l.f + log and [,(af) = al,f, which is what we

want to prove. Iteratively applying left appending operators [, on a fixed function
h € F, we can evaluate the value of h on any sequence a = aqas---a, € OF, as

follows:
h(a1a2 ce an) = (lalh)(QQ e an) = (la2lalh)(a3 ce an)
= o= (ly, - loyla h)(€) = olgh,

where [; denotes the composition of l,,,l,,, - ,l,, in reverse order; and o is the
linear functional on F which maps each f € F to the real f(¢). By ([Z2) we see
that the structure (F,{l,}qco,0) provides another (algebraic) representation of
the family F, which allows us to calculate any h € F. This is natural and trivial
since nothing is “thrown away” or “compressed” in the derivation of the structure
(F,{la}aco, o). This structure, however, can be reduced to a smaller one if we are
only interested in a single function h € F with a special property, as shown below.

Let h € F be a fixed function and H the subspace of F spanned by the vectors
{lzh : a € O*}. It is clear that H is invariant under the operation of each [,, that
is, f € H implies l,f € H. So we can restrict the domain of /,’s and ¢ to the
vector space H, getting a new set of linear operators and a new linear functional
on ‘H which we denote by the same symbols [, and o, respectively, trusting to
the reader’s good sense to avoid confusion. Therefore, we obtain a smaller system
(H, {lu}aco, h, o) specially for the function h € F in which h(a) = olzh for any
sequence a € O*.

In practice, for computational reasons we are more interested in those functions
h for which the linear space H = span{lz;h : a € O*} is of finite, say m, dimension.
Such functions will be called linearly dependent functions (LDFs) in this report.
For any LDF h of dimension m, we select a basis {g1, g2, - - , gm} of H such that

(2.2)



gi(e)=1foralli=1,2,--- m. [l Under this basis, the space H is isomorphic to
R™, in which the linear functional ¢ is represented by 1, the row vector of units
with its size determined by the context; each operator [, is represented by a matrix
To € R™™ and the function h is represented by some wy € R™, called the initial
state. All in all, the abstract system (H, {l,}sco,h, o) is now represented by the
concrete one (R™, {7, }aco, wp), where the “standard” functional 1 is omitted. It
follows from (Z2) that, for any a = ajas - - - a, € O,

h(arag - ay) =17, TayTa, Wo := LWy, (2.3)

where, like the operator [z, 7; denotes the composition 7, - 7,,7T,,, With the
agreement that 7. = I,,,, the identity matrix of order m.

Definition 1 A stochastic process (Y;) is called a linearly dependent process
(LDP) [3, B, 6] if its distribution P(a), when seen as a numerical function h(a) :=
P(a), isa LDF. A triple (R™, {7, }aco, Wo) is an observable operator model (OOM)
of (Yy), if 3) holds for all a € O*. In an OOM (R™, {7,}aco, wo), the linear

operators T, are called observable operators and wy is the initial state.

It follows from the above discussion that any LDP (Y;) has an OOM. But a
LDP (Y;) can be described by different OOMs via (Z3)). These OOMs are said to
be equivalent to each other. An OOM (R™, {7,}sc0, wo) is minimal if it has the
minimal dimension m in its equivalence class.

By the above construction of OOMs from the distribution h(a) := P(a) one
easily sees that any minimal OOM of a LDP (Y;) has the same dimension m as the
abstract vector space H. Furthermore, by mapping the function h defined by ([Z3)
back to the space F and then constructing its subspace H = span{l;h : a € O*}
one gets a systematic routine for minimizing a given OOM, as shown in Section
14.5 of [7]. This allows us to only consider minimal OOMs in the sequel.

As two equivalent minimal OOMs are just two different representations of the
same abstract structure (H, {l,}sco, h, o) under different bases, they are related
to each other via a basis transition matrix ¢ which maps the standard functional
1 to itself. Thus,

Theorem 1 Two minimal OOMs (R™, {7,}aco, wo) and (R™,{7!}sco, wy) are
equivalent if and only if there is a linear bijection ¢ : R™ — R™, such that (i)
1o =1; (ii) wj = owy and (iii) or,0™' = 7. for alla € O.

— See Proposition 14.6 of [7] for the proof.

We now characterize the family of all m-dimensional LDFs, i.e., all functions
h € F with dim’H = rank{l;h : @ € O*} = m. Since such a function is uniquely
determined by some triple (R™, {7, }4c0, wo), which has finitely many (¢m?* + m

!This can be done in three steps: first select an arbitrary basis {g1,92, " ,gm}, then there
must be some k for which g () # 0, pick one such k; next let g; < g¢; + g for any i satisfying
gi(e) = 0, so that g;(¢) # 0 for all ¢; finally set g; < g:/g:(¢) for all 4.

4



for the case here) free parameters, we conclude that an m-dimensional LDF h
can be reconstructed from its values on a finite subset of O*. To obtain an in-
tuitive feeling of the situation we consider the number of constraints that the
function h should satisfy. Assume that {lz, h,lz,h, - 15, h} is a basis of H and
that h = 377", a;(lg;h). Then h(z) = 37", a;h(a;) for all 7 € O*. So if there
exist £ = by, bo,- -, b, such that the resulting m equations (on the parameters
Qq, 09, -+ ,ayy,) are linearly independent, one can compute «;’s from the values
h(b;) and h(a;b;) (i,j = 1,2,---,m). Now it becomes clear that the function h
should satisfy infinitely many constraints h(z) = 7", a;h(a;7). So the degree of
freedom of h might be finite — actually it is, as we will see soon. Here the re-
maining problem is: can we find Z = by, by, - - - , by, to get m independent equations
on «;’s? The answer is summarized in the following theorem.

Theorem 2 (1) For any linearly independent functions g1, g2, , gm in F there
exist by, by, -+, by, € OF such that the matriz [gj(@)]m:l,z.._,m 1s invertible.

(2) Let h be an m-dimensional LDF and o the linear functional defined on
H = span{lzh : a € O*} that maps each f € H to the real f(g). For any two
finite subsets A = {a;}j=12...:4 and B = {b;}i=12.. n of O, we write h(A, B)
for the N x M matriz with h(a;b;) as its (i,7)-th entry. Then (a) dimG = m,
where G = span{ol; : a € O*}; (b) rankh(A, B) < m for any finite subsets
A, B C O*; and (c) there exist A, B C O<™ such that rank h(A, B) = m, where
O = Ui OF denotes the set of sequences of length < m.

— See Appendix [A]] for the proof.

2.2 Learning algorithms of OOMs

The parts (2-b,c) of Theorem B represent an essential algebraic criterion should
be fulfilled by any m-dimensional LDF h(a). When used to describe some LDP
(Y;) via P(a) = h(a), the function h(a) should satisfy three more conditions:

1. h(e) = 1; (the probability of the whole space is 1)
2. Y .o h(@a) = h(z) for all T € O*; (additivity of probability measure)
3. h(a) > 0 for all @ € O*. (nonnegativity of probability measure)

In any minimal OOM (R™, {7,}aco,wo) of (Y;), these conditions can be equiva-
lently restated as (i) 1lwo = 1; (i) 1) .7 = 1; and (iii) 173w, > 0 for any
a € O*. Furthermore, by the definition of m-dimensional LDPs and Theorem
Bl (2a), the minimality of (R™,{7,}sc0,wo) requires that (iv) the vector spaces
span{r,wy : a € O*} and span{17; : a € O*} both have dimension m. Conversely,
the discussion in Subsection 1] shows that any m-dimensional LDP (Y;) can be
modelled by such a structure (R™, {7, }sco,wo) via P(a) = 1m,wq. This gives us
the following theorem, which can be seen as an algebraic definition of OOMs.

Theorem 3 A triple (R™, {7, }aco, wo) with 1, € R™™ and wy € R™ is an OOM
if, and only if, (i) 1wy = 1, (ii) 1Y°,. 7o = 1 and (iii) 17aw > 0 for any a € O*.
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It is a minimal OOM iff further (iv) the vector spaces span{t,wy : a € O*} and
span{l7; : a € O*} both have dimension m.

The above three theorems play a fundamental role when deriving a general
procedure for reconstructing minimal OOMSs of a given m-dimensional LDP (Y;)
from its distribution P(a) and a basic algorithm for learning OOMs from training
data. We first consider the reconstructing procedure. Given an m-dimensional
LDP (Y;) and its distribution h(a) = P(a), by Theorem B(2c¢) we can select two
subsets of O*, say A = {a;}1, and B = {b;}/,, such that the matrix h(A, B) (cf.
Theorem B) has rank m. Besides this condition, we also require that

1h(A, B) = h(A,{e}) =1,.o h(A,aB) and 1h({e},B) =1,

where aB denotes, for each a € O, the subset {ab;}Y, of O*. A possible choice of
such a subset B is B = O" with r being sufficiently large.

Assume (R™, {7, }4c0, wyp) is a minimal OOM of (Y}), then by the definition of
h(A, B) and (Z3) we can compute

h(A, B) = [h(a; )L<NJ<M (17, - Tajwo}ng,ng =:m(B)w(A),
h(A, {e}) = [h(a; )} = =[1- Tajwo}ng =1w(A4),
h({e},B) = [h 5)] oy = 17, - 'wo] = m(B)wog,

(

1Xx

hA,aB) = [h(a;a 7(B)T,w(A),

[17'1) TaTa; 'wo}

ﬂ <Nj<M iSNG<KM

where 7(B) is the N x m matrix with i-th row 17, w(A) is the m x M matrix with
Ta;Wo as its j-th column. Then by 1h(A, B) = h(A,{e}) we know 17(B)w(A) =
1w(A). As h(A, B), and hence w(A), has rank m, we conclude that 17(B) = 1.

