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Abstract

Stochastic multiplicity automata (SMA) are weighted nondeterministic au-
tomata that generalize probabilistic automata and have been used in the
context of probabilistic grammatical inference. Observable operator mod-
els (OOMs) are a generalization of hidden Markov models, which in turn
are models for discrete-valued stochastic processes used ubiquitously in the
context of speech recognition and bio-sequence modeling. Predictive state
representations (PSRs) extend OOMs to stochastic input-output systems

and are employed in the context of agent modeling and planning.

In this thesis we first unify these statistical models under the framework
of sequential systems (SSs), which are abstract linear algebraic models for
certain types of functions on words. The required parts of the theory of SS
are presented in a self-contained and easily accessible fashion. We proceed
to show how many of the available learning algorithms for these models can

be understood as instances of a common learning procedure.

Our focus lies on the state-of-the-art spectral learning algorithm. We gen-
eralize two recent learning algorithms for OOMs that are based on entirely
different learning principles and show that these are in fact equivalent or
closely related to spectral learning. We improve methods for two key steps
that are required in all learning algorithms, namely the selection of “charac-
teristic” words and of a suitable model dimension. Furthermore, we develop
a new weighted spectral learning algorithm that incorporates weights that
take the precision of individual estimates into account and show empirically

that these modifications indeed improve standard spectral learning.

Finally, we address the previously unresolved problem of learning OOMs

from data that contains missing values.
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Introduction

Multiplicity automata (MA) [Schiitzenberger} 1961] are weighted nondeterministic au-
tomata that generalize both finite and probabilistic automata. The discovery that MA
are efficiently learnable [Bergadano and Varricchio, |1994; |Ohnishi et all [1994] in the
exact learning model of Angluin |Angluin, 1987] sparked an interest in these, and sev-
eral versions have been studied. One such version are stochastic multiplicity automata
(SMA) which model rational stochastic languages and have been used in the context
of probabilistic grammatical inference [Denis et al. 2006; Bailly et al., 2009]. Inde-
pendent of this line of research, hidden Markov models (HMMs) [see Rabiner; 1989]
for discrete-valued stochastic processes have been extensively studied and are now a
standard tool in many pattern recognition domains such as speech recognition, natural
language processing, and bio-sequence modeling. Observable operator models (OOMs)
are a generalization of HMMs that were introduced by |Jaeger| [1998] following previous
work on deciding the equivalence of HMMs [Ito et al., |1992] and have recently found
applications in the field of molecular dynamics [Wu et al. 2015, Niske et al. |2017].
Finally, predictive state representations (PSRs) are models for stochastic input-output
systems developed by Littman, Sutton, and Singh| [2001] and inspired by OOMs. Such
PSRs generalize partially observable Markov decision processes (POMDPs) |[Kaelbling
et al., [1998] and have been used in the context of agent modeling and planning |[James
et al.l 2004; James and Singhl 2005; Wolfe and Singhl 2006; Boots et al., 2010]. As it
turns out, all of these models are closely related, though this is not widely perceived,

due in part to the disjoint scientific communities.
SMA, OOMs, and PSRs each model some form of probability distribution. A cen-

tral task common to all cases is, therefore, to estimate a model from given sample

data. This may also be referred to as learning, system identification, or model induc-



1. INTRODUCTION

tion depending on the context. Learning algorithms with state-of-the-art performance
are the efficiency sharpening (ES) algorithm [Jaeger et al. [2006b] and the error con-
trolling (EC) algorithm [Zhao et al., [2009al/b] for OOMs, as well as a spectral learning
algorithm that was discovered independently for the case of PSRs [Rosencrantz et al.,
2004], SMA [Bailly et al. [2009], and HMMs via OOMs [Hsu et all 2009]. Spectral
algorithms find a low-dimensional representation of input data by computing a low-
rank matrix approximation to a certain data affinity matrix and are a generic tool in
statistics and machine learning. Spectral algorithms have applications far beyond these
models and are, for instance, widely used for spectral clustering in the context of image
segmentation [Shi and Malik, [2000].

The first contribution of this thesis is the unification of SMA, OOMs, and PSRs
under the framework of sequential systems (SSs), which are a purely algebraic char-
acterization of MA that goes back to (Carlyle and Paz| [1971]. In Chapter [3| we cover
the required parts of the theory of SSs in a self-contained and easily accessible fashion,
while in Chapter 4] we present SMA, OOMs, and PSRs as instances of SSs with spe-
cific additional constraints and explore the precise relationships between these models.
There has been much confusion over the precise relationship between PSRs and OOMs,
which we address in Section In Chapter [5] we present a general Algorithm [ to
learn such models from data and show that many of the known learning algorithms can
be understood as variations of this basic learning approach. In particular, we present
the spectral learning algorithm in this framework as a general learning algorithm for
SMA, OOMs, and PSRs in Section In Sections and we give simplified
yet generalized accounts of the EC algorithm as well as the ES algorithm and show
that these are equivalent or closely related to the spectral learning algorithm, even
though these algorithms are derived from very different learning principles, which leads
to a much better understanding of the workings of these algorithms. These parts of
the thesis have already been published by Thon and Jaeger [2015] and largely coincide
with that publication. We should point out that these contributions are entirely due
to the first author Michael Thon, while Herbert Jaeger provided valuable guidance and

assisted in the preparation of the manuscript.

The second contribution of this thesis consists of improvements to the learning
algorithms. The general learning Algorithm [] makes the steps involved in learning
a SS model from data explicit, which in turn allows us to study each of these steps
separately in more detail. In Section [5.2.1| we present a novel and more general method
of selecting required sets of indicative and characteristic words, and in Section [5.3.1

we refine the previously proposed methods of selecting a suitable model dimension



based on the numerical rank of the estimated system matrix. Our main contribution,
however, is the introduction of weights to the spectral learning algorithm that measure
the precision of relevant estimates. We explain how to accomplish this in Section [5.4.3
where we present the novel weighted spectral learning Algorithm [8] and then derive
a simplified row and column weighted spectral learning Algorithm [J] in the following
Section [5.4.4] In Section [5.1] we explain how to obtain the required precision estimates
in a way that is suitable for use in the weighted spectral learning algorithms.

The third contribution of this thesis is the comprehensive empirical investigation
that we conduct in Chapter 6] We carefully select benchmark problems to cover inter-
esting processes of higher and lower dimension as well as with large and small alphabet
sizes. We then use these benchmark problems to systematically investigate the impact
of various algorithmic choices for each of the steps in the general learning Algorithm
This has not been done previously and we gain many new and helpful insights from
this investigation, which lead to informed recommendations for various algorithmic de-
sign decisions. We also compare our novel weighted spectral learning algorithms to the
standard spectral learning algorithm, which we use as a baseline.

The fourth and final contribution of this thesis is Chapter [7, where we devise a
learning algorithm for OOMs that can deal with training data that contains missing
values. This is based on viewing the missingness as inputs and learning a model for
the resulting input-output process instead. We specify a set of conditions under which
this approach is guaranteed to work, present improved estimators tailored to this task,
and investigate our approach empirically on the same benchmarks that we used in the
previous Chapter [6]

All of the empirical results contained in this thesis are obtained using the open
source “toolkit for observable operating modeling” by |Thon| [2017], which is a fast
implementation of the core routines and learning algorithms for (I0)-OOMs written
in C++ and Python and developed alongside the thesis research. The scripts used to
compute the results and graphs contained in this thesis are provided with the toolkit,

so that the computations can easily be reproduced exactly.
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Notation

Let X be a finite alphabet. We will denote the set of words over this alphabet by X*,
which includes the empty word e, while ¢ and ©=! denote the sets of words of length
[ or of length less than or equal to [, respectively. Words in X* will be denoted by
variables with a bar over them, e.g. Z,¥, z,5 € ¥*. If we wish to make it explicit that
we mean only a word of length one, i.e., a symbol from the alphabet ¥, we will use
normal variables, as in x,y, z € X. For any words Z,y € ¥*, let y be the concatenation
of words and |Z| denote the length of the word . We will also allow concatenation of
words and sets of words. For instance, if Z C ¥* is a set of words, then we will use 2y
to denote the set of words of the form zzy for any z € Z, i.e., 22y = {zzy|z € Z}. We
will use £ = x1 ... x, € X* if we wish to refer to the individual symbols x; of a word Z.
Sometimes the symbols will in fact be pairs of input and output symbols. In this case,
we will write the alphabet ¥ as the Cartesian product of an input alphabet 3; and an
output alphabet X, i.e., X = 31 X Xp. We will refer to input symbols by a € ¥ (for
“action”), and output symbols by o € ¥ (for “observation”) so that we can omit the

tuple notation and write, for instance £ = aq01 . ..a,0, € X*.

