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Data Engineering Program, spring 2018

Exercise Sheet 1: Solutions

March 10, 2018

Exercise 1) Simple filters

1-1. A discrete- time signal x[n] is shown in Figure P1-1. Sketch and label the following signals.
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Exercise 2) Convolution sum

2-1. For each of the pairs of sequences in Figure P2-1, use discrete convolution to find the response

to the input x[n] of the linear time-invariant system with impulse response h[n].

Recall that for the LTI systems, y[n] = x[n] * h[n] = Yr-__ x[k]h[n — k]. So, applying the

graphical approach, the convolution sums will be as follows:

2 x[n] 2 h[n]

y[n] = 6[n —1] * h[n] = h[n — 1]
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Exercise 3) Frequency Response of LTI systems

3-1. Indicate which of the following discrete-time signals are eigenfunctions of stable, linear time-

invariant discrete-time systems:

3-1-a. e2™/3 v 3-1-b. 3" v 3-1-c. 2"u[-n — 1]
3-1-d. co(wgyn) 3-1-e. (1/8)™ vV 3-1-f. (1/4)™u[n] + 4™"u[—n — 1]

3-2-a. Find the frequency response of the LTI system whose input and output satisfy the difference

equation:
y[n] — %y[n — 1] = x[n] + 2x[n — 1] + x[n — 2]
If we take the Fourier Transform of two sides, we get:
Y(e/®) (1 — %e‘j‘*’) = X(e/®)(1 + 2e7/@ + 72/),
Then:

v(e/?) (142 /9+e72/@)
x(ej®) (1_%e—}'w)

H(e/®) =



3-2-b. write a difference equation that characterizes a system whose frequency response is:

1—%e‘j“’+e'3j“’ _v(ed®)

H(e/?) =

142e~j@+2e=2jw ~ x(ei®)
After cross multiplying:

(1 +oe v+ e 21“’) Y(e/®)=(1- se /¥ te sioyx(el).
Then applying the inverse transform we get:

y[n] + %y[n —1]+ Zy[n — 2] =x[n] - %x[n — 1] + x[n — 3]

3-3. a. Determine the Fourier transform of the sequence

"= {1 0SnsM
0 otherwise’

Looking at Figure 3-10 in the lecture notes, we get:

sinw/2

Or we can write:

—jMw/2 sin[w(M+1)/2]
sinw/2
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3-3. b. Consider the sequence

1 2mn
W[Tl]z {E[l—COiv)] OSTISM,
0 otherwise
express the W(ej “’), the Fourier transform of w[n], in terms of R(ej “’), the Fourier transform of
r[n].

We can write w[n] = r[n].%[l + COS(Z%)], therefore, W(e/®) = R(e/®) * F{%[l +

cos(Z%n)]} where F{ % [1 + cos(znvn)]} is Fourier transform of% [1 + cos(Z%n)].
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Thus,

W(ej“’) = R(ej“’) *%[5((1)) +% 0 (w +2MT[> —%8(0) —Z_H)]

Exercise 4) The output of the LTI system

4-1. Determine the output of a linear time-invariant system if the impulse response h[n] and the

input x[n] are as follows:
a) x[n] = u[n] and h[n] = a"u[-—n — 1], witha > 1

yIn] = a™u[-n— 1] *u[n] = X _.a“ul-k — 1Juln — k] = {ZEZ:ZI; nnS>—11

— <-1
1-a

1/a n>1
1-1/a

b) x[n] = u[n — 4] and h[n] = 2"u[-n — 1]

27’l+1 n S _1

, then as the system is time
1 n>1

From part (a) we know 2™u[—n — 1] *u[n] = {

L 23 n<3
t, 2"u[-n—1 *un—4={ =
invarian [ ] *ul ] 1 n=>3

4-2. Consider an LTI system with frequency response

_j(w_§)1+efﬂw+4ef“w

1+%e‘fzw

H(ej“’) =e

, —T<w<T.



Determine the output y[n] for all n if the input for all nis x[n] = ¢ os(nz—n).

Tn TN

x[n] = cos(ﬂ) = @ and X(e/?) = n(§ (a) + g) +6 (a) — g))

2

then,
Y(ejw) = H(ejw) T (5 (w + g) +6 (w — g)) = mH (e_jg) +H (efg) =
re-I(FD i | a1 e

T T
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After applying some mathematical simplifications and inverse Fourier transform, we get:

yIn] = 8¢/t co{%n - g)

4-3. Consider the system in Figure P4-2.
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Figure P4-2.
(a) Find the impulse response h[n] of the overall system.

As stated in the class, y[n] = (x[n] + x[n] * hy[n]) * hy[n] = (x[n] * (6[n] + hy[n])) * hy[n].
If h[n] is the impulse response of the overall system such that y[n] = x[n] * h[n], then h[n] =
(8[n] + hy[n]) * hy[n] = hy[n] + hy[n] « hy[n] = a"u[n] + B6[n — 1] * a™u[n] =

a™u[n] + B * a™ tu[n — 1]



(b) Find the frequency response of the overall system.
Regarding the Fourier transform pairs listed in Figure 3-10 and property 2 in Table 3-3:

1 Be J® _ 1-Be @
1-qe—Jj®  1-qej® ~ 1-qe—Jjw

H(e/®) = for|al <1

(c) Specify a difference equation that relates the output y[n] to the input x[n].

From part (b):

1-Be 1@ y(el®)
1—qe—j® ~ X(eJ®)

H(e/*) =

forla| <1,

by a cross multiplication, we get
(1—ae @) Y(e/®) =(1 - pe®) X(e/?).
Now, taking the inverse Fourier transform, the system equation would be:

y[n] = ay[n —1] = x[n] — Bx[n — 1]

(d) Is this system causal? Yes, form part (a), h[n] = 0 forn < 0

Under what condition would the system be stable? The system is stable if it has a Fourier transform

for which |a| < 1 needs to be satisfied