Since the matrix h(A, B) has rank m, there exists U € R™¥ such that (1)
Uh(A, B) has rank m; and (2) 1U = 1. Let Q := [Uh(A, B)]" be the pseudo-
inverse of Uh(A,b) and p := Un(B) € R™™. Then, as Uh(A, B) is of full row
rank, Uh(A, B)Q = Un(B)w(A)Q = I,,; and 1p = 1Un(B) = 1n(B) = 1. Now it
is clear that o™! = w(A)Q, and that

om0t = Un(B)r,w(A)Q =U -h(A,aB)-Q), (2.4
owy = Un(B)wy=U"-h({e}, B). (2.5)
By Theorem [M, we actually have constructed, from the distribution h(a) = P(a)

9

of the process (Y;), an equivalent OOM (R™, { 07,0 }aco, 0wy) of the “original’
model (R, {7, }aco, wo)-

For the learning task, the distribution h(a) is unknown and so one cannot
reconstruct OOMs of (Y;) via (Z4), Z3). Instead, a sampling path § = sys9- - -
of (Y};) is provided, based on which one is required to estimate an OOM of (V).
A natural idea for this learning problem is to use the training data s to estimate
the interesting probabilities h(a) = P(a), by counting the occurrence number of @
in 5; and then construct an OOM by (Z4)) and ). The overall procedure can
be described as follows.



1. Select (depending on the training data 5) two subsets A = {a;}}1, and
B = {b;}N, of O*; and estimate the probabilities P(a) by

occurrence number of @ in s
5] — Ja| +1

P(a) = 7
where |5| denotes the length of 5 and the sequence @ runs over b;, a;b; and
a;jab; (a € O), so that we can construct the matrices P(A, B), P(A, aB) and
the vector P({e}, B). Note that, here the selection of A, B should satisfy

1P(A,B) = 1%,.,P(A,aB), (2.6)
1P({e},B) = 1; (2.7)

and make p(A, B) have rank larger than m, the model dimension.
2. Design a matrix U € R™N such that rank{UP(A, B)} = m and 1U = 1.
3. Estimate the observable operators and the initial state respectively by

7. = UP(A,aB)[UP(A,B)|",
wy, = UP({e},B).

This basic learning algorithm has some variations, for example,

e For stationary LDPs, the corresponding minimal OOMs have the property
(D _wco Ta)wo = wy. This condition, together with the condition (i) from
Theorem B, uniquely determines the initial state wy. So for stationary pro-
cesses one needs only to estimate the observable operators 7.

e In practice, one can use the counting matrices [#(A, B)], [#(A,aB)] etc.
instead of the probability matrices P(A, B), P(A,aB). But one should
keep the same counting factor for P(A, B) and P(A,aB). That is, one
gets [#(A, B)] from the sample except the last symbol but [#(A, aB)| from
the whole sequence.

2.3 The negative probability problem of OOMs

In the preceding subsection we introduced the basic procedure for reconstructing
or learning OOMs from the known distribution h(a) or a sampling path s of an
m-dimensional LDP (Y;). If the accurate values of h(a) are known, then by the
fact that (Y;) is a LDP of dimension m we know the structure evaluated by (24I)
and (Z3) is a valid OOM according to Theorem Bl In the learning task, however,
only approximated values of h(a) can be obtained from the training data s. So
a natural and crucial problem here is whether such approximation of h(a) will
violate the conditions from Theorem Bl In other words, we would ask whether the

system computed by ([Z8) and ([ZJ) is a valid OOM.
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By Equations (Z28)—(3), one should have no difficulty to verify that 1wy = 1
and 1 E(LEO 7, = 1. Unfortunately, the third condition of Theorem B 17wq > 0
for any a € O*, does not always hold for (actually is usually violated by) the
structure (R™, {7,}aco,Wo). More precisely, the learnt structure may produce
negative values as the probability of some rare paths a of the underlying process.
We call this phenomenon the negative probability problem (NPP) of OOMs. As the
learning algorithms of OOMs developed so far are all based the basic algorithm
presented in Subsection — roughly speaking, they only differ in the design of
the auxiliary matrix U — it is fair to say up to now no theoretically satisfying
algorithm for estimating OOMs from data has been developed.

When trying to repair the above NPP of OOMs, we immediately meet the
problem of how to characterize the class of valid OOMs. In other words, we need
a general method for checking whether a given a given structure (R™, {7, }.co, wo)
is a valid OOM. The frustrating thing is even this verification problem is proven
very hard — note that, one cannot directly use Theorem Bl since the condition (iii)
actually consists of infinitely many inequalities. In this direction, the following
proposition gives us an equivalent statement of the condition (iii), in terms of
(invariant) conver cones.

Theorem 4 A triple (R™, {7,}aco, wo), in which 1, € R™™ wy € R™ and the
conditions (i, ii, iv) from Theorem [@ hold, forms an OOM if and only if there
is a proper convex cone K C R™ (i.e., K is closed under vector addition and
scalar multiplication by a nonnegative real; and satisfies K N (—K) = {0} and
span K = R™), such that (i) wy € K; (ii) 1v > 0 for all v € K and (iii)) K is
invariant under each operator 1., that is, T,v € K for any a € O and v € K.

See Proposition 6 of [6] for a detailed discussion about this theorem. It should
be noticed that, the theorem also provides no means to decide whether a given
system (R™, {7, }aco, wp) is a valid OOM, since it is non-constructive w.r.t. K.
In fact, even in mathematics the problem of whether a common invariant convex
cone K under a given family of linear operators 7, exists or not is still an open
problem, at least as the authors know.

As the conclusion, the NPP of OOMs consists of two parts:

e practically, the existing algorithms can only learn “almost OOMs” which
sometimes produce “negative probabilities”;

e theoretically, there is no general means known to decide whether a given
system (R™, {7,}aco, wp) is an OOM of some LDP or not.

The previous discussion indicates that neither of the above two problems can be
attacked at the current stage. This difficult situation motivated us to study other
variations of OOMs to avoid the NPP.



3 Norm Observable Operator Models

To avoid the NPP of OOMs, we introduce in this section another similar model
class, norm observable operator models (norm-OOMSs), which computes the prob-
ability of an initial sequence a € O* by P(a) = ||Tawl|?, where, for vectors x in
R™, ||z|| denotes the Euclidean norm, i.e., ||z| := VaTa. To distinguish the two
kinds of OOMs, we will use (R™, {¢q4 }aco, o) to denote a norm-OOM throughout
the report. It is obvious that a norm-OOM always produces nonnegative values
and so does not suffer from the NPP. However, as stated in Section [0, the func-
tion P : O — R, at the same time as the probability measure of some process,
should satisfy P(e) = 1 and the condition P(z) = }_ ., P(za) for all z € O*. For
norm-OOMs;, these two conditions are equivalent to

Theorem 5 The triple (R™, {p.}taco, wo) forms a norm-OOM of some process iff
(i) llwoll = 1 and (ii) 3 ,co llPaavoll® = llzvo|* for all z € O*.

While the nonnegativity of probabilities is automatically satisfied by norm-OOMs,
it seems that the condition (ii) of Theorem His more difficult to cope with than the
analogous part of OOMs which can be reduced to the constraint 1(}_,.,7.) = 1.
However, the condition (ii) from Theorem [l can be rewritten as

(L210) T (X ueo Paa) (i) = (0su0)  (pzu0), (VZ € O7)

for which an obvious sufficient condition is >, 5 ¢a¢a = . Conversely, from
any stochastic process with certain properties we can construct its norm-OOM
(R™, {¢ataco, uo) such that > i@, = I, as presented in Subsection B2
These two facts lead to the following definition of standard norm-OOMs.

Definition 2 A standard norm-OOM is any triple (R™, {@4}aco, wo) with the
properties (i) |luoll = 1; and (ii) Y ,co o Pa = Im-

Unlike the definition of OOMs, this definition of standard norm-OOMs is simple
enough to serve as a practical algebraic criterium for verifying whether a given
triple (R™, {4 }aco, o) is a standard norm-OOM. According to the discussion
above, we will only consider standard norm-OOMs and simply call them norm-
OOMs in the sequel.

In the following we will set up the basic theory of norm-OOMs which includes
(1) defining an inner-product space D on which norm-OOMs can be constructed;
(2) constructing norm-OOMs (R™, {¢, }aco, o) on the space D from the distribu-
tion P(a) of some process such that P(a) = ||¢aul||* for all finite sequences @ in
O*; (3) using norm-OOMs as generators and predictors; and (4) the expressiveness
of norm-OOMs.

3.1 The inner-product space D

In this subsection we construct the inner-product space D according to the follow
procedure: (1) first the set S of all nonnegative functions f : O* — R* such that

9



P(a) = f*(a) is a probability distribution is considered; (2) as S is not a vector
space, it is then embedded into a vector space B which serves as the underlying
space; (3) next the family S is extended to a convex cone Dy in B, on which a
binary linear function (@ is defined; (4) the function @ is extended to the subspace
D, spanned by Dy, and a subspace A of Dy is defined via Q; (5) finally we define
D to be the quotient space Dy/N and induce an inner product on D from the
function (). Now we discuss these objects one by one.

The vector space B. As mentioned above, the family S consists of all functions
f: O* — R" such that P(a) = f?(a) is a probability distribution. In other words,
here the family & is defined by

S={feF:fle)=112) =0,z) =0 [*(Ta) forall 2 € O*}. (3.1)

It is clear that each f € S specifies a stochastic process with P(a) = f?(a) as its
distribution; and that each process (Y;) determines an f € S via f(a) = v/ P(a).
In this sense, we can identify the family of stochastic processes with the set S.
However, the family S, as a subset of F, is not a convenient object to operate from
the viewpoint of linear algebra, for it is neither a vector space nor invariant under
the left appending operators [,. So we need to construct another vector space B
which contains S as a subset and is invariant under the operation of [,’s.
For each n > 0, define a (nonlinear) mapping S,, from F to R by setting

Su(f) =D scon f2(a) forall feF. (3.2)

One can easily see that S, (f) = 1 for all f € S and nonnegative integers n. Let
B be the family of those functions f € F for which the set {S,(f)}n>0 is upper
bounded by some constant C; € R, then § is clearly a subset of B. Moreover, B
forms a subspace of F that is invariant under the operation of [,’s, as stated by
Theorem B This allows us to restrict the operators [, on the space B.

Theorem 6 The set B={f € F: S,(f) < Cy < oo} is a subspace of F that is
invariant under the left appending operators l,, i.e., l,f € B for all f € B.