To define matrices, and also to index elements in a matrix, we will use a square
bracket notation with lower indices. For this notation, we regard vectors as a matrix
consisting of a single column, i.e., of size n x 1, row vectors as a matrix of size 1 x n,
and scalars as a matrix of size 1 x 1. To explain the notation, let My,..., M, be
matrices (which may be vectors or even just scalars). By [M;licr = [Mi,..., M,]
for I = {1,...,n} we will denote the matrix obtained by stacking the matrices M;
horizontally, which is only well-defined if the matrices M; all have the same number
of rows. In the case of scalars this will give a row vector and we will therefore write

[M;])-; to denote the (column) vector of the scalars M;, where -| denotes matrix
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transposition. In general, if we wish to stack the M; vertically and the M; are not
scalars, we will use the slightly awkward notation [MZT]IE ;> which requires the M; to
all have the same number of columns. Finally, for scalars M; ; only, we will use the
notation [M; jlicr jes to denote the matrix that has entry M; ; in the row indexed by 4
and column indexed by j. Note that we will be using sets of words X, Y C ¥* with some
implicit ordering as index sets. For example, for a function f : ¥* — R, the matrices
Fy x = [f(Z9)]gevzex and Fyy x = [f(Z27)]gey,zex that have columns indexed by the
words & € X and rows indexed by the words y € Y will play a central role. Conversely,
if we have already defined a matrix M, we will use the notation [M]; ; to denote the
entry in the row indexed by ¢ and column indexed by j, while [M]; will denote the
entire column indexed by j. To refer to the row indexed by i, we will use [M ]/ .

For matrices M € R™*"™ M, M>, ..., M, and a vector v, we will use M T to denote
the matrix transpose, M ~! to denote the matrix inverse, MT for the Moore-Penrose
pseudo-inverse, tr(M) for the trace, M; ® My to denote the Kronecker product of M;
and M, and vec(M) to denote the column-wise vectorization of M, i.e., the vector
[M]],...,[M]}]T. We will use I,, to denote the identity matrix of size n x n, or
simply write I if the size is clear from context, and use the notation 1, = [1,..., l]T
for the n-dimensional vector of ones, or simply write 1 if the size is clear from context.
We denote by D(v) the diagonal matrix with the vector v on its diagonal and by
D(M;i, My, ..., M) the block-diagonal matrix with the matrices My, Mo, ..., M} on
the diagonal. Finally, for vectors vy, ..., vg, let span({vy,...,v;}) = span([v, ..., vx])
denote the linear subspace spanned by these vectors.

For random variables, e.g., X; : @ — 3, we will use the shorthand P(Z) or
P(z1...x,) to denote the joint probability P(X; = z1,...,X,, = z,). We use E[X]
and V|[X] to denote the expectation and variance of a random variable X, respectively,
if these are defined. In case X is a random vector, W[X ] is the covariance matrix of
X. When estimating some parameter p, we will usually use the notation p to denote a
parameter estimator, which is a random variable. However, we will also use p to refer

to an estimated value for p. The meaning will be clear from the context.



Sequential Systems

In this chapter we first introduce some basic definitions. Then we present the theory of
what are called sequential systems (SSs). This can be seen as a generalized treatment
of observable operator models (OOMs) that is also applicable to the cases of predictive
state representations (PSRs) and multiplicity automata (MA). This theory is not new
and in fact goes back to Schiitzenberger [1961], who initiated the algebraic treatment
of MA, to (Carlyle and Pagz| [1971], who coined the term sequential systems, and to
Fliess [1974]. The same theory has been rediscovered several times in various forms,
for instance for OOMs [Jaeger, |2000b|] and PSRs [Singh et al., 2004]. However, the
original treatment was purely abstract, without the desire to turn any of the results
into computational models. Many of the central proofs were non-constructive and
involved, since they concerned more general versions of the theory than we require, and
were therefore not of much use for our purposes. On the other hand, the presentation of
this basic theory in the context of OOMs and PSRs is less general, as the proofs make
much use of properties specific to OOMs and PSRs, for instance that one is dealing
with stochastic processes. Here, we present the basic general theory in a concise, self-

contained fashion with constructive proofs that can readily be turned into algorithms.

Let X be a finite alphabet. We will be interested in characterizing functions f : ¥* —
K for K = R or K = C, since these can be used to describe probabilistic languages,
stochastic processes and controlled processes (see Definitions and [30). These
form a K-vector space which we denote by K((X)). For a given function f : ¥* — K,
we define the system matriz F' as the infinite matrix F' = [f(Z7)]jes+ zex+. Note that
this is the transpose of what is sometimes called the Hankel matriz. Furthermore, for
a given function f we define the functions fz : ¥* — K by setting fz(y) = f(zy) for

any sequences T,y € X* and note that these functions correspond to the columns of
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the system matrix F. Let F = span{fz |z € ¥*} be the linear space spanned by these
functions / the columns of F. Clearly, F C K((X)). We define rank(f) = rank(F') =
rank(F).

Definition 1. A d-dimensional sequential system (SS) over the alphabet 3 is a structure
M = (0,{7.},w.), which consists of an initial state vector w. € K¢, a matriz 1, € K¢
for each z € X, and an evaluation function o : K* 5 K. ForZ =xy...x, € ©*
let 7o = Ty, - Tz, and let wz = Tzwe, which we call a state of the SS M. Let
TS = Y ,ex Tz- If the function o is linear, the SS M is called linear.

The reason we are interested in such SS structures is that they can be used to

describe functions f : ¥* — K in the following way.

Definition 2. For a given SS M, we define its (external) function to be
fam B = K () = omawe (1)

Furthermore, we define the rank of the SS M to be rank(M) = rank(faq).

Here, we will be dealing only with the linear case, so o will be a linear functional
that is represented by a row vector, i.e., 0! € K¢
We begin with a technical result that lies at the heart of the whole theory.

Proposition 3. Let f : 3¥* — K be given. If rank(f) = d < oo, then there exist linear
operators 7, : F — F for each z € ¥ and a linear functional 6 : F — K that satisfy
T.(fz) = fz2 and 6(fz) = f(Z) for all T € ¥*. Furthermore, 6(7z(f:)) = f(Z) for all

_ . - -
T € X%, where Tz = Ty, 0+ 0Ty, .

Proof. Let X C ¥* be an index set denoting a maximal set of linearly independent
columns of the matrix F. Then clearly, B = {fz|Z € X} is a basis for F. Define linear

operators 7, and a linear functional ¢ by their action on these basis elements:

o 7.(fz) = fz. forallz € X and z € 3,

o (fz) = fz(e) = f(z) for all z € X.
We will show that 7,(f;) = fy. and &(fy) = f(y) in fact holds for all § € ¥X*. For
this, let 7 € X*. Then f; = > ..x Azfz for suitable coordinates Az, and f;. =
Y zex Azfzz, since for any z € ¥*, we have f;.(2) = fy(22) = > icx Mafz(22) =
> zex Mafz2(2). Therefore, 7. (fy) = T2 (D_zex Aafz) = Dzex Aafzz = fyz, and 6(fy) =
0 (Xrex Aafz) = Dzex Aafale) = fye) = f(y).

Finally, 6(75(f:)) = o(fy) = f(y) for all y € ¥*. |



The above proposition establishes a crucial property that makes this theory appeal-
ing, as it means that the functions f = f., fz = 7z(f), the linear operators 7., and
the linear functional 6 have coordinate representations as vectors and matrices with
respect to some basis B for F. Note that this remains true even if rank(f) = oo, but the
coordinate representations will then be infinite and of little practical use. The property
f(&) =a(7z(f:)) (cf. Equation (1)) means that the function f is fully described by the
data (6,{7.}, fe). If these are given in some coordinate representation, then we have a

SS representation.

Proposition 4. Let f : ¥* — K be given. If rank(f) = d < oo, then there ezists a
d-dimensional SS M such that f = fu.

Proof. Let B be a basis for F, and let M = (o, {7.},w:) be the coordinate represen-
tations of (6,{7.}, fe) with respect to B, where we are using the definitions for & and
7, from the above Proposition |3| Then for any z € ¥*, we have f(Z) = 6(7z(f:)) =
oTzwe = fm(T). [ |

Note that for the SS M constructed in Proposition [4] as a coordinate representation
with respect to some basis B of F, the states wz = 73w, will be the coordinate repre-
sentations of the functions fz = 7z(f) with respect to the basis B. Also note that due
to Equation we may evaluate f(Z) using the SS M without knowing the basis 5.

The above proposition suggests that two SSs might describe the same function f if
and only if they are representations for f with respect to different bases for F. However,

this is only correct for so-called minimal SS, as will be detailed in the following.

Definition 5. Two SSs M and M’ are equivalent, denoted by M = M’, if they define
the same function, i.e., if faq = far. It is clear that this notion is an equivalence
relation on the set of all SSs.

We now introduce concepts needed to characterize the equivalence on SSs. We give
such a characterization for minimal SSs in Proposition For this, we introduce the
concept of minimal SSs and give criteria for minimality in Corollary as well as a

procedure in Algorithm [2] to construct an equivalent minimal SS.

