Biomedical Signal Processing
Data Engineering Program, spring 2018

Exercise Sheet 2: Solutions

April 22,2018

Exercise 1) Discrete Random Processes

1-1. Let x[n] and y[n] be stationary, uncorrelated random signals. Show if w[n] = x[n] + y[n],
then m,, = m, + m, and ol =02+ ayz.

a. The mean:
wn] = x[n] + y[n]
m,, = E{w[nl} = E{x[n] + y[nl} = E{x[n]} + E{y[n]} = m,+ m,

b. The variance:

o2 = E{(w[n] = m,)*} = E{(w[n])*} = 2E{(m,,w[n]} + E{w[n]}

= E{(w[n])*} = 2m} + m} = E{(w[n])?} — m}, = E{(x[n] + y[n])*} — (m, + m,)*

= E{(x[n])*} + 2E{x[nly[n]} + E{(y[n])*} — m? = 2m,m, — m?

E{x[nly[n]} = E{x[n]}E{y[n]} = m,m,, since x[n] and y[n] are uncorrelated. Therefore:

02 = E((x[n])*} = m? + E{(y[n]P} = m? = o2 + o7

1-2. Let e[n] denote a white noise sequence and s[n] denote a sequence that is uncorrelated with
e[n]. Show that the sequence, y[n] = s[n]e[n] is white (that is S{y[n]y[n + m]} = Ad[m]

where A is a constant).
E{y[n]y[n + m]} = E{s[nle[n]s[n + m]e[n + m]}
= E{s[n]s[n + m]e[n]e[n + m]}

E{s[n]s[n + mle[nle[n + m]} = E{s[n]s[n + m]}E{e[n]e[n + m]}since s[n] and e[n] are
uncorrelated, and assuming E{s[n]e[m]} = O for all n and m. Therefore:

E{y[nly[n + m]} = 62625[m]



1-3. consider a random signal x[n] = s[n] + e[n] where both s[n] and e[n] are independent,
stationary random signals with autocorrelation functions ¢ [m] and ¢, [m], respectively.

a) Determine expressions for ¢, [m] and @, (e/®).
¢y lm]l = E{x[nlx[n + m]} = E{(s[n] + e[n])(s[n + m]le[n + m])}
= E{(s[nls[n + mD} + E{(e[nle[n + m])} + E{(s[nle[n + m])} + E{(e[n]s[n + m])}
s[n] and e[n] are independent and stationary, hence:
¢ Iml = ¢ [ml + ¢, [m] + 2E{s[n]} E{e[n]s[n]}
If we assume e[n] has zero mean, then ¢ [m] = ¢, [m] + ¢,,[m].
Taking the Fourier transform of ¢, [m] = ¢ [m] + ¢, [m], we get:

O (e/?) = D (/) + D, (/)

b) Determine expressions for ¢, [m] and ®_(e/®).

¢yslm]l = E{x[n]s[n + m]} = E{(s[n] + e[nD)s[n + m]} = ¢, + E{(e[n]) }E{(s[n])}
If we assume e[n] has zero mean, then ¢, [m] = ¢, [m].
Taking the Fourier transform of ¢_[m] = ¢ [m], we get:

q)xx(ejm) — (Dss(ejw)

¢) Determine expressions for ¢_,[m] and ®_,(e/?).
Similar to b)
brelml = b, lm]
D, (/) = D, (e/)

1-4. Consider a random process x[n] that is the response of the LTI system shown in Figure
P1-4. In the figure, w[n] represents a real zero-mean stationary white noise process with
S{wz[n]} = afv.



—| H(e/) = - >
wn] 1-05¢7 x([n)
Figure P1-4.

a) Express S{xz[n]} in terms of @, [1n] and ®_ (e/?).
E{x[nlx[n]} = ¢,,[0]
b) Determine @, (e/®), the power density spectrum of x[n] .
. (e/) = X(e/)X*(e™)
— W(ej‘“)H(e-’l‘“)W*(e-i‘”) H*(e-i“’)
= ®,,(/) | He™)|*

1
=02 1
1 —cos(w)+ "

c¢) Determine ¢, [n], the correlation function of x[n] .

G.odnl = By, [n) * h{n] * h[—n]
= o:%((%)”u[n] * (%)—"u[—n])

= Uvzud’hh[”]



Exercise 2) Programming Exercise

For each signal, plots in the first row show the signal, in the middle row display 64-points
FFT and the last row 1024-point FFT. We will discuss the results in the class.
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