— See Appendix for the proof.

Now for each n = 0,1, --- we define a binary function on F by
Qn(f,9) = Yaeon f@g(a). (Vf,g € F) (3.3)
It follows from the proof of Theorem B that Q,(f,g) < 3[Sa(f) + Sn(g)] for any

f,g € B, which means there is a constant C'y, € R such that Qn(f g) < Cf,q for
all n. Conversely, by the definition of @), and S,, we have S,,(f) = Q. (f, f) for all
f e F. So the farmly B is also characterized by the inequalities Q,(f,g) < Cj,
with n=0,1,2,--

10



The subspace Dy of B. Let Dj be the subset of F consisting of those functions
f € F which are nonnegative and f*(z) > ", f*(Za) for all z € O*, i.e.,

D ={feF: f(@)=0,,(2) 2,0 [*(Ta) for VZ € O*}. (3.4)

By B) B34) we know S C Dy . Furthermore, it follows from the definition of S,,:
So(f) = Yacon [3(@) that {S,(f)}n=o,1,2.. forms a decreasing sequence for any
[ € Dg; thus S,(f) < So(f) for all n and hence Dy is a subset of B.

Theorem 7 DJ is a convex cone in B pointed at 0 (the zero function). That is,
for any f,g € Dy and any a > 0, (i) —f € D implies f = 0; (ii) af € Dd and
(iii) f+ g € Dy. Furthermore, Dy is invariant under the operators l,, that is,
l.f € Dy whenever f € Dy . — See Appendix for the proof.

Now let Dy be the subspace of B spanned by Dy . By Theorem [, Dy is the set
of those functions h € B which can be written as h = f — g with f, g € D;:

Dy =spanDj ={f —g: f,g€Dy}. (3.5)

Since Dy is invariant under the linear operators [,, by ([BH) we see that Dy is also
invariant under /,. So in the sequel we will restrict the operation of [,’s on the
space Dy. For any f,g € Dy, the summation of f(2)g(z) > ..o f(za)g(za)
(cf. eqn ([A2)) over all Z € O" reveals that {Q,(f, g)}n=012.. forms a decreasing
sequence lower bounded by 0, so the binary function

Q(f, 9) = limyoe Qn(f, 9) (3.6)

is well defined on the set Df x Dj and takes values from [0,00). To extend the
domain of the function Q(f,g) to Dy X Dy, we need the following lemma.

Lemma 1 Let {a} }n—012..., {0’} n=012.. (i=1,2,--- k) be 2k sequences of real
numbers such that S al = S% b and lim, .. a, = ¢ for all i < k. Then
(S8 ai bmona.. and {38 b Y010, are two convergent sequences with the
same limit Zle ct. — The proof is trivial and omitted here.

For any f,g € Dy, let f = fi — fo and g = g1 — g» with fi,g; € Dy (i = 1,2) be
one of their decompositions, respectively. Then, by the linearity of @Q,,

Qn(f,9) = Qn(f1,91) + Qn(f2,92) — Qulf1,92) = @n(f2, 91) - (3.7)

When n tends to infinity, the four items on the right hand side (r.h.s.) of equality
B0) each converge to a nonnegative number since f;,g; € Dg; and their sum
Q.(f,g) is independent of the choice of fi, fa,91,92. So by Lemma [0 the limit
Q(f,9) = lim, o, Q,(f,g) exists and, by (B.1), assumes values in R.

So far we have defined the vector space Dy and the binary function Q(-,-) on
Dy x Dy which clearly has the following three properties.
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Theorem 8 For any f,g € Do, (i) Q(f, f) = 0; (ii) Q(f,9) = Q(g, f); and (iii)
Q(f.g) is linear in f, i.e., Q(afi + Bf2,9) = aQ(f1,9) + BQ(f2, 9).

Theorem B shows the function () is nonnegative definite, symmetric and bilinear,
only “one step” from being an inner product on the vector space D. H We call
any such function Q) a semi-definite inner product on D. More generally,

Definition 3 Let V' be a vector space over R. A binary function Q : V xV — R
is a semi-definite inner product (on V') if, for any x,y,z € V and o, 5 € R, (i)

Q(z,x) = 0; (i) Q(z,y) = Q(y, x); and (iii) Q(az + fy, 2) = aQ(z, 2) + HQ(y; ).

Next we discuss some properties of the above “abstract” semi-definite inner
product space (V, Q). Like inner products, semi-definite inner products are also
interesting and useful from both theoretical and practical aspects. For instance,
each semi-definite inner product () on some vector space V' induces a pseudo norm
g on the same space V via q(z) = \/Q(z,x). Here, by “pseudo norm” we mean
any function ¢ : V' — R such that (i) ¢(z) > 0; (ii) ¢(ax) = |a| - ¢(z) and (iii)
q(z +vy) < q(x) +q(y) for any x,y € V and a € R. To see that g(z) = \/Q(z, )
is indeed a pseudo norm on V| we first prove an inequality, namely

Lemma 2 (Cauchy-Schwarz inequality for semi-definite inner products) Let @) be
any semi-definite inner product on the vector space V' and q the unitary function

on V defined by q(z) = \/Q(x,z). Then, for any z,y € V, |Q(z,y)| < q(x)q(y).
— See Appendix [A4] for the proof.

Now we are ready to show that ¢(z) is a pseudo norm. The conditions ¢(z) > 0
and ¢(ax) = |af - ¢(z) are easy to verify. For the third condition, we calculate
¢*(z+y) = ¢*(x) +2Q(z,y) + ¢*(y) < ¢*(x) +2q(x)q(y) + ¢*(y) = [a(z) + ()],
where the second inequality follows from Lemma Bl So q(z + y) < q(z) + q(y).

The quotient space D. Return to our concrete vector space Dy, on which we
have shown the function @) defined by (B.0) is a semi-definite inner product, and
so induces the pseudo norm ¢ : Dy — R with

a() = VR = lim {Socon P@)}7 = im {S.(N} . (39)

For any f € S, by (B1) we know S, (f) = 1 and hence ¢(f) = 1. As the pseudo
norm ¢(f) can be explained as the “length” of the vector f, we get a geometrical
description of the family of stochastic processes: any process (Y;), described by
some function f € S via P(a) = f?(a) and seen to be identical to f, lies on
the unit sphere of the semi-definite inner product space (Dy, Q). Similarly, the

2An inner product on a vector space V is any function @ : V x V — R that has all the
properties from Definition Bl and is positive definite: Q(z, ) = 0 if and only if = 0.
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quantity q(f — g) can be regarded as the “distance” between f and g. When f, g
are members of S, i.e., they describe two processes, we have

¢*(f —9) = a*(f) —2Q(f.9) + ¢*(9) = 2[1 - Q(f. 9)] - (3.9)

So the quantity Q(f,g) can be seen as the degree of similarity between f and g
(note that 0 < Q(f,g) <1 for any f,g € S).

We call a function f € Dy a null function if ¢(f) = 0; and denote by N the
set of all null functions. By the inequality ¢(f + ¢) < q(f) + ¢(g) and the identity
q(af) = |al - q(f) one can easily see that N is a subspace of Dy. So we can define
the quotient space

D:=Dy/N ={[f]: f € Do}, (3.10)

where [f] denotes, for any f € Dy, the equivalence class {g € Dy : f — g € N'} of
f. Tt is well known that, D canonically becomes a vector space over R under the
addition and scalar multiplication

U1+ 1lgl:=1f+4gl, alfl:=laf]; (Vf,g € Do, Va €R)

whose definitions are independent of the choice of the “representative” elements
f, g in their corresponding equivalence class [f] or [g].
On the vector space D define a binary function (-,-) : D x D — R by setting

(/1 lg]) == Q(f,9) forany f,ge€Dy. (3.11)

Here we should show the value of the r.h.s. of ([BI1]) is independent of the choice
of f and ¢ (in their equivalence class), i.e., Q(f',¢') = Q(f, g) for any f" € [f] and
g € [g]. Noting that f' € [f]iff f/— fe N iff ¢(f' — f) =0, we know that

Q(f/7h>:Q<f7h)+Q<f/_f7h):Q<fvh)

for any h € D, since, by Lemma B, |Q(f — f,h)| < q(f' — f)q(g) = 0. Similarly,

Q(h,g) = Q(h,g') for any h € Dy. Thus, Q(f',¢') = Q(f,9') = Q(f,g). Since
() is a semi-definite inner product (on Dy), by (BIIl) one can easily verify that

(-,-) is also a semi-definite inner product (on D). Now assume ([f],[f]) =0, i.e.,
Q(f, f) = ¢(f) = 0, then f € N = [0] and so [f] = [0]. This means (-,-) is
actually an inner product on D, which naturally induces the norm

1A= VLD = VU f) =alf) . (Vf € Dy) (3.12)

Thus far we have finished the first step towards the construction of norm-OOMs:
defining the inner product space D.

Members of D that describes some stochastic process. We now consider
the members [f] (f € Dy) of D that actually represent a stochastic process. In
other words, we want to characterize the subset Dg := {[f]: f € S} of D.
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Firstly, if f € S, then by (B12) and (BF), we have ||[f]|| = 1. This means Dg
is located on the unit sphere of D. To describe the subset Dg in more detail, we
define DT to be the set of equivalence classes [f] in D induced by members f from
Dy, ie., DT :={[f]: f€DJ}. As S C Dy, we know Dg C DT. Furthermore,

Theorem 9 For any f € Df with ||[f]|| = 1, there exists a g € S such that
[f] = lg], or equivalently, q(f — g) = 0. — See Appendix for the proof.

So Ds is the intersection of the unit sphere in D and the subset DT,

Secondly, by Theorem [ we know Dj is a convex cone in the space Dy. A
natural problem is whether the subset D™ = {[f] : f € Dg} is also a convex cone
in the corresponding space D = {[f] : f € Dy}. The answer is yes, as stated in
the following theorem.

Theorem 10 (i) Let f,g € Dy be such that q(f + g) = 0, then q(f) = q(g) = 0;
(il) DT is a convex cone in D pointed at [0]. — See Appendix for the proof.