Definition 6. For a given SS M we call the linear spaces W = span{7zw; |T € ¥*}
the state space and W = span{(oc7z)" |Z € ¥*} the co-state space of M.

Definition 7. We call a d-dimensional SS M trimmed if it has full state and co-state
spaces, i.e., if W = W = K% We call a SS minimal if no equivalent model of lower

dimension exists.
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It will turn out in Corollary [10| that a SS is minimal if and only if it is trimmed.

But first, we show how to construct bases for the state (and co-state) space of a SS.

Proposition 8. The following Algorithm[1] constructs a basis B for the state space W
of a given d-dimensional SS in time O((d + |X|)d®) (the construction of a basis B for

the co-state space W is analogous).

Algorithm 1: Compute a basis B for the state space W of a given SS
B+ {}, C+ {w:}
while |C| > 0 do
w < some element of C, C < C \ {w}

if w is linearly independent of B then

B+ BU{w}
C+—CU{nw|zeX}

Proof. At any time during the run of the algorithm, B is a set of linearly independent
vectors. Furthermore, the set C of “candidate vectors” increases by |X| elements each
time a new vector is added to the set B but decreases by one element each run through
the main loop. Therefore, the algorithm terminates after at most d|X|+1 runs through
the main loop, since there are at most d linearly independent vectors that can be
added to B. Next we examine the runtime of the algorithm. Checking w for linear
independence from B can be done by checking Psw = w in time O(d?) if the orthogonal
projection matrix Pg onto span(B) is known. This check is performed at most d|X|+1
times, yielding a complexity of O(d?|%|). Clearly, the matrix Pg must be updated every
time a vector is added to B, which is an O(d?) operation that needs to performed at
most d times, giving a total complexity of O(d?*). Finally, every time a vector w is
added to B, the set C is increased by |X| vectors, each of which requires time O(d?) to
be computed from w, for a total time complexity of O(d®|%|). Adding these together
gives the claimed time complexity.

Finally, we show that the returned set B is indeed a basis of the state space W.
Observe that for all w € B and for all z € X, the vectors 7,w have been added as
“candidate vectors” to the set C at some point during the run of the algorithm —
namely when w was added to B. Each of these vectors is checked in turn and is at
that point either linearly dependent on B, or added to B. Therefore, these vectors T,w
are all linearly dependent on the final set B, i.e., 7,(B) C span(B) for all z € ¥. By
linearity of 7, this implies that also 7,(span(B)) C span(B) for all z € 3. So span(B)

contains w. and is closed under the action of 7, for all z € ¥, which implies that

10



{mzwe |z € ¥*} C span(B). But B C {rzw. |z € ¥*} by construction of B. Together,
this implies span(B) = span({7zw: | T € ¥*}) = W. [

In practice, we will usually select the element w from the set C of candidate vectors
that is most linearly independent of B, for instance maximizing ||Pgw — w||, and stop
if the remaining candidate vectors are not sufficiently linearly independent of B, i.e., if
||Psw — w|| < ¢ for some threshold . This requires sorting the set of candidate vectors
each time a new vector is added to B, which requires O(d?|%|log d|X|) additional time.

Note that these bases are by construction of the form B = {rzw. |z € X} and
B = {(o75)" |§ € Y} for suitable index sets X,V consisting of words of length at most
d, where d is the dimension of the SS. Also, the above procedure allows us to check
whether a given SS is trimmed.

The following proposition is the core technical result needed to establish the con-

nection between a SS being trimmed, having full rank, and being minimal.

Proposition 9. For a d-dimensional SS M, let {zw.|Z € X} and {(o75)" |7 €
Y} be bases for W and W respectively, and define Fyx = [fm(%0)]gevaex. Then
rank(M) = rank(Fy x) < min{|X|, |Y|} < d. Furthermore, if | X| =d or |Y|=d then
rank(M) = min{| X/, |Y}.

T]g—;rey €
KIYIxd and &y = [Tiwelzex € K4IXl The rows of Iy form a basis for the row space

Proof. Define I1 = [(073) |1y and @ = [Tzw:zes+, as well as [y = [(o7y)

of II and the columns of ®x form a basis for the column space of ®. Now F = II®
and Fy x = IIy®x. Therefore rank(M) = rank(F) = rank(II®) = rank(Ily®) =
rank(Ily ®x) = rank(Fy x). Moreover, rank(Ily) = |Y| and rank(®yx) = |X| imply
that rank(Ily ®x) < min{|X|,|Y|} < d as well as rank(Ily®x) = |X| if |Y| = d and
rank(Ily ®x) = |Y| if | X| = d. |

As a corollary, we obtain the following result, which allows us to check a d-dimen-
sional SS for minimality by checking whether the SS is trimmed, i.e., by constructing
bases for the state and co-state space via Algorithm [I| and checking if these have

dimension d.

Corollary 10. Let M be a d-dimensional SS. The following are equivalent:
(i) M is trimmed
(73) rank(M) =d

(7i1) M is minimal

11



3. SEQUENTIAL SYSTEMS

Proof. If M has full rank, i.e., rank(M) = d, then M must be minimal, as any lower-
dimensional SS must have a lower rank and therefore cannot be equivalent. Conversely,
if M is minimal, then we must have rank(M) = d, since by Proposition |4 there exists
a rank (M )-dimensional equivalent SS. By Proposition [J] - and using the notation from
the proposition — we see that rank(M) = d < |X| = |Y| = d, i.e., if and only if M is

trimmed. [ |

Next, we define the transformation of a SS by linear maps p and p’. Such transfor-

mations will serve as the basic operation on SSs for all conversion operations.

Definition 11. For a d-dimensional SS M = (0,{1.},w.) and any matrices p € K™*%
and p' € K" we define the n-dimensional SS pMp' = (o0, {pT.p'}, pwe).

If p is non-singular, and p’ = p~!, then this transformation will yield an equivalent
conjugated SS. If the SS is minimal, then this corresponds to a change of basis for the

underlying function space F.

Lemma 12. Let M = (0,{7.},w:) be a d-dimensional SS, and p € R¥9 be non-
singular. Then M = pMp~t. We will call pMp~! a conjugate of M.

Proof. Vi € T* : fypy1(2) = (09~ ) (o7, p7Y) - (pTas o™ ) (po2) = 07502 = fan(2):
[ |

We already know how to check for minimality. We now show how to convert a given

SS to an equivalent minimal SS using the introduced transformations on SSs.

Proposition 13. The following procedure converts a given SS M to an equivalent

trimmed and minimal SS M" :

Algorithm 2: Minimization of a SS M

1 Construct a basis {Tzw: | T € X} for the state space W of M
P [mpwelzex
M — TMS

2 Construct a basis {(o'7})" |5 € Y'} for the co-state space W' of M’
]._.[, <— [(O'/Té)—r];—eyl
M — H/M/H/T

Proof. Note that by construction the columns of ® and II'" form bases for the spaces

W and W/, respectively. Therefore, ®'® = I and ®d|y is the identity mapping, as

12



well as (IV'T)TII'T = T and II'T (II'T)T| 5, is the identity mapping. We can simply check
equivalence, i.e., that for any = € X%,
i (@) = 0”7 T Wl
=o/I'7, T .. 17, TITIT W),
_ w;TH/T (H/T)TTQ/CTHIT . (HIT)TT;:IH/T (H/T)TU/T
=07, T Wl

= o®dir, & 07, ddlw,

= oTzwe = fm(T).

Next, we observe [Tiwllzex = [®ITzwe]zex = ®T® = I. This implies that M’ has
full state space W' and that {7iw.|Z € X} is a basis for W', since the dimension
d of M’ is |X| by construction. By Proposition [9] |X| = d' implies rank(M’) =
min(|Y’|,|X|) = |Y’|. By construction |Y’| = d” where d” is the dimension of M”.
Furthermore, rank(M’) = rank(M”") since M’ = M" so by Corollary[10]M” is trimmed

and minimal. [ |

As we can convert any SS to an equivalent minimal SS using the above Algorithm
it will be sufficient to characterize equivalence only for minimal SSs. This is done by

the following result.

Proposition 14. Let M = (0,{.},w) and M’ = (¢, {7.},w.) be minimal d-dimen-

stonal SS. The following are equivalent:
(i) M= M
(ii) M’ = pMp~! for some non-singular p € K@

(i) I® = 'Y, Mw, = MW, c® = ¢'® and Vz € ¥ : I, ® = II'7.P’, where
{rzwe |Z € X} and {(o75)" |§ € Y} are bases for the state and co-state spaces
W and W of M, respectively, and II = [(JTg)T];ey, ¢ = [rzwelzex, II' =

[(0'75) N hey and ® = [Thw!]sex .

Proof. Lemma [12 establishes (ii) = (i). For (i) = (ii) note that faq = faq implies
that II7:® = [f(Z27)]gev.zex = '@’ for all z € ¥*, as well as Iw, = [f(gj)]gey =
IM'w. and 0® = [f(Z)]zex = o'®. Finally, to see (iii) = (ii), note that II and
® have full rank, since M is minimal, so II' and ®' must also have full rank. Let
p =11l = ®®~ ! since [I® = II'®’, then p~! = ®P'~!, and we can easily see that
the conditions in (#ii) imply M’ = pMp~1. |

13



3. SEQUENTIAL SYSTEMS

Note that this allows us to decide equivalence for any given SSs M and M’ by first
converting them to equivalent minimal SSs M and M, respectively, using Algorithm
and then checking for equivalence by criteria (iii) from the above Proposition The
required bases for the state and co-state space of M or M’ can be computed by Algo-
rithm [I

The following proposition shows that any SS — except for degenerate cases — can
be transformed into an equivalent SS where o and w. can be essentially any desired
vectors. This implies that it is no restriction to assume some fixed form for o, as is
sometimes done. For instance, in the case of OOMs often ¢ = 1" is used, while for
MA often o = [1,0,...,0] is assumed.

Proposition 15. Let M = (0,{7.},we) be a non-degenerate d-dimensional SS, by
which we mean that o # 0 and w. # 0, and select any o' ", wl € KN\{0} such that o'w! =

ow.. Then there exists a non-singular linear map p such that pMp=t = (o, {71}, W.).
Proof. Extend {o'} to an orthogonal basis {o",va,...,v4} of K% and {o'T} to
an orthogonal basis {¢/7,v},..., v} of K% and define e; = [1,0,...,0]" and ey =
[0,1,0,...,0]T. We distinguish two cases:

If ¢ :== ow. = o'w. # 0, then p1 = [we,v2,...,v4] and py = [wl,v5,...,v))] are
non-singular. Let p = pgpfl. We can easily see that pgpflws = pee; = wl and

O—pfl = O'plp2_1 =cC- GIPQ_I = 0'/, since U/pQ =C- €1r.

T A
If ow. = o'w. = 0, then p1 = [Z+,we,v3,...,va] and pa = [T+, WL, v5,. .., vy
(perhaps after first reordering the v; and v]) are non-singular. Let p = pgpl_l. We
can again check that /)g,ol_lw€ = pres = Wl and op~ ! = aplpgl = 61Tp2_1 = ¢/, since

o'py=e]. |

Finally, we introduce a special property called interpretability that a SS can have.
This concept has led to some confusion in the past — especially regarding the relationship
between OOMs and PSRs. This is due to the fact that it has been defined differently for
OOMs, I0-OOMs, and PSRs, as will be discussed later. Another source of confusion
is that interpretability has been regarded as a crucial property for learning, which is,
however, only true for the the very early learning algorithms. Here we give a definition
of interpretability that works for all models, and we will defer the discussion of the

different uses to the later sections.

Definition 16. A d-dimensional SS M is interpretable w.r.t. the sets Y7,...,Y; C X*
if the states wz take the form wz = [fm(ZY1), ..., fm(&Y)]" for all T € ¥*, where
fm(EY) = gey fm(T0).
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The following proposition and algorithm show how to make a SS interpretable, i.e.,

how to convert any given SS into an equivalent interpretable form.

Proposition 17. Let Y1,...,Y; C ¥* and M = (0,{7.},w:) be a d-dimensional mini-
mal SS. If p=[(omv,) T, ..., (o7v,)T]" is non-singular, where Ty = dey Ty, then M’
defined as pMp~—' is interpretable w.r.t. Yi,...,Yy and equivalent to M.

Proof. Vz € ¥* : wh = pwz = [0Ty; Tawe, - - -, 0Ty, Tawe] T = [fm (@YD), ..., fm(2Y)] T
|

Corollary 18. For a SS M, Algorithm[3 returns an equivalent interpretable SS.

Algorithm 3: Make a SS M of rank d interpretable

1 Minimize M, i.e., find an equivalent minimal SS M’ using Algom'thm@

2 Find a basis {(J/Té)—r |7 € Y} of the co-state space W' of M’ using Algorithm
3 p [(0'7) ey
4 return pM’p~!

Proof. By Proposition [17] the above algorithm returns an equivalent SS that is inter-
pretable w.r.t. the singleton sets Yy = {9}, where {g1,...,74} =Y is an enumeration

of Y, since M’ is minimal and therefore p is non-singular by construction. |
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4

Versions of Sequential Systems

-
a4 N

stochastic multiplicity
automata (SMA)

probabilistic finite
automata (PFA)

multiplicity automata (MA) =

(linear) sequential systems (SSs)

\

-~

observable operator

models (OOMs)

hidden Markov
models (HMMs)

~

predictive state \
representations
(PSRs)
input-output OOMs
(I0-OOMs)

partially observable
Markov decision
processes (POMDPs)

probabilistic languages

stochastic processes

controlled processes

Figure 1: SMA, OOMs, and PSRs are versions of SSs that model probabilistic languages,
stochastic processes, and controlled processes, respectively, and strictly generalize PFA,
HMMs, and POMDPs, respectively.

In this chapter we first show that sequential systems (SSs) are an algebraic charac-

terization of multiplicity automata (MA), and we mention the relationship to the more

general class of weighted finite automata (WFA) and its extension to weighted finite-
state transducers (WFST). We then define stochastic multiplicity automata (SMA), ob-

servable operator models (OOMs), and predictive state representations (PSRs), which

are known to generalize probabilistic finite automata (PFA), hidden Markov models
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4. VERSIONS OF SEQUENTIAL SYSTEMS

(HMMs), and partially observable Markov decision processes (POMDPs), respectively.
We show that these are all instances of SSs that are used to model different kinds of ob-
jects. Furthermore, we examine the relationships between these models. An overview

is given in Figure [T}

4.1 Multiplicity Automata and Weighted Automata

The above Definition [I] of linear finite dimensional SSs is an equivalent algebraic way of
looking at a type of automata that were introduced by Schutzenberger| [1961] and are
most commonly known as multiplicity automata |Salomaa and Soittolal [1978; Berstel

and Reutenauer} 1988|. We will give a very brief introduction.

Definition 19. A K-multiplicity automaton (MA) is a structure (¥, Q, @, ¢, T), where
> is an alphabet, Q) is a finite set of states, ¢ : @ X X x Q — K is the state
transition function, ¢ : @ — K s the initialization function, and 7 : @ — K is the
termination function. The state transition function is extended to words by setting
Ve Xz e X 0(q,72,4) = Y cqp(a:T,8)p(s,2,4), as well as (q,e,q') = 1 if
q=¢ and 0 otherwise. A multiplicity automaton M then defines a function

frmiS = K fa@ = Y da)ele, 2 ¢)7(d).
7,9'€Q
The formal equivalence of MA to linear finite-dimensional SSs is easily seen by

rewriting the definition of MA in terms of matrix multiplication:

Set w, = [L(q)}qTEQ, 7. = [¢(q, 2,4 ) ¢cq.qeq. and o = [1(¢')]yeq- We can show by
induction on the length of z that this implies 7z = [p(q, Z, ¢)]yc,qcq for all T € X*:

Tzz — T2Tx

= [90((]”7 %5 q/)} 7€Q,q"€Q [(p(q, L q”ﬂ q'€Q,qeQ

= > wlg.2,¢")e(d" 2.q)
¢"€Q 7'€Q.q€Q

ol e

Therefore, for all z € ¥*, we get ozw. = [7(¢)]qecole(q, fz,q’)]q/erqEQ[L(q)];reQ =
> aaco T(@)e(q,2,d)(q) = fm(T).

However, the above definition of MA makes it apparent how MA are an extension
of non-deterministic finite automata (NFA) to WFA that add weights to the initial
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4.1 Multiplicity Automata and Weighted Automata

and terminal states as well as the state transitions. The weight of a path from an
initial state to a termination state is then given by the product of the corresponding
weights (hence the name multiplicity automata), while the value fa(Z) is computed

by summing the weights of all paths compatible with .

At this point we should mention that MA as defined here are merely a special case
of WFA. The difference is that for MA we consider weights from a field K (here K = R
or K = C), while for WFA the weights are only required to come from an algebraic
structure K called a semiring. A large body of theory for WFA that generalizes the
theory of SSs that we have presented in Chapter [3] can be found in the recent textbook
by Droste et al.| [2009]. Note that while MA and WFA are formally closely related,
there is a difference in the way they are viewed and used. For instance, WFA are often
considered over the semiring R with weights given the interpretation of transition
probabilities, which are then called probabilistic finite automata (PFA). Such PFA are
graphical models, and the states ) are latent states. For R-MA, however, the weights
are allowed to be negative, and the weights as well as the states ) become abstract
notions. In other words, PFA (and WFA in general) are typically used when the states
and transition structure carry some meaning, while MA are typically used as an abstract
tool to characterize functions f : ¥* — K. This difference in perspective is reflected
in the relationship of PFA to SMA, HMM to OOM, and POMDP to PSR described in
the remainder of this Chapter |4l Note that PFA are a special case of MA, as Rt C R.
In fact, there exist functions f : ¥* — R™ that can be described by a MA but not
by a PFA, i.e., MA are strictly more general than PFA. This sequence of increasing

generalization starting with finite automata (FA) can be summarized as follows:

FA ¢ NFA ¢ PFA ¢ MA =SS C WFA.