Finally, as pointed out earlier, each stochastic process can be characterized by
a function f € §, which is now represented in the space D by the equivalence class
[f]. From mathematics view, here the bracket [-] can be seen as a function from Dy
onto D; and the image of S under this function is Dg. Intuitively, this means the
subset Dg is “rich” enough to contain all stochastic processes and “pure” enough
to exclude any unnecessary objects. Like the family S, one may ask

“can we also identify the family of stochastic processes with the subset Dg?’.

An equivalent statement of the above problem is whether the function [-], when
restricted on S, is injective; or, whether it is possible for two different members
f,g of S to have the same representation [f] = [g] in Ds? This problem is indeed
crucial because it actually ask whether Dg is “fine” enough to distinguish any two
different processes.

Theorem 11 For any f,g € S, if [f] = [g], i.e., if ¢(f —g) =0, then f =g.
— See Appendix [AZ7 for the proof.

The above three theorems give us a clear insight into the relationship between
the family of stochastic processes and the families & and Dg; and the structure of
the subsets Dg and DV in the space D.

e The family § is isomorphic (i.e., one-to-one corresponding) to Dg via the
function [-]; and both S and Dg can be identified with the family of stochastic
processes.

e Dy is the intersection of the unit sphere and the convex cone DV in the space
D. This means the family of stochastic processes can be embedded into the
inner product space D, with each process represented (uniquely) by a point
on the unit sphere and in the “positive orthant” D¥.
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3.2 Constructing norm-OOMs in the space D

In Theorem [ we have illustrated that all left appending operators [, leave the
subspace Dy invariant, so we can restrict the operation of /,’s on the space Dj.
It is well known that each such restricted operator [, induces naturally a linear
operator [l,] on the quotient space D via

L[f] :== [lof] forall f € Dy. (3.13)

Now let f € § and a € O* be fixed. By the definition of \S,, one can easily verify
that, for any n = 0,1,2,---, f3(a) = Y .con f2(aZ) = S,(laf). Letting n — oo,
we get f(a) = q(laf) = ||[laf]]|. Assume @ = ajas - - - a,, then by BI3),

[l&f] = [lan o 'la1f] = [lan][lanq e 'la1f] == [lan] T [Ln][f] . (314)

So if we write [l]; for the composition [l,, ] - [la,], then the identity ([BIdl) shows
that [l f] = [la][f] = [l]a[f] and therefore

Theorem 12 For any f € S and a € O*, f(a) = ||[la][f]|| = I[1alf]]]-
Furthermore, the function @ defined by (B) has the following property.

Theorem 13 for any f,g € Dy, it holds that ) ., Qlaf,lag) = Q(f,g), i.e.,
Eaeo<[la] [f1; lallg]) = (1], [g])- — See Appendix for the proof.

The above two theorems make the foundation for constructing norm-OOMs of
a stochastic process (Y;) from its distribution P(a). Let h be the function on O*
defined by h(a) = y/P(a), then h € S and Theorem [2 tells us h(a) = ||[!]a[A]|
for all @ € O*. To get a matrix/vector representation of [I|; and [h], we consider
the space H := span{l;h : a € O*} and the subset D), := {[f] : f € H} of D.
Since Dy is invariant under [,’s and since h € S C Dy, by its definition we know H
is a subspace of Dy which is also invariant under the operation of [,’s. It follows
that Dy, is a subspace of D = {[f] : f € Dy} and that D), is invariant under [l,]’s.
Thus, we can restrict the linear operators [l,] on the space Dj,.

Assume the vector space Dy, is of finite, say m, dimension; and select an or-
thonormal basis of Dy, i.e., a basis {[¢:] : g; € H,i = 1,2,--- ,m} with the property
(lgil, lgj]) = 6ij, where 0;; is the Kronecker symbol defined by d,; = 1 if i = j and
9;; = 0 otherwise. It is well known that each [f] € Dj, can be uniquely represented
as a linear combination of {[¢1], [g2], - - , [gm]}:

[f] =25 ailHlgil, VIl € Da

which actually defines a linear map 7 : D, — R™ that sends each [f] to the vector
7lf] = [ (f), a2(f), -, am(f)]T. Since the basis {[g;]}7, is orthonormal, by the

linearity of the inner product (-,-) we have

(If1:[g) = 22 qil Fe(9)(lail, [g;]) = 25 5 il Fay(9)di; = D%, il flau(g)
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ie., ([f]lg]) = {=[f1}{xlg]} =: (x[f], xlg]) for any [f],[g] € Ds. It follows from
Theorem I that Yo ({l 7], wllulgl) = (x([f]. 7lg) for any [f]. [g] € Dy Now
let ¢, € R™*™ be the matrix representation of the linear operator 7o [I,] o 7! :
R™ — R™ under the standard basis of R™ and ug := w[h] € R™ the initial state.
Then ujuy = {x[h]} " {x[h]} = ([h],[h]) =1 for h € S; and

€ (Xaco PaPa)e; = Yacolmllallgil} {r[l]lg;]}
= 2acollla]lgil; [la]lg;])

= fg[ gil,lg;])  (by Theorem [I3)

where e; denotes the i-th unit vector in R™. The above equality shows that
> uco P = I,. Furthermore, for any a € O* it holds that 7[l]5[h] = @aug, so by
Theorem [ we can compute

P(a) = h*(a) = ([lJalh], [alh]) = {x[la[h]} {x[lalh]} = (pareo)" (Paro) -

In conclusion, from the distribution P(a) of some process (Y;), we constructed
the structure (R™, {¢4}aco, o) for which it holds that (1) ||u|| ;= ulue = 1;
(2) Y uco PaPa = Im; and (3) P(a) = ||pauol/* for all @ € O*. Such structures, as
defined earlier, are called norm-OOMs of (Y;).

We now consider the problem of how to randomly construct a norm-OOM,
which is important for both theoretical investigation and numerical simulation.
The same problem exist for HMMs and OOMs. For HMMs, there is an easy and
efficient way to create a random HMM of given dimension (i.e., number of hidden
states) m over a given alphabet O = {1,2,---,¢}: one first randomly creates an
m X m matrix A and an m x ¢ matrix B, both consisting only of nonnegative
entries; then normalize each row of A and B so that the two matrices both have
row sums 1; the resulting A and B are the transition matrix and the emission
matrix of the HMM, respectively. For OOMs, one can either create a HMM and
then convert it to its equivalent OOM — easy but trivial; or, by Theorem M,
construct a proper convex cone K in R™ and then design 7,’s such that 7, K C K
and 1) .7, =1 — not easy at all: in fact, only a simple nontrivial example
has been constructed so far, the “probability clock” [6]. So we actually have not
found a nontrivial general way for constructing valid OOMs from scratch so far.
Fortunately, a simple and efficient construction of random norm-OOMs is possible,
as shown below.

Let ¢ be the m¢ x m matrix created by stacking the matrices ¢, below one
another, i.e., ¢ == [p!, 5, -+ ,9;]T. Then the condition (ii) from Definition
is equivalent to ¢ Ty = I,,,, which means the columns of ¢ form an orthonormal
set in R™. So here we can first randomly create m mf-dimensional vectors; then,
using the Gram-Schmidt process, make them an orthonormal set to get a mé x m
matrix ¢ satisfying "¢ = I,,; dividing ¢ into m blocks of equal size, we get the
desired observable operators ¢, (a € O). The initial state uy can be any vector
in R™ with norm 1.
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Like the class of OOMs, we say that two norm-OOMs (R™, {¢,}eco, wo) and
(R™, {¢! }aco, uy) are equivalent if they describe the same process (Y;). For the
equivalence of two norm-OOMs, we have the following sufficient condition.

Theorem 14 Let (R™, {¢s}aco, wo) and (R™, {¢) }aco, uy) be two norm-OOMs
such that n = m. Then they are equivalent to each other if there exists a matrix
0 € R™™ such that 0" 0 = I, ul = ouy and @), = 0p.0" for all a € O.

— The proof is obvious and omitted here.

3.3 Norm-OOMs as generators and predictors

We explain in this subsection how to generate and predict the paths of a process
(Y;) modelled by a norm-OOM (R™, {¢,}aco, uo) through P(a) = ||@augl|?.

In the generation task we are required to randomly produce, at time steps
t=1,2,---, outcomes ay,as,--- € O, such that (i) at time ¢ = 1, the probability
of producing b is equal to P(b) = ||ppuo||?, and (ii) at each time t = n+1 (n € N),
the probability of producing b (assume a := ajas - - - a,, have already been created)
is equal to P(bla). From P(a) = ||¢aul|?; the conditional probability P(b|a) can
be expanded into

P(ab) _ [lewpauol?
P~ [lpsud?

P(bla) = = |lopuall®, (3.15)

where u; = pzuo/||pauol is the state vector of the norm-OOM on a. Note that
all state vectors have norm 1 and can be incrementally calculated by

PanWaraz--an_
U = Uy, Ugayoa, = ' 0
- 05 a1a2:+-an HQOanualaT““"_l ” ( )

Based on the above discussion, we summarize the procedure for generating sample
paths of a process from its norm-OOM (R™, {¢,}eco,wo): (1) at time t = 1,
generate a; according to the probability distribution P(b) = ||¢pu||? and compute
the state vector u; = @yug/||@puol|; (2) assume we have got the (n — 1)-th state
vector u,_1, then generate a, according to the distribution P(b) = ||ppu,,_1||* and
update the state vector by w,, = wpt,_1/||@ptn_1]-

Norm-OOMs can also be used as predictors: given an initial path a = aqas - - - a,
of the process up to time ¢t = n, we want to calculate the probability that the next
outcome is b. Again, this amounts to the computation of the conditional probabil-
ities P(bla); and eqns (B.IH)(BI0) can be employed here. But note that now the
initial path a is not generated by the norm-OOM itself but is externally given.

In next subsection we will show that any norm-OOM can be converted to an
equivalent OOM. So one can also first convert a given norm-OOM to its equivalent
OOM; and then use this OOM as the generator/predictor to create/predict the
outcome b that is going to occur at the next time step. See Section 3 of [6] for the
detailed procedure.
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Another usage of eqns (BIH)(BI0) is the evaluation of the probability P(a)
of an initial path a = ajas---a,. Notice that, here we cannot directly use the
formular P(a) = ||pauol?, for the decrease of P(a) with the increase of length n of
a is so quick that numerically it is almost sure that P(a) = 0, even for relatively
small n. So instead of directly calculating P(a), one should evaluate its logarithm
L(a) := log P(a). This can be done using eqns (BI0)(BI0), as follows: (1) for
k=1,2,--- ,n compute & = @q, Uk_1, ¢ = ||k and u, = c,;lmk; (2) calculate
L(a) =2%",_, logc.

3.4 The expressiveness of norm-O0OMs

In the last two subsections, we defined the class of norm-OOMs and presented a
general method for constructing norm-OOMs from the distribution of the under-
lying process. In this subsection we will study the family of stochastic processes
that can be described by (finite-dimensional) norm-OOMs.

We see an exemplary 2-dimensional norm-OOM over the alphabet O = {a, b}:

.bc —s 8 0 1
SOG_ |:6S C:| 7S0b_ |:O 0:| ) a’nd uO - |:0:| 9 (3]‘7)

with ¢ = cos(0.5) and s = sin(0.5). Intuitively, the operation of ¢, on the state
vector u = [z,y|" is shrinking the value of = by factor 0.6 and then rotating the
resulted vector by an angle 8§ = 0.5; and that of y, is shrinking the value of z by
0.8 and discarding y, as depicted in Figure [Il

Y
Pal

>
\
\
\

Figure 1: The operation of ¢, and ¢, on the vector w.

From Figure [l we see that, after the operation of ¢,, one always obtains a
vector gpu lying on the z-axis. It then follows from (BI6) that

Uz = Pz /|| ppuz| = [E1, O]T§
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and from [BI3) that

P(a|zh) = |psum|?® = 036 = P(ald),
POlzb) = [lppuzn|®> = 0.64 = P(bJb);

for any € O*. Thus, as ug = [1,0]", the process described by the norm-OOM as
in (BI7) is completely characterized by the family of the conditional probabilities
{P(blba™) = P(bla"™) : n = 0,1,2,---}, where a" denotes the sequence consisting
of n a’s. Iteratively using eqns ([BIH)(BI0), we are able to compute the values
of P(bla™). These conditional probabilities are plotted in Figure B, from which it
shows that the behavior of the norm-OOM specified by ([BID) is very similar to
that of the so called probability clock B . As explained in [6], such nonperiodic
oscillating behavior of P(bla™) cannot be captured by (finite) HMMs.

0.7

o o o o
w N 3 o))

Values of P(b|a")

©
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n=0to 30

Figure 2: The curve of conditional probabilities P(bla™).

This simple example shows that norm-OOMs, like OOMs, can describe some
specific stochastic processes that cannot be modelled by HMMs. But norm-OOMs
provide no more than that provided by OOMs. In other words, each norm-OOM
can be equivalently converted to an OOM, as shown below.

Definition 4 For two matrices A € R™*™ and B € RP*?, the Kronecker product
of A and B, denoted A ® B, is the (blocked) matriz of size mp x ng with a;; B
as its (i, j)-th block, where a;; is the element of A at position (i, j). Furthermore,
we write vec(A) for the mn-dimensional column vector formed by stacking the
columns of A one below another.

3A 3-dimensional OOM which represents a stochastic process that cannot be described by
(finite) HMMs, see Section 6 of [6] for the detail.
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For example, given

1 -1 1 2
A:{Q 0} and B:{g 4},

their Kronecker product A ® B and the vector vec(A) are

1 2 -1 =2 1

3 4 -3 4 2
A®B = o4 0 o0l vec(A) = R

6 8 0 O 0

respectively. The reader is referred to [H] for a detailed introduction to the Kro-
necker product A ® B and the “stack operator” vec(A), and to [I] for a quick
reference. Here we only point out two facts that will be used when converting a
norm-OOM to its equivalent OOM.

Theorem 15 When dimensions are appropriate, (1) (AQC)(B®D) = ABRCD;
and (2) x" Ay = [vec(A)]"(x @ y). In particular, for x € R™, it holds that (3)
|z|> = 2T = [vec(I,)]" (x @ x).

Now let (R™, {¢a4}aco,uo) be a norm-OOM of some process (Y;). Then by
Theorem [[H the probabilities P(a) for @ = ajas - - - a,, can be evaluated by

P@a) = |¢a, ”'SD(I2S0(IIU’O||2
= [Vec([m)]—r<90an ©PagPaq Uo ® Pa, * " QOQQQOQI'U/())
= [Vec([m)]—r(@an ® Soan) T (‘pam ® (Paz)((:oau ® (Pm)(uo ® uO) :

Putting o = [vec(1,,)]7, Ta = ©u @ ©a and wy = ug@ug, we get an “almost OOM”

(R™, {74 }aco, wo, &), which computes the probabilities P(a) by P(a) = omswy,
and is only “one step (from the functional o to the standard one 1)” from “real
OOMs”. But it is easy to find a basis transition matrix g in the space R™ such
that 19 = o, through which one gets an equivalent OOM (R’”Q, {01207 Y aco, owp)
of the original norm-OOM (and can then minimize it to get an equivalent minimal
OOM).

For example, the norm-OOM defined by (BI7) is equivalent to a 3-dimensional
OOM with observable operators

—0.026 —0.243 1.166 0.64 0.503 —0.036
To= | 0386 0420 —-1.107|, m=1| 0 0 0 ;
0 0.320  0.977 0 0 0

and initial state wo = [1,0,0]T. As the eigenvalues of 7, are 0.6 and 0.386 4-0.460:
(complex numbers), the operation of 7, includes a basis transition, vector rotation
under the new basis, and the inverse basis transition; while the operation of 7, is
mapping any state vector w € R3 to a new one lying on the z-axis. This means
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the norm-OOM (BI1) actually represents a “non-standard probability clock”, as
depicted in Figure

The above discussion shows that norm-OOMs can be seen as a subclass of
OOMs. Now we consider the problem in the reverse direction: which OOMs have
equivalent norm-OOMs? So far there is little significant result obtained on this
problem, except the following sufficient condition.

Theorem 16 Any OOM (R™, {7, }aco, wo) with positive parameters in which each
row of each operator T, has at most one nonzero element has an equivalent norm-
OOM (R™,{@a}taco, wo) defined by ¢, = /T, and ug = \/wy, where the square
root is defined entry-wise. — See Appendix for the proof.

Notice that an m-states Markov chain (MC) can be represented as an m-dimensional
OOM with each operator 7, consisting of all but one zero columns. So by the above
theorem we know any Markov chain has equivalent norm-OOMs.

Based upon the above discussion, the relationship between MCs, HMMs, norm-
OOMs and OOMs can be expressed informally as

norm-OOMs ¢ HMMs,, MCs ¢ HMMs c OOMs,
MCs C norm-OOMs C OOMs .

Thus far it is not clear whether or not “HMMs C norm-OOMs” and “norm-OOMs =
OOMs”. We end this section with a picture depicting these relations.

norm-OOM

HMDMs
OOMs

Figure 3: The relationships between MCs, HMMs, norm-OOMs and OOMs.

4 A Maximum-Likelihood Learning Algorithm

We introduce in this section an iterative algorithm for learning norm-OOMs from
data based on the mazimum-likelihood (ML) principle. The ML principle is quite
simple: for our case it estimates a norm-OOM (R™, {¢,}eco, uo) from a given
training sequence s = s18y- -+ sy by maximizing the likelihood P(5|p,,up). In
practice, for computational reasons we usually use the log-likelihood

L = $1log P(5|¢a, o) = 3log(udel ol -l 0. ospsu0) (4.1)
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instead of the likelihood P(S|p,, o), as the target function. Note that in (1) a
factor % is introduced to simplify the computation hereafter. By Definition & the
ML principle amounts to the following optimization problem

maximize L = 31og(ug @, @f, -+ Pdy Pan *** ParPartho) (42)
subject t0 ..o Patva = Im, ujuo=1; '

and the key point here is to develop an efficient method for this problem.

4.1 Two “local” operations on observable operators

As analytical solutions of (fE2)) are unavailable, some (iterative) numerical method
should be employed. This numerical method should keep the two constraints of
(E2)) during the iterations, so that whenever the algorithm stops one immediately
gets a valid norm-OOM. As before, we write ¢ for the matrix formed by stacking
the matrices ¢, one below another. Then the identity > ., olp, = I, can be
rewritten as ¢! = I,,. This means the columns of ¢ always form an orthonormal
set in the space R™. Now we see the log-likelihood L as a function of ¢ and ug
and assume (¢*, u) is the optimal point of the problem [32). It is well known the
two orthonormal sets ¢ and ¢* are related by some unitary matrix U of order m/,
i.e., a matrix U with the property UUT = I,,,, through ¢* = Up. Furthermore,
concerning unitary matrices we have the following proposition.

Theorem 17 A square matrix U of order n > 2 is a unitary matriz iff it is the
product of some (simpler) matrices of the form G(i, j,0) or G'(i, j,0), where i # j
and G(i, j, 0 H G'(i,7,0) denote the matrices formed from the identity matriz I,
by changmg its 2 X 2 submatriz at the cross of i-th and j-th rows/columns to

{cos@ sin@} [—cos@ sin@]

—sinf cos® sinf cosf

respectively. Note that G(i,7,0) = G(j,i,—0) and G'(i, j,0) = G'(j,i,m7— @), so in
the above assertion we can require that i < j.

Furthermore, let D(i) be the diagonal matriz with all diagonal entries being 1
except the i-th one which is —1. Then G'(i, j,0) = G(i,7,0)D(i) and the theorem
can be equivalently stated as: U is a unitary matrixz iff it s the product of several

G(i,7,0)’s and D(i)’s

Although (we believe) this theorem should be a known result in matrix theory, a
detailed proof (of our own) is provided in Appendix for completeness.