Furthermore, there exists a natural extension of WFA to input-output systems that
are called weighted finite-state transducers (WFST). Here, the alphabet ¥ is split as
> = X5 X ¥, where X5 is regarded as input alphabet and Yo as output alphabet.
The function faq : X7 x X7, — K is then viewed as describing a relation between ¥;
and Xp. Again, K is in general only required to be a semiring, but a typical choice
is K = R* with the interpretation of state transition probabilities, yielding a latent
variable model called probabilistic finite-state transducers (PFST). WEST are a flexible
class of models that have been shown to unify several common approaches used in the
the context of language and speech processing; a survey is given by Mohri et al. [2002].
Furthermore, I0-OOMs and thereby PSRs (see Section and Section are in
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4. VERSIONS OF SEQUENTIAL SYSTEMS

fact WFST with weights in K = R, although they are not usually viewed this way,
as WFST are typically seen as latent variable models, while IO-OOMs and PSRs are
not. However, since PFST are MA, as long as the desired application merely requires
the characterization of the function faq : 5 x ¥¥ — R*, the SS learning algorithms
described in Chapter [b| can be applied to the case of WFST as well, as has been done
recently by Balle et al.| [2011].

Note that in the context of MA one is usually interested in characterizing functions
f : ¥* = K, which are also called formal series in general and recognizable series
if they are computed by a MA. However, a MA M can also be used to recognize a
language L C X* by setting Ly = {Z € X*| fm(z) C J} for some subset J C K,
e.g. J={k € K : k> k} for some threshold parameter x > 0. The class of languages
recognizable by MA is known to be strictly more general than the class of regular
languages [Cortes and Mohri, |2000].

MA have received a lot of attention in the context of learning theory following
the discovery of efficient learning algorithms [Bergadano and Varricchiol [1994; |Ohnishi
et al.,|1994] in an extended version of the exact learning model of Angluin| [1987]. This
led to further results on the learnability of several classes of DNF formulas [Bergadano
et al.,|1996], the class of polynomials over finite fields, decision trees, and others [Beimel
et al., 11996, 2000].

4.1.1 Stochastic Multiplicity Automata and Stochastic Languages

Additionally, MA have been applied in the context of probabilistic grammatical infer-
ence [Denis et al., 2006; Bailly et al., [2009], which is of particular interest to us because

of the close relationship of these approaches to OOMs and PSRs, as we shall see.

Definition 20. A function f : ¥* — R that satisfies 0 < f < 1 and f(¥*) =
Y zex+ f(Z) = 1 s called a stochastic language, probabilistic language or just dis-
tribution over ¥*. A distribution faq over ¥* that is defined by some MA M is called

a rational stochastic language, and a MA that defines such a distribution is called a
stochastic MA (SMA).

Denis and Esposito| [2008] give a comprehensive overview of rational stochastic
languages over various fields K as well as their relationships to each other and to

subclasses such as the important class of probabilistic regular languages.

Definition 21. A probabilistic (finite) automaton (PFA) is a SMA with the following
restrictions: (i) 1,7, must have values in [0,1], and (i) 1(Q) = 1 and Vg € Q :
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(@) +¢(¢, 2,Q) = 1, where 1(Q) = 3 o t(q) and 9(¢, 2, Q) = > ex D yreq P(¢: 2, 4').
The stochastic languages that can be represented by PFA are called probabilistic regular

languages.

PFA are closely related to HMMs, and the relationship has been described in detail
by [Dupont et al.|[2005]. It is, however, less well known that SMA are closely related
to OOMs, which generalize HMMs in a similar way that SMA generalize PFA.

We point out two results that are relevant in the context of modeling probabilistic
languages by MA. First of all, it is known that it is an NP-hard problem to compute
the maximum likelihood estimate of parameters of a PFA with known structure from
a given training set of words [Abe and Warmuth, |1992]. In practice, algorithms based
on expectation maximization (EM) [Dempster et al. 1977] are used which compute
locally optimal models instead. In contrast to this, the algebraic theory for SSs allows
for powerful learning algorithms (see Chapter [5)) that often outperform EM-trained
PFA or HMMs |[Rosencrantz et al., 2004; |Jaeger et al. 2006a]. However, these learning
algorithms may return MA that are arbitrarily close to SMA but fail to represent
stochastic languages. It is, in fact, undecidable whether a MA represents a stochastic

language [Denis and Esposito, [2004].

4.2 Observable Operator Models and Stochastic Processes

OOMs were introduced by [Jaeger| [1997] as a concise algebraic characterization of
stochastic processes [see also |Jaeger} 1998, [2000b; Jaeger et al., [2006b]. These models
are closely related to other algebraic characterizations of stochastic processes |[Heller
1965; Ito, 1992; Upper, 1997] that were studied in the context of deciding the equiv-
alence for HMMs [Gilbert), 1959], which came to a successful conclusion by framing

HMMs in the more general class of linearly dependent processes by [Ito et al.| [1992].

Definition 22. A (X-valued) stochastic process is a function f : ¥* — [0,1] that
satisfies (i) f(e) = 1 and (i) Vz € ¥* : f(Z) = >,y f(Z2). An observable operator
model (OOM) is a linear SS M over the field K = R such that faq is a stochastic
process. A stochastic process that can be modeled by a finite dimensional OOM is called

a linearly dependent process.

Note that a stochastic process function f as defined above defines a X-valued
stochastic process {X;}tcn in the usual mathematical sense by specifying its finite-
dimensional distributions via P(X; = z1,...,X; = ;) = P(z) = f(z) for all z € X!
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and [ € N. Existence and uniqueness of the corresponding stochastic process {X;}en
are guaranteed by the Kolmogorov extension theorem.

One of the interesting features of OOMs is their notion of “state” of a (stochastic)
process. The idea that goes back to|Zadeh| [1969)] is that a system state is really nothing
more than the information that is required to predict the future. In the case of OOMs,
the states wz not only carry enough information to predict the future, they are (in a
certain sense) just future predictions.

To see this, recall that the states wz of a SS are coordinate representations of the
functions fz w.r.t. some unknown basis B of the function space F. In the case of OOMs,
these functions take on the meaning that fz(y) = P(Zy), i.e., they give the probability
of observing the sequence T followed by 3. These functions are therefore called future
prediction functions in the context of OOMs. The operators {7, } are then state update
operators that update a state wz (corresponding to the future prediction function fz
after an initial observation of Z) according to the new observation z to the new state
wz: (corresponding to the future prediction function fz, after an initial observation of
Zz) — hence the name “observable operators” [Jaeger, [1998].

For convenience, these functions fz, as well as the corresponding states wz, are often
normalized to fz/f(Z) and wz/owgz, respectively, since fz(y)/f(Z) = omywz/owz =
P(y|z), the probability of observing y given that  has been observed. Therefore, an
OOM started in the normalized state wz/owz represents a stochastic process started
after an initial observation of . This corresponds to the notion of a residual automaton
in the context of SMA, which is obtained by starting a SMA in the (normalized) state

wz/ Y sex 0Tzwz and then represents a residual language [Denis and Espositol [2004].

4.2.1 Relation to Hidden Markov Models

Any HMM can be trivially converted into an OOM. A HMM consists of an unobserved
Markov process Z; that takes values in a finite set @) of states and that is governed
by a state transition matrix T = [P(Z;11 = ¢’ | Zt = q)lgeQ,ycq- At each time step
an observation X; from ¥ is made according to the probabilities given in the emission
vectors B, = [P(X; =z | Z; = q)EEQ and the state ¢ at time ¢. Finally, an initial state
vector m = [P(Z1 = q)] )¢ is needed to fully specify the distribution of the stochastic
process Y; [Rabiner} 1989].

Proposition 23. [Jaeger, 2000b] A given HMM (T,{Ey},ex, ™) with d states is equiv-
alent to the d-dimensional OOM (o, {7, },w:) defined by o = 1], 7, = T D(E,) and
we = . The rank of the OOM is less than or equal to d.
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Moreover, there are examples of OOMs of finite rank that cannot be modeled by
any HMM with a finite number of states. A prototypical example is the so-called
“probability clock” [Jaeger, 1998]. It is still an open question how to find a “close” HMM
for a given OOM in general, but under certain conditions this is indeed possible [Hsu
et al., [2009; |Anandkumar et al., [2012]. While OOMs can be seen as a generalization of
HMDMs, one should keep in mind that there is a fundamental difference in the notion of
the state of the process. The state vector in the case of a HMM is a stochastic vector
that expresses the belief about the underlying hidden state, while for an OOM it is a

coordinate representation of the corresponding future prediction function.