Let ¢’ be the i-th row of the matrix ¢. Then Theorem [[7 tells us: starting
from any initial matrix ¢, we are able to reach the optimal one ¢* by (iteratively)
using the following two “local” operations.

4Such matrices G(i,7,0) are called Givens matrices.

22



e The operation D(i) — select a row ¢’ of ¢ and reverse its direction, i.e.,
¢’ — (—¢"), where the subscript + means the updated value.

e The operation G(i,,0) — select two rows ¢’, ¢’ of ¢ and do the linear
combination @', «— (¢’ cos + ¢’ sinf) and @', — (—¢"sinf + ¢’ cosh).

Furthermore, it is easy to verify that, after each of the above operations, the
resulting matrix ¢4 still has the property ¢l¢, = I, representing observable
operators of a valid norm-OOM. From these observations we get a greedy scheme
for adjusting the matrix ¢ iteratively so that the log-likelihood L(p, ug) increases
for each iteration, as outlined below.

1. Select (cyclically or randomly) two rows ¢’ and ¢’ of .
2. Put ¢, «— (—¢") if this increases the value of L(¢p, uy).

3. Fix other parameters and consider the operations
¢’ — (¢’ cosd + ¢’ sinf) and @ — (—p'sinf + ¢ cosh).  (4.3)

Then the log-likelihood L is a function of the single parameter 6 € [—7, 7);
and the gradient method can be used here. More precisely, we compute the

derivative L'(6) = 2% at 6 = 0 and set § =y - sgn{L'(0)} or 6 = n- L'(0) in

[E3)) to update the matrix ¢, where n > 0 is the learning rate.

4. Repeat the above procedure until some termination criterion is satisfied.

4.2 The forward-backward algorithm for norm-OOMs

This subsection is devoted to the calculation of the derivative g—g when ([E3) is

applied to the matrix ¢, as well as the derivative g—qfo for deriving the update rule

of ug. To this end we need some short hand notations. For a numerical function

f defined on some matrix X, we write 2L for the matrix of the same size as X

oX
with (7, k)-th entry %, where x;, is the (i, k)-th element of X; and for a matrix

function X defined on a single variable ¢, we use %—f to denote the matrix of the

same size as X with % as its (i, k)-th element. Then, when ¢ is changed by

(E3)), we can compute
J

) 9 i ) 0
)., - [ (G2 (5]

= (aaii) ()" = (g—ij) ()" (4.4)

Let ¢ := g—i be the derivative of L w.r.t. ¢ and %’ the i-th row of 1, then (@34
can be rewritten as %oy = ¥’ - ()T — 7 - (¢")T. But by its definition ¢ is

the mf x m matrix created by stacking v, := %’s one below another, so to get
g_g|9=0 we need to calculate %’s.
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From its definition L = $log(ud ! ol -+ @l 0oy @s,0s o) we know
OL  %a " PayPsy Lo UoUG Pg, " L
Ops UGPLPL, Pl P PPt
For k=1,2,---, N define

(4.5)

T T
Psp " Ps1 U0 L (’Osk-ﬂ U SOSN’U'N

— k= .
||908k o '9081’“0” ’ Ug_ﬁOsTk e 'QD—SFNU’N

Uy -

Then (IH) can be rewritten as

T T T

owTl ol .
890% kaﬁpsk ()OSNUN

T .

and it follows that v, = % = Zk:sk:a 'vkug_l. By their definition the vectors uy

and v, can be iteratively calculated as follows:
1. forward procedure: starting from the initial vector ug, for £k = 1,2,--- | N
compute u), = @, up_1, ¢ = ||u| and wy, = ¢, u,.
2. backward procedure: starting from vy = cyluy, for k = N —1,---,2.1
compute v, = c,;lwlkﬂkaﬂ. — In fact, by the definition of ¢, we have
©Ps, Uk—1 = CrU, thus

T T
SOS]C+1 e SOSNUN

T,,T T
Ckuk (psk+1 e SDSN’UIN

Vg = = Clzlgp;rk+lvk+1 , (46)
with initial value vy = uy/(cyupuy) = cytuy since ||luy|| = 1.

In this way, we are able to compute the derivative matrix ¢ = g—i. Furthermore,

using the auxiliary vectors w; and vy, we have

OL @l @l sy Pso  plcpluny
=TT T =TT T = P51 (4.7)
Oug — UgP] Pl sy P U0 VP Pl UN

So if we define ¢y = 1 in ([0, then the above forward-backward procedure can be
used also to calculate the derivative vy := 88_50 of L w.r.t. the initial state uy. To
get each vector uy, or v, we should multiply a matrix to a vector, which costs m?

flops; so the complexity of the forward-backward algorithm is O(Nm?).

4.3 Learning norm-OOMs from data

This subsection introduces in detail the learning algorithm of norm-OOMs. We
first clarify the learning task as follows: given the training data § = s1s9--- sy
and the model dimension m, find a norm-OOM (R™, {¢,}aco, o) so that the
likelihood P(5|¢@qa, up) is maximal.
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As was stated earlier, the learning algorithm modifies the observable operators
@, iteratively: at each iteration only 1 or 2 rows selected from these operators,
say o' and ¢/, are updated via (possibly) ¢’ «— (—¢') and ([@3), which should
increase the likelihood of the estimated model on the given training sequence. For
this we need to determine the parameter 6 in (EL3]). When seen as a function of 0,
the log-likelihood L(#) has the Taylor expansion L(#) = L(0) + 6 - 2%|s_ + o(6).
Substituting &[o—o = 9'(¢?)T — 9?(¢")T into this expansion and omitting the
infinitesimal (i.e., infinitely small) item o(#), we get

L(0) = L(0) + 0 - [ (") — 47 (¢")'].

So to increase the value of L(f) one should set 6 so that it has the same sign as
YT =i ()T e.g., 0 = n- {1 ()T =17 (¢")T} with n > 0. Furthermore, one
may want to increase L(6) as quickly as possible, which means we should select
such indices i, j that make the absolute value of ¥¢(¢?)" — 97 (¢")T largest.

Now we consider the modification of the initial state ug. Fix the observable
operators ¢, and let A = (@sy *+ ¢s1) @sy * * * P51, then problem (2 is equivalent
to max{uj Aug : uduy = 1}. Since A is a symmetric, positive-definite matrix, it is
well known that, when wg is the dominant eigenvector of A, (i.e., the eigenvector
w.r.t. the largest eigenvalue \), uj Aug reaches its maximum which is exactly \;.
However, the computation of A = (psy -+ @) @sy -+ s, (Which costs O(Nm?)
flops) and the dominant eigenpair of A is too expensive to be used in our iterative
learning algorithm; and an efficient approximated method is demanded. Here we
employ the power method H and take the result of its first iteration as the updated
initial state (wo),. More precisely, the initial state ug is modified by

(uo)+ = || Auol| " Aug = |lvo|| w0,

where the second equality follows from (1) and the definition vy := aa—qfo; and the
vector vy has been calculated by the forward-backward algorithm. So we need not

to explicitly compute the matrix A and its eigenvectors.

Theorem 18 Let A € R™ ™ be a symmetric, positive-definite matriz. Let x €
R™ have norm 1 and y = ||Az||'Ax. Then x"Azx < y"Ay, with the equality
holds if and only if y = +x. — See Appendix [A-TT] for the proof.

This theorem shows that, the updating law (ug), = |lvo||~tve always increases
the log-likelihood L(p, ug) and the increase is nonzero if (wg)y # Fuy.

Summing the above discussion up, we propose a greedy learning algorithm
which iteratively modifies the operators ¢, and the initial state ug, as below.

1. Randomly construct an m-dimensional norm-OOM (R™, {¢, }eco, uo); and
set the cyclic index ¢ = 1.

5The power method is an iterative method for evaluating the dominant eigenpair of a matrix
A with distinct eigenvalues A1, A, - -+, A, satisfying [A1| > [Aa] = -+ = |\l
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2. Put ¢’ — (—¢") if this increases the log-likelihood L of the model.

3. Compute the vectors {ug}4_, {vi}h_, by the forward-backward algorithm;
then construct the derivative matrix ¢ = g—fo from these vectors.

4. Find the index j that makes the absolute value of 1¢(¢’/)T — 47 (")T largest;

and modify ¢, ¢’/ by [E3) with 0 = n - {1 (¢/)T — /(") T}, where n > 0
is small enough so that L is increased after the modification.

5. Re-compute the vector vy and set (ug)+ = ||yl vy.

6. Move the index ¢ to the next row of ¢ and repeat the above steps 2-5, until
some termination condition is satisfied.

It is clear that each step of the above algorithm makes the target function L(p, ug)
increase. It is also clear that if the algorithm reaches some local maximal point of
L(gp, ug), then %&]o_o = 1p'(¢)T — 7 (¢")T # 0 for all indices 4, j and

8iuo[L — Mugug — 1)] = vy — 2 \ug =0,

where A is the Lagrange multiplier whose value is determined by the condition
|luogl| = 1. Tt follows that uy = +||ve| vy = +(ug),. Thus, if the algorithm
does not reach a local maximal point of L(p,ug), then the above steps 4 or 5
will make L larger; and we conclude that the algorithm converges to some local
mazximal point of L(p, up). Furthermore, note that the steps 2, 5 are not restricted
to “local area” in the parameter space. This makes the algorithm differ from the
standard gradient method; and (hopefully) enables it to jump out of some local
optimum.

We end this section with an efficient variation of the above learning algorithm
of norm-OOMs. In the above algorithm, the derivative matrix 1) computed in Step
3 is not fully used. In fact, only two rows of v is employed in Step 4 to modify
the observable operators; and other rows are just ignored. So to make full use of
the derivative matrix v, one may modify Step 4 as follows.

4’. Find 2n indices and divide them into n pairs such that for each pair (i, ),
[T — 4pi(p?)T| is large enough; and modify the corresponding ¢!, ¢’
by @) with 8 = n - {1 (¢?)"T — (")}, where n > 0 is small enough so
that L is increased after the modification.

One can easily see that the modified algorithm also converges to a local maximal
point of L(¢, uy).

5 Some Numerical Examples

In this section the performance of the presented learning algorithm of norm-OOMs

are checked on two artificial datasets generated respectively by the norm-OOM
specified by (BI7) and by a HMM with 5 hidden states and 3 outputs; and a real
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world dataset, the novel “The One-Million Pound Bank-Note” written by Mark
Twain. For comparison, we also trained HMMs from the same datasets using the
EM algorithm [2]. There are two kinds of HMMs: the (usually used) state-emission
HMMs (SE-HMMs), in which the outcomes are “emitted” by the hidden states;
and the transition-emission HMMs (TE-HMMs), in which the symbol emitted at
time t depends on the hidden states at times ¢ and ¢ + 1.

The quality of learnt models is measured by the quantity description accuracy

(DA), which is defined by
DA, S) := f[1+ NLL(%, S)] := f [1 + (5%) ' log, Pr(S|20)] ,

where 2 is the model whose quality we want to measure; S is the dataset and S#
denotes the total number of symbols in S, i.e., the sum of length of all sequences
in S; ¢ is the alphabet size; and f is a nonlinear function which maps the infinite
interval (—oo, 1] to the finite one (—1, 1] via

Fz) = T if x>0,
T (1= e022) /(1 4 e7025) if 2 <0.

Intuitively, NLL(2(, S) is the normalized log-likelihood of 2 on the dataset S per
symbol and assumes values from —oo to 0. Therefore the range of DA(2,S) is
the interval (—1,1]: DA = 1 means the model describes the data S perfectly
well (it can predict the data with probability one); DA = 0 means the model
is irrelevant to the data for it provides no more information about the process
than just randomly “guessing” such a data set; DA < 0 means the model is even
worse than a randomly created one, which, as one can imagine, rarely happens
in practice. In short, the larger the DA-values are, the better the learnt model
is. In the following numerical experiments the quality of all learnt models will be
measured by their DA-values on the training sequence and testing sequences from
the same source as that of the training data.

Modelling artificial systems. In the first experiment, 30 sequences of length
1000 are procured by the norm-OOM BI7). The first 20 are used as training
sequences from each of which several norm-OOMs (HMMs) with different dimen-
sions m € {2,3,---,8} are learnt; the other 10 sequences are used as the testing
data on which the DA-values of each estimated model are computed and compared.
We plotted in Figure @(a,b) the distribution of training and testing DA-values of
the learnt models respectively; and in Figure B-(a,b) the corresponding standard
deviation. From these figures we see that norm-OOMs have higher description
accuracy than that of HMMs. This is not surprising since the underlying system
cannot be captured by HMMs, as shown before. Also observe that both HMMs
and norm-OOMs suffer from the overfitting problem: when model dimension m
becoming larger, the training DA-values increase but the test DA-values decrease.
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In the second experiment, a HMM with transition matrix and emission matrix

(.93 .00 .02 .00 .05] (.04 .42 .54]
14 .05 .00 .00 .81 29 .00 .71
A=1[62 .00 .00 .02 36|, B=1.13 .00 .87
21 .22 .00 .53 .04 87 13 .00
.00 .00 .74 .26 .00] .00 .98 .02

is used as the underlying system. Running this HMM we produced 20 training
sequences of length 2000 and 10 testing sequences of length 1000. As before, several
norm-OOMs and HMMs of dimensions m from 2 to 8 are trained and tested on the
dataset. The results are presented in Figure[ and [l For this dataset, norm-OOMs
show no significant advantages over HMMs, but the performance of norm-OOMs
are still comparable to that of HMMs.

Modelling “The One-Million Pound Bank-Note”. In this experiment norm-
OOMs are taken to model a real-world stochastic source, a text source. We split
the novel “The One-Million Pound Bank-Note” into two parts, the first half (of
length 21042) was used as training sequence, the second half (of length 20569)
as test sample. The text was simplified by putting all letters to lower case and
reducing the set of punctuations to blanks, which left an alphabet of size 27. From
this dataset, several norm-OOMs (HMMs) of dimension m € {3,6,---,21} were
trained and tested. The training and test DA-values of these learnt models are
shown in Figure B From the figure we see that norm-OOMs and TE-HMMs have
higher DA-values than SE-HMMs on both the training sequence and the test sam-
ple. This is because SE-HMMs have fewer free parameters than TE-HMMs and
norm-OOMs of the same dimension. For high dimensional models, norm-OOMs
are a little better than TE-HMMSs. In particular, for the case of m = 21, TE-HMM
has already overfitted the trainind data; whereas norm-OOM still works well. This
example, as well as the above two experiments, suggests that norm-OOMs may
be more expressive than HMMs.

6 Conclusion and Future Work

In this report we established the basic theory of norm-OOMs and proposed an
iterative learning algorithm for estimating norm-OOMs from data. It is shown
that any stochastic process can be represented by a point in an appropriate inner
product space, the space D. The inner product in D induces naturally a metric
between stochastic processes. It is also shown that from any process an “abstract”
norm-OOM can be constructed in the space D. All these facts enable us to study
stochastic processes in the space D, by means from linear algebra and analysis.
Based upon the maximum-likelihood principle, an iterative algorithm is pro-
posed for learning norm-OOMs from data. A significant feature of this algorithm
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is that it only produces valid norm-OOMs (after each iteration); and so one can
terminate the algorithm at any time. Two numerical experiments are implemented
to illustrate the performance of the presented algorithm. It turns out that norm-
OOMs are better than (at least comparable to) HMMs concerning the training
and testing likelihood.

In Section Bl we studied the linear structures of the space D and its subsets Dg
and DT. It is also desirable to investigate their topological properties, which shed
more light on the relation between the theory of stochastic processes and functional
analysis. For instance, we have proven that the metric space D with its distance
induced by the inner product BI) is complete, i.e., each Cauchy sequence in
D+ is convergent. A more interesting and important theoretical problem is the
distribution of processes that can be modelled by m-dimensional norm-OOMs in
the space D, for it actually asks to which accuracy we can approximate an arbitrary
process by an m-dimensional norm-OOMs.

A  Proofs

A.1 Proof of Theorem

(1) We induct on m. The case of m = 1 is trivial. Assume the assertion is true
for m = r and consider the case of m =r + 1. Let g1, 92, -+, gm € F be linearly
independent, then g1, g2, -+, g, are also linearly independent. By the inductive
hypothesis, there are by, by, - - - , b, € O* such that the matrix A, = = [g; (bl)]” 12,

is invertible. We claim that, for these sequences by, by, - - , by, there is a b, € O*
which makes A,,(by,) = [g](b,)]” 1,2,m @ nonsingular matrix. If this is not true,
then for any sequence b, in O*, we have m > rank A,,(b,,) = rank A, = r and so
rank A,,(b,,) = r. It follows that A,,(by,)x(b,) = 0 for some nonzero vector

2(bin) = [21(bm), 22(b), -, 2 (O)]" =2 [y (), 2 (b)) T (A1)
As rank A, = r, we know z,,(b,,) # 0. Without loss of generality, assume that

T (b)) = —1 (otherw1_se we put & = —x/z,,). It follows from Ay, (by)x(by) = 0
and (m) that Ar ' y(bm) = [gm(bl)agm(bQ)a e 7gm(br)]T and so

2(bn) = [[9m(B1)s gn(B2), -+, g (b)) (ATHT, =1]"

is a constant vector (not depending on b,,). The last row of A,,(b,,)x = 0 shows
G (b)) = " i1 T g;(by,) for any b, € O*, contradicting the linear independence
of 1,92, -+, gm- Therefore the assertion follows.

(2a) It is clear that G C H* and well known that dimH* = dimH = m,
where H* is the dual space of H consisting of all linear functionals on H. Thus
dimG < m. Assume that dimG = r < m. Let {ol3,}i—1,2...» be a basis of G and
{la;h}j=12,...m a basis of H. Then for any j < m and b€ O,

(lajh)(l;) = (lBlaj)( g) = Ulblajh = (Z 1042 Olblz
= Y aib)olylah = Y7 ai(b)(la;h) (b
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Figure 4: Training (a) and testing (b) DA-values of SE-HMMs (blue, mark: [J),
TE-HMMs (red, mark: o) and norm-OOMs (black, mark: x), in which the 10%-
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are marked.
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This equality illustrates the vector [(la,h)(b),- - -, (Is, h)(b)] can be written as the
linear combination >, a;(b)[(la,h)(b), - - - , (La, k) (b;)], which contradicts the fact
that {la;h}j=12..m is a basis of H and the statement (1). So dimG = m.

(2b) Since h is a LDF of dimension m, by (Z3)) we know h(a) = lmzw, for
some structure (R™, {7,}sco,wp). It follows from the definition of h(A, B) that

h(A, B) = [h(ajbi)]igN,ng = [17, -TaijL.\ < = T(Bw(A4),

where 7(B) is the NV xm matrix with i-th row 17, and w(A) the mx M matrix with
Ta; Wy as its j-th column. So rank h(A, B) < min{rank 7(B), rankw(A)} < m.

(2¢) Let R, := span{7,wy : @ € OS"}. Then (i) dim Ry = 1; (i) R, € Rup1
and so dimR,, < dim R,41; (iii) dim R,, = dim R,,;1 implies that R,, is invariant
under each 7, and therefore R, = R,y = -+ = R = span{rzwy : a € O*};
and (iv) dimR = m, since R is a representation of the abstract vector space
H = span{lz;h : a € O*}, which, by the definition of m-dimensional LDFs, has
dimension m. These facts reveal that dim R,, = m for some n < m and hence the
matrix w(OS") is of full (row) rank. Similary, 7(O<") is of full (column) rank for
some r < m. Thus, h(OS",0F") = 1(OS")w(OS") has rank m.

A.2 Proof of Theorem

It is obvious that f € B implies af € B for any real number o. Now let f, g € B,
then S,,(f + g) = Su(f) + Su(9) + 2> ,con f(@)g(a) and so, since 2ab < a® + b
for any a,b € R, S, (f + ¢g) < 2[Sn(f) + Sn(g)]. This proves B is a vector space.
Furthermore, the space B is invariant under [/, because Sy, (lof) < Spy1(f).