4.2.2 Relation to Stochastic Multiplicity Automata

The main difference between OOMs and SMA is that OOMs model stochastic processes,
while SMA model distributions on words. However, we can use a stochastic process to

model a distribution on words if we introduce a termination symbol $.

Definition 24. An OOM M over the alphabet ¥4 = ¥ U{$} is said to be terminating
if fm(E%8) =D s fm(T8) = 1.

Definition 25. A terminating OOM M over the alphabet ¥ U {$} and a SMA A over
the alphabet ¥ are related, if fa(Z$) = fa(Z) for all T € X*.

Note that a SMA A and a related terminating OOM M contain the same informa-

tion about the function f4(Z). Next, we show how to construct a related terminating
OOM M for any given SMA A.

Lemma 26. If A = (0, {7.},w:) is a minimal d-dimensional SMA, then 75+ = jo 78

exists and is equal to (I; — 7)1, where 72 =3, o T2

Proof. We will show that the spectral radiusﬂ p(ms) satisfies p(7s) < 1, which implies
the lemma. Assume p(rs) > 1, i.e., there exists some A € C,[A\] > 1 and v € C?
such that 7vv = Av. As A is minimal, we may find sets of words X,Y C X* such
that IT = [(UTQ)T];—GY and ® = [Tzw:|zex with |X]| = |Y| = d are non-singular using
Algorithm Then v = ®a for some a € C?, and H7‘§<I>a = MIIda for any k € N. Now
the SMA property f4(X*) => 72, m”sza = 1 implies that HT§<I> — 0 as k — oo, while
the right hand side A*II®a does not (note II®a # 0), which is a contradiction. |

'For A € C"*" with eigenvalues A1, ..., A, the spectral radius is defined as p(A) = max |\;|.
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Proposition 27. Let A= (0,{7;},w.) be a minimal d-dimensional SMA. Then M =
(o, {7L},wl) is a related (d + 1)-dimensional terminating OOM over the alphabet ¥g =
DU{8}, if

P o— [UZZOZOT]X?, 1} = [O‘(Id—TE)_l, 1},

o 7. = T 0, T4 = 0 O,Qnd
0 0 o 1

Proof. We can simply check that for all z € g

o3 ) sw.  if 2 € X,
IMm(Z) =o' Thwl = < oz, if z=12$%...$ for some T € ¥*,

0 otherwise.

This implies far > 0, fm(Z$) = fa(z) for all £ € £* (M and A are related), as
well as fa(2*8) = fa(X*) = 1 (M is terminating if it is an OOM). Furthermore,
o'w, = fa(X) = 1and o'y = [0302, m&1s + 0, 1] = ¢/, which imply property (i)

and (i7) for a stochastic process, respectively. |

The conversion given in Proposition 27) of a SMA to a related terminating OOM is
important for two reasons. First of all, as noted by Wiewiora| [2008] using a slightly
different conversion, this can be used to show that determining if a SS is an OOM is
an undecidable problem, as any such decision procedure could be used to construct a
procedure that determines whether a SS is a SMA essentially via this conversion, which
is known to be an undecidable problem. Secondly, it allows us to use the normalized
sampling procedure that we present in Section to deal with approximate OOMs
also for the case of approximate SMA.

Conversely, a stochastic process fis modeled by an OOM M can be described by

a SMA that is related to a terminating version of M as follows.

Proposition 28. An OOM M = (o,{7.},w:) over the alphabet ¥ can be extended
to a terminating OOM M’ = (o,{7.},we) over the alphabet Xg = X U {$}, such that
(@) = p~ (1 = p)~ 1l o0 (28) for all T € X, by setting 7. = (1 — p)7. and T4 = DT
for some fized termination probability p € (0,1), where 75 = ) 5 7.
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4.2 Observable Operator Models and Stochastic Processes

Proof. We first show that M’ describes a stochastic process. Clearly, far > 0 and
fame(e) = owe = 1. To show property (ii), take any Z € ¥g and note that by linearity
Thwe = >k ATz, we for suitable A\, € R and sequences Zj, € ¥* (this is obtained by re-
placing all occurrences of 7 by p > .5, 7). Then D ceng IM(T2) = 0(3 exg T Thwe =
OTSThWe = Y ) ALOTSTa,We = O AgOTz, We = 0Tpwe = far(Z). Moreover, far(z$) =
aTéTg%wa = oprs(1 — p)'g_”‘Tgf(,ua =p(1 - p)'fl Yosen fm(Tz) = p(1 — p)“ﬂfM(i) for all
T € ¥*, and therefore fay(X*$) = > cox e (@8) = D012 p(1 —p)t Yozest fm(E) =
>Zep(l—p) =1. n

Proposition 29. Let M = (0,{7.},w:) be a d-dimensional terminating OOM over the
alphabet ¥ U {$}. Then A = (o1g,{7.},we) is a related d-dimensional SMA over the
alphabet 3.

Proof. Clearly, fa(Z) = fm(Z$) > 0 for all z € ¥* and fa(X*) = fq(Z*$)=1. N

4.2.3 Historical Remarks

Note that our definition of OOMs given in Definition [22] differs slightly from the defi-
nition typically found in the literature.

First of all, the property (ii) for a stochastic process means that an OOM must
satisfy omswz = owz for all Z € ¥*, which implies (ii)’ o7y, = o if the OOM is minimal,
but not in general. The property (ii)’ is, however, often stated as part of the definition
for OOMs. Our above Definition [22]is therefore slightly more relaxed than the standard
definition in the case of non-minimal models, but this has no practical consequences.

Furthermore, for purely historical reasons, OOMs are sometimes required to satisfy
o= ]lg. This is mainly an issue of normalization, and we have shown in Proposition
that any OOM can indeed be normalized such that ¢ = IL;. However, this in turn
has led to a more restrictive definition of interpretability for OOMs. The point is
that due to property (i) of stochastic processes, an OOM that satisfies o = ]l;lr can
only be interpretable with respect to sets Yi,...,Yy if it also satisfies 1 = ow., =
]l;—[fM (Yk)];—e{l,...,d} = Zizl Z??GYk fm(g). This is typically assured by requiring the
sets Y}, to partition X! for some . One can relax this restriction on the sets Y}, for the
definition of interpretability — as we have done in Definition [I6] — if one is willing to
drop the normalization requirement o = Il;lr as well.

Nevertheless, even though the normalization requirement o = IldT is superfluous,
several of the OOM learning algorithms have been designed to yield OOMs normalized
such that o = IldT — oftentimes unnecessarily complicating the algorithms — and some
proofs have made use of this normalization as well. Later in Sections [5.4.5] and [5.4.6]
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4. VERSIONS OF SEQUENTIAL SYSTEMS

we present simplified and generalized versions of the EC and ES learning algorithms

by removing this normalization restriction from the algorithms and proofs.

4.3 Predictive State Representations and Controlled Pro-

cesses

Following the development of OOMs for stochastic processes, extensions to the case of
controlled processes — stochastic processes that depend on an external input at each
time step — were proposed by |Jaeger| [1998] as input-output OOMs, by [Littman et al.
[2001] as predictive state representations (PSRs), and as a further variant as transformed
PSRs by Rosencrantz et al.| [2004]. All approaches are (in the linear case) equivalent

and can be easily understood in the framework of linear SSs.

Definition 30. A (discrete-valued) controlled (stochastic) process with input from
Y1 and output in Xo is a function f : ¥* — [0,1] that satisfies (i) f(¢) = 1 and
(i) V2 € E*,a € Bp ¢ f(Z) = XY pex, f(Zao), where & = 5 x Xo. We define
fwlz) = f(zy)/f(x) for f(Z) # 0 and zero otherwise. An input-output OOM (10-
OOM) is just a SS that models a controlled process.

Note that the values of f are not probabilities. One may interpret f(ajo;...anop)
as “P(o1...0n]a1...a,)", i.e., as the conditional probability of observing the outputs
01 ...0, given the inputs aj...a,. However, one must take care, as the sequence of

inputs may depend on the observed outputs as well. This is explained in more detail

in Section B.11

Definition 31. Let f be a controlled process with predictive states wy, defined as wj, =
[f(@|h),...,f(@|h)]" € RY for h € ¥* and some fived set of sequences §; € L*.
If doy, is a sufficient statistic for any history h € X*, i.e., for every T € ¥* there is a
function mz : R — [0, 1] such that f(Z | h) = mz(wy,) for all h € %%, then the sequences
{q1,...,qq} are called core tests, which together with the initial state w. and projection
functions mz form a d-dimensional predictive state representation (PSR) for f. If the
projection functions are linear functionals (i.e., just row vectors in R?), then the PSR

1s called linear.

Note that PSRs share the notion of “state” with OOMs in that the state consists
of the information required to predict the future, but PSRs additionally require the
entries of the state vectors wj, to be “predictions” f(g;|h) for the core tests ¢;. Such

states are therefore called predictive states.
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4.3 Predictive State Representations and Controlled Processes

We will only consider linear PSRs for controlled processes here, and show that
these are essentially SSs for controlled processes (i.e., I0O-OOMs) that are additionally
interpretable with respect to singleton sets (core tests). Note that there has been
some confusion about the precise relationship between PSRs and I0-OOMs, which we
address in Sections [£.3.2] and [4.3.3] below.

Proposition 32. Let a d-dimensional linear PSR consisting of core tests q;, projection
functions mz and an initial state w. for a controlled process f be given. Then an

equivalent SS M = (o, {7, },w;) is obtained by setting

T )] and o= Z Mao for any a € Xr.

0€X o

We =W, Tp= [(mqu)

Furthermore, M will be interpretable w.r.t. the sets {q;}.

Proof. First note that owz = ey
that f(Z) # 0 because f is a controlled process. Next, we prove that (*) wz = f(Z)wsz
and (**) fa(z) = f(Z) by induction on the length [ of z:

MaoWz = sy, flao|z) =1 for all € ¥* such

e For [ = 0 we have w. = f(e)w: and fym(e) = ow: = ow: = 1 = f(e).

e Assume (*) and (**) are true for all z € X!, Let 2z € ¥+, Then (¥) wz, =
ras = T f(B) = [£Ca | DL o @) = @3Ny, 0 f(32) = e f(32),
and (**) fu(Zz) = owz: = o, f(T2) = f(T2).

Note that property (*) says that wz = f(Z)wz = [f(Zq), ..., f(Zqy)]" for all Z, i.e.,
that M is interpretable w.r.t. the sets {g;}. |

Proposition 33. Conversely, let M = (0,{7.},w:) be a SS for a controlled process
f- Then an equivalent PSR is obtained by making the SS interpretable with respect to
singleton sets {y;} for appropriate sequences y; € ¥* (e.g., using Algorithm @) We can

then use these as core tests for the PSR and set mz = o715 for all x € ¥*.

Proof. We assume that the SS has been made interpretable w.r.t. the sequences
Y1y ---,Ya- This means that the normalized states w; = wy,/ow; have the form w; =
[f(1|h),...,f(Jalh)]". Furthermore, for all histories h € X* we have mgzw; =

oTiWy, = 0TeTWe [oThwe = f(Z | h), as desired. [

Corollary 34. A linear PSR is specified by the parameters ({mao}aoess { Mao }aoes s We)
for ¥ = % x Yo, where Mao = [(Mao@1) ", ..., (MaoGq) "], and defines a controlled
process via

T T
flaro1...an0n) =W, Moo, -+ Ma, 0, ,m

anon "
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4. VERSIONS OF SEQUENTIAL SYSTEMS

The representation from Corollary [34] is the usual way of specifying a PSR. Trans-
formed PSRs (TPSRs) are just PSRs that model controlled processes in the form of
Corollary without any further requirements (i.e., without the requirement that
the states need to be interpretable). These are readily converted to SSs by set-
and 0 = v
> oeSo Wl Mayo, -+ Ma,o,may = Y oes, f(Tao) = f(z) for all T = ajor...ano, € ¥

by the property (i) of controlled processes. Note that this conversion may therefore

ting we = Wey, Tgo = M(I,, Mo for any a € Xj, since oTzw. =

not give equivalent models if the (T)PSR does not model a controlled process.

4.3.1 Relation to Partially Observable Markov Decision Processes

Finally, we note how to convert POMDPs into SSs (which can then be further converted
to PSRs by making the SS interpretable, as described above). A POMDP with d states
Q = {1,...,d} for a controlled process with input alphabet ¥; and output alphabet
Yo consists of an initial belief state b € R? whose i-th element is the probability of
the model starting in state i, a state transition matrix T, € R?*? for each action
a € X5 such that the 7, j-th entry of T, is the probability of transitioning from state ¢
to state j if action a is taken, and a vector E,, € R? for each action-observation pair
ao € X5 X Yo whose i-th entry is the probability of observing o after arriving in state
i by taking action a [Kaelbling et al., 1998§].

We can summarize the belief-state update procedure for the POMDP concisely by
stating that a POMDP models a controlled stochastic process f via the equation

f(ajo1...an0n) = 1) -D(Eq,0, )T, -+ D(Eq,0,)T, - b.

an a1

Clearly, setting o = ]l;, Tao = D(E4)T, and w. = b yields an equivalent SS.

4.3.2 10-O0Ms, Interpretable I0-OOMs, PSRs, and TPSRs

We have shown above that IO-OOMs, PSRs, and TPSRs are equivalent models in the
sense that they model the same class of controlled processes and that they can be readily
converted into one another. Furthermore, TPSRs are essentially I0-OOMs (except
that the evaluation functional o is replaced by the set {mg,} of evaluation functionals),
while PSRs are TPSRs (and therefore essentially I0-OOMs) with predictive states,
which corresponds to I0-OOMs being interpretable w.r.t. singleton sets (core tests).
This is summarized in Table
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4.3 Predictive State Representations and Controlled Processes

SSs for controlled single evaluation set of evaluation
processes with. .. functional o functionals {mg,}
abstract,
uninterpretable I0-OOMs TPSRs
states

10-OOMs that are
predictive states interpretable w.r.t. PSRs

singleton sets

Table 1: The differences between I0-OOMSs, PSRs, and TPSRs

Note that we have written “IO-OOMs that are interpretable w.r.t. singleton sets”
instead of simply “interpretable IO-OOMs” for a reason. This is because interpretabil-
ity was originally defined for IO-OOMs in a more restrictive way (see Section
below). It has been shown that not every IO-OOM has an equivalent “interpretable
I0-OOM” (in the original sense) [Singh et al., 2004], i.e., that “interpretable IO-OOMs”
are less general than I0-OOMs and PSRs. At the same time, it was believed that some
notion of interpretability would be crucial for the learnability of such models, which is
however not the case, as we shall see in Chapter [} Together, this has led to the false
impression that PSRs are more general than I0-OOMs.

As the original notion of interpretability for IO-OOMs has turned out to be overly
restrictive, we propose to employ the notion of interpretability that we have introduced
here for SSs as the “correct” notion for I0O-OOMs and consider the original notion as

deprecated.

4.3.3 Historical Remarks

The same remarks that we have made above in Section for OOMs also apply
to I0-OOMs. Namely, IO-OOMs were originally required to satisfy (ii)’: Va € X :
UZero Tao = o instead of the the property (ii) for a controlled process. This is
equivalent for minimal models but slightly more restrictive in general. However, as
every SS can be minimized, this has no practical consequences.

Furthermore, IO-OOMs were originally typically required to satisfy o = ]11, which
is again merely a matter of normalization. However, it is only possible for an 10-
OOM that satisfies 0 = IldT to be interpretable with respect to the sets Yi,...,Yy, if
1 =ow. = ]lg[fM(Yk)];e{l,...,d} =9 >_gev, [(y). It turns out that this can be
assured by requiring the sets Yy to partition {aj...q;} X Elo for some [ and a fixed
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4. VERSIONS OF SEQUENTIAL SYSTEMS

sequence aj ...a; of inputs called a characterization frame. This restriction on the
choice of sets Y} therefore became part of the original definition of interpretability for
10-OOMs.

Unlike the case for OOMs, the resulting original notion of interpretability for 10-
OOMs has turned out to be a severe limitation [Singh et al., 2004]. However, one may
use the more general notion of interpretability given in Definition for I0-OOMs

instead, if one is willing to drop the (unnecessary) normalization requirement o = ]l:ir.

4.4 Extensions

In this section we have presented SMAs, OOMs, and PSRs as versions of linear sequen-
tial systems — or more generally weighted finite automata — that model probabilistic
languages, stochastic processes, and controlled processes, respectively, as is summarized
in Figure[l] For completeness, we wish to briefly mention some extensions of these basic
model types that have been studied but which are beyond the scope of this paper.
First of all, various non-linear SSs exists. For instance, several versions of quantum
finite automata have been studied [Kondacs and Watrous, 1997; Moore and Crutchfield}

2000]. One form are SSs (o, {7, },w. € CP?) where the operators 7, are unitary and

o(Tzwe) = ||7Tzwe||? for some projection 7 and the Fubini-Study metric || - || [Moore
and Crutchfield, 2000]. A similar type of OOMs exist which are called norm-OOMs.
These are SSs (0, {7, },w- € RY) such that > 7,/ 7 = I and o(mzw:) = [|Tawe|*.

Such norm-OOMs describe stochastic processes and can always be converted into an
equivalent OOM |Zhao and Jaeger}, 2010]. Recently, quadratic weighted automata have
been proposed by Bailly| [2011], where a SS M is learned for v/f and a product SS
M ® M is constructed that satisfies frgim = f%/t ~ f. All of these approaches avoid
the “negative probabilities problem”, where the estimated model fa; may violate the
requirement faq > 0. Non-linear versions of PSRs have also been investigated, which
have been shown in some cases to yield representations for deterministic dynamical
systems that are exponentially smaller than a minimal OOM representation |[Rudary
and Singh, |2003].

Furthermore, OOMs and PSRs are models for discrete-valued stochastic (controlled)
processes. Many real-world processes of interest are, however, continuous-valued. A
continuous version of OOMs exists that extends semi-continuous HMMs [Jaeger, [2000a],
and WEFST have been similarly extended to allow for continuous inputs |[Recasens and
Quattoni, 2013]. An alternative approach to dealing with continuous values is to use so-

called “binless” OOMs [Wu and Noé}, 2016]. Multivariate continuous inputs and outputs
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are handled using features of observations by reduced-rank HMMs [Siddiqi et al., [2010].
So called predictive linear Gaussian models (PLGs), which are based on PSRs, closely

resemble linear dynamical system models [Rudary et al., 2005; Wingate and Singh,
2006alb; [Rudary and Singhl, [2006, 2008] and are further generalized by exponential
family PSRs [Wingate and Singhl [2008blla]. A generalization of OOMs using Hilbert
space embeddings was introduced by [Song et al.|[2010]. This has been further refined

and extended to include features and can now be employed — among other things —
for controlled processes and for planning in reinforcement learning tasks |[Boots and!
\Gordon), 2010; Boots et al, 2010, 2013].
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Learning Sequential Systems

In this chapter we present a general approach to learning SSs from data. We show how
several of the learning algorithms that have been proposed for SMA, OOMs, and PSRs
can be understood in this framework, and that in fact many of the proposed learning
algorithms are closely related.

We begin by establishing a result that lies at the heart of the learning algorithms,
which was formulated by Kretzschmar| [2003] for the case of OOMs. Assuming a func-
tion faq can be described by some minimal SS M, it allows us to reconstruct an
equivalent SS M’ from data given in the form of finitely many function values of fiq —
as long as these are given exactly and we know the rank d of the underlying model M.

We will therefore refer to the Equations as the learning equations.

Proposition 35. For a minimal d-dimensional SS M = (0,{7:},w:), consider finite
sets of states {Tzwe | T € X} and co-states {(om;)" |§ € Y} that span the state space W
and the co-state space W, respectively. Define the matrices Fyx = [fm(ZY)]gevzex
and Foy x = [fm(Z29))gev.zex. Furthermore, define the vector Fy = [fM(g)];ey and
row vector Fy = [fm(Z)]zex. Let C € R and Q € RIXIX4 be rank-d matrices
such that CFy xQ s invertible, which exist, since Fy x has rank d. Then the SS
M = (0!, {7]},wl) defined as follows is equivalent to M.:

o' = FxQ(CFyxQ) ™',
! = CF.yxQ(CFyxQ) !, (2)
! =CFy.
Furthermore, we have CFy x = [w}|zex and CF.y x = [w},]
states of the SS M’.

zex, where wh = Tiwl are
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5. LEARNING SEQUENTIAL SYSTEMS

Proof. By Corollary we have rank(M) = d and W = W = R% hence II =
[(UTQ)T];EY and ® = [rzw:]zcx have full rank d. We have Fy x = II®, F.y x =
IIr,®, F; = Hw., and Fx = 0®, so indeed rank(Fy x) = d. We can then sim-
ply calculate 7. = Cl7,®Q(CTI®Q)~! = CIIr,(CI)~!, as well as w. = Clw,. and
o' = 0®Q(CTI®Q)~! = o(CI)~ !, showing that M’ = pMp~! for the non-singular
transformation p = CII. Furthermore, CFy x = CII® = p® = [przwe]zex = [Thwl]zex
and analogously for C'Fly x. |

The matrices C' and @ that appear in the learning Equations ([2)) are indeed arbitrary
(provided that C'Fy x(@ has the correct dimension d and full rank), as long as the
function values fa((Z) are given exactly. However, if one only has access to estimates
f (Z), then the selection of C' and @ plays a crucial role in obtaining good model
estimates, as will be further discussed in Section

Furthermore, note that we generally do not know a priori which sets X and Y of
words to consider such that {rzw. |z € X} and {(o75)" |y € Y} span the state and
co-state spaces W and W of M. Proposition guarantees that it suffices to consider
all words of length at most d, but the rank d of M is generally unknown as well.
Selecting appropriate sets X and Y of words and an appropriate model dimension d
are, therefore, crucial and non-trivial steps in learning models from data.

We can turn the above Proposition [35] into a generic learning procedure for SSs:

Algorithm 4: General procedure for learning a SS from data

1 Obtain estimates f(z) of the function values f(z) for words z € X*.

2 Choose finite sets X,Y C ¥*, which we call sets of indicative and characteristic

words, respectively. Then assemble the estimates f (Z) into estimates of the
matrices Fy x, FLy x, F; and Fx.

3 Find a reasonable target dimension d for the model to be learned.

4 Choose C € RVl and Q e RIXI%4 called the characterizer and indicator such
that C'Fy, x @ is invertible.

5 Apply the learning Equations to obtain a model estimate M.

At this point we should clarify what is meant here by learning a model from data.
For general MA the goal is often to reconstruct an automaton from as few membership
queries — obtaining the value f(z) for some z € ¥* — and equivalence queries — proposing
a function h and receiving a counterexample T such that h(z) # f(z) if h # f — as

possible. This is an extended version of the exact learning model of |Angluin [1987].
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However, in the case of SMA, OOMs and PSRs, the external function represents a
distribution. Therefore, in these cases it is usual to assume that we observe samples
from this distribution and wish to estimate model parameters from the given samples
such that the estimated model best describes the underlying distribution — “best” in
a sense that depends on the context and the approach taken by a specific learning
algorithm.

Note that learning algorithms based on the general learning procedure from Algo-
rithm {4] typically do not attempt to maximize the model likelihood for the available
training data. However, it is possible to use gradient descent on the SS model param-
eters to optimize this likelihood [Jiang et al. 2016]. While this is impractical as a SS
learning algorithm in its own right, it can be used to further optimize a SS that is
learned for instance using a procedure as in Algorithm

We should also mention a common problem when estimating SMAs, OOMs, and
PSRs from sample data. Namely, even if the function fuq in question can be described
by a SMA, OOM, or PSR model M, the learned model M will only be an approx-
imation to M and will describe a function f,, that may not satisfy the properties
of a probabilistic language, stochastic process, or controlled process, respectively, i.e.,
the learned model M may not be a SMA, OOM, or PSR. What typically happens is
that the learned model M will predict “negative probabilities” for certain sequences
Z. Moreover, it is an undecidable problem whether a given SS M satisfies f v = 0,
and therefore, whether it is a SMA — a result that carries over to OOMs and PSRs as
well [Wiewiora, 2008|. In practice, there are several ways to deal with this “negative
probabilities problem”:

First of all, one can resort to alternative models as described in Section that
preclude the problem by design. For the particular case of quadratic weighted automata
the learning procedure presented here still applies [Bailly, 2011], but in general one will
need alternative learning algorithms.

Secondly, one may attempt to learn a restricted class of SSs such as PFA, HMMs,
or POMDPs by enforcing additional constraints on the parameters of the SS. This can
be achieved by employing a non-negative version of the spectral learning method we
present in Section [Glaude et al., [2015]. Alternatively, one may learn a SS model
first and then apply an additional conversion step [Hsu et al.,|2009; |Anandkumar et al.,
2012], which, however, may fail. A variant of this last approach is to use a generalization
of the spectral learning method to learn the parameters of a latent-variables model
such as a HMM directly [Anandkumar et al., 2014], but this approach can still result

in invalid models. Nevertheless, it is possible to use such a learned SS model as an
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initialization to an iterative exterior point method for optimizing the desired latent-
variables model [Shaban et al., [2015].

Finally, one may work with such an “invalid” SS model by employing a simple
and effective heuristic as suggested by \Jaeger et al. [2006b] to normalize all model
predictions to fall into the desired range. We describe a slightly generalized version of
this heuristic in Section

In the following, we will discuss the steps of the learning procedure in more detail.

5.1 Obtaining Estimates f(z)

Here we explain how to obtain estimates f (z) for words T € ¥* from the available
training data, which depends on the type of data we are dealing with. Recall that in
the context of SMA, the functions we are considering are distributions on words, while
in the context of OOMs and PSRs they represent stochastic processes and controlled
processes, respectively. The following Remarks and summarize how to obtain
these estimates in the different scenarios of probabilistic languages, stochastic processes,

and controlled processes, respectively.

Remark 36. Let f : ¥* — [0, 1] be a distribution on ¥*, and let S = {81, 352,...,5n} be
a collection of N samples from f. Then f(i“) = #, where #(x) denotes the