A.3 Proof of Theorem [T

The assertions (i, ii) are clear. For (iii) we need only to show that f(z)g(z) >
Y wco f(Za)g(Za). But by Cauchy’s inequality we have

[Yuco f(@a)g(za)]” < [X,co FA(TA)] [Yaco 9 (Ta)] < fP(2)g*(T);  (A2)

and the desired inequality follows. To see that Dy is invariant under [,, it suffices

to show (lof)*(Z) = > pco(laf)? (@), ie., f2(aZ) = >, [*(azb) for any f € Dy
and any 7 € O*, which is clear by the definition of Dj .

2

A.4 Proof of Lemma
By Definition Bl, we see that for any « € R and z,y € V,
0<Qr —ay,x — ay) = ¢*(z) — 2aQ(z,y) + ¢ (y). (A.3)

If ¢(y) = 0, it follows from ¢*(z) — 2aQ(z,y) = 0 (Va € R) that Q(z,y) = 0.
Interchanging the roles of x and y, we see that ¢(z) = 0 implies Q(z,y) = 0. So
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|Q(x,y)| < q(x)q(y) if one of ¢(x) and q(y) is zero. If q(x), ¢(y) both are nonzeros,
letting a = +q(z)/q(y) in [(A3) we get +Q(z,y)q(x)/q(y) < ¢*(x), which implies
Rz, y) < g(x)q(y).

A.5 Proof of Theorem

Let f € Df be fixed with ||[f]]| = ¢(f) = 1. For each n = 0,1,2,--- we define a
function g, € F by

Gn(@) == \/>seon [P(@z). (Va e O%)

It follows that gy = f and g, > 0 for all n. Moreover, by the definition of Dy

(see BA), Y zeon f2(@T) = D scompeo £2(@TD) = 3 consr f3(az), which implies
gn(@) = gny1(a). Thus, for each a € O, {g,(a@)}n=01,2,.. is a decreasing number
sequence lower bounded by 0; and the function

g(a) == lim g,(a) = lim /> .. f*(az) (Va € O%) (A.4)

n—oo n—oo

is well defined and satisfies 0 < g(a) < f(a) since gy = f. Now we compute

beO beO beO, €0

and g*(e) = lim g;(e) = lim 3,00 f2(2) = lim S.(f) = ¢*(f) = 1 (see B2
and (BX)). Therefore, the function g defined by ([A]) is a member of S and, as
illustrated earlier, has the property ||[g]]| = ¢(¢) = 1.

As f > g >0, by B3) we have Q,,(f,9) = Qn(g,g) for all n, which, together
with (B8), implies Q(f,9) = Q(g,9) = ¢*(g) = 1. Thus,

C(f—9) =) —2Q(f.9) +*(9) =21 — Q(f,9)] <0
and so q(f —g) =0, ie., [f] = [g].

A.6 Proof of Theorem

Since f,g € Dy, we know f,g > 0 and so q(f +g) = q(f) > 0. But ¢(f +g) =0,
thus ¢(f) = 0. Similarly, ¢(g) = 0. This proves (i).

Let [f],[g] € DT. By the definition of DT, there are f’,¢' € Dg such that
[f] = [f'] and [g] = [¢']. As D§ is a convex cone, we have f' + ¢ € Dy and
af’ € Df for any a > 0. It follows that [f] + [g] = [f'] + [¢'] = [f' + ¢] and

alf] = alf'] = [af’] both belong to D*. So Dt is a convex cone.
Now let [h] € DT be such that —[h] = [—h] is also a member of D*. Then there
exist f,g € Dy satisfying [f] = [h] and [g] = [~h], i.e., ¢(f —h) = q(g+ h) = 0.

So0<q(f+g) <q(f—h)+q(g+h)=0. By (i) we know ¢(f) = 0, which means
[h] = [f] = [0]. Therefore, DT is pointed at [0].
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A.7 Proof of Theorem 11

By (B3) we see that Q(f,g) = 1. As f,g € Dy, {Qu(f,9)}n=012. (see B3) for
the definition of @,) forms a decreasing sequence with Qo(f,g) = f(e)g(e) =1

and lim,, ., Qn(f,9) = Q(f,9) = 1. So Qn(f,g) = 1 for all n. By (BZ) we have
Sn(f—9) = Su(f)—2Q.(f,9)+Sn(g) = 0, which means f(a) = g(a) for alla € O™
(n=0,1,2,---)and so f =g.

A.8 Proof of Theorem

Derect computation shows that

Yoaco QUaf lag) = Dico T}LII;O > zcon flaT)g(aa)
= nh_{go Efeonﬂ f(Z)g(7)
= Q(f.9).

A.9 Proof of Theorem

Assume [7,]1 is the only (possibly) nonzero element in the i-th row of 7,. Then for
any © = [r1,x9, - ,T,]" € R™ with all elements z; being nonnegative, the i-th
element of 7, is [7,)ix-2x; and its square root \/[7, )i/ is just the i-th element of
VTaVZ = pa/T. S0 /T = pg/x for any a € O and any nonnegative z € R™.
By inducting on the length of a € O*, we can prove /T,wo = Ya/Wo = PaUy.
Now it is clear that [l¢auol|” = ||\/Tawo||* = 17awy and the assertion follows.

A.10 Proof of Theorem I7

The if part is clear since both G(i,7,0) and G'(i, j,0) are unitary and since the
product of two unitary matrices is also unitary. To prove the only if part, we need
two preparing propositions.

1. Any unitary matric A of order 2 is either G(1,2,«a) or G'(1,2,a). —
Assume that A = [a, b; ¢, d] in Matlab’s notation, then by AAT = I, we know

G+ =+d=1, ac+bd=0.

Thus @ = cosa, b = sina, ¢ = sin§ and d = cos § for some o, € (—7,n]. It
follows that ac + bd = sin(a + ) = 0 and so a + § = km with k = —1,0,1,2. If
k=0or2, then A=G(1,2,«a); if k = +1, then A = G'(1,2, ).

2. For any vector & € R™ (n > 2) there exists a matriz A which is the product
of G(i,7,0)’s, such that Ax = ||x||e1, where e is the first unit vector in R™. —
Write @ = [zy, 29, -+ ,x,]". Let yo = /2?2 + 23 and oy € (—m, 7| be such that
T] = Yacosas and Ty = ypsinap. Then G(1,2, a0)x = [y2,0, 23, - ,x,]". Next
let y3 = \/y3 + 2% and a3 € (—m, 7] be such that y = y3 cos az and x3 = y3 sin as.
Then G(1,3,a3)G(1,2,a2)x = [y3,0,0,24,- -+ ,2,]7. Repeating this operation,
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we get G(1,n,a,,) - G(1,3,a3)G(1,2,0)® = [y,,0, -+ ,0]T with y,, = ||z||. This
proves the assertion.

Now we prove the theorem by inducting on the order n of the matrix U. For
the case of n = 2, the theorem follows from the above assertion 1. Assume the
theorem is true for n = k. For n = k + 1, we write U = [uq, -+ , uy, u,]. By the
assertion 2 we know there exist aw, -+, ay, € (—7, 7] such that

G(]_,TL, an) e G(17 37 a3)G(17 27 a?)ul = ||’U,1||€1 =€,

for U is a unitary matrix and so ||u;|| = 1. It follows that
, 1 c'
U :=G(1,n,a,) - G(1,2,a0)U = 0o v (A.5)

where V' € R** and ¢ € R*. The matrices G(1,J,a;)’s and U in ([AF) are all
unitary matrices, so is U’. By U'(U’)T = I,, we conclude VVT = I; and ¢ = 0.
By the induction hypothesis, the matrix V', and hence U’, can be written as the
product of G(i,7,0)’s and G'(i, j,0)’s. Since [G(4,, )]t = G(i, ], —«), by ([AH)
we know U is also the product of G(i,7,60)’s and G'(i, j, 0)’s.

A.11 Proof of Theorem

Since the matrix A € R™*™ is symmetric and positive-definite, it has the singular
value decomposition A = UDUT, where U is a unitary matrix of order m, i.e.,
U'U = I,,; and D = diag{oy,09, -+ ,0,,} with 01 > 09 > -+- > 0, > 0. For any
vector  in R™ and y = || Az|| 1Az, let £y = UTx and yo = UTy. It follows that
Yo = ||Dxo|| 1 Dxy, xT Az = x] Dxy and y" Ay = y] Dyy. Furthermore, if  has
norm 1, so does xg. Thus, we can assume A = diag{o, 09, - ,0,,} without loss
of generality.

As y = ||[Az| ' Az and A is diagonal, the inequality " Az < yT Ay can be
rewritten as (x'Ax)(xTA%z) < T A%z. Assume that = [21, 29, -+ ,2,,]" and
let f(s) := s 'log(x"A%x) = s log(> 1", x70f), where s > 0. If we can prove

f(s) is an increasing function, then f(2) < f(3) and f(1) < f(3), i.e.,
(xTA%x)® < (2T APx)?, (" Azx)? < " A’z

The product of the above two inequalities implies (27 Az)(x" A%x) < T A3z. To
show that f(s) is increase, we compute its derivative f'(s) = s72 7" 2?2 log(z:),
where z; = o5 /(3 2i0}) for i = 1,2,- -+ m. To prove that f'(s) > 0, we need
the following finite form of Jensen’s inequality.

For a real convex function h, numbers z; in its domain, and nonnegative weights
w; such that Y~7"  w; =1, we have h(D>_" | w;z;) < Y ivy wih(z;), with the equality
holds iff there exists a constant c such that, for each i, either w; =0 or z; = c.
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Set w; = x? (note that & has norm 1) and h(z) = zlog(z), then Jensen’s inequality
implies f'(s) = s72>." a?h(z;) = s 2h(> 1", x?2) = s ?h(1) = 0. This proves
the desired inequality.

Furthermore, (x'"Az)(x"A’z) = A3z iff f'(s) = 0 for s € [1,3], which
happens iff there is a constant ¢, such that, for each i, either z; = 0 or z; =
o /(> ar0}) = ¢, 1.e., 0; = ¢ (constant). It follows that y = || Az | 'Ax = .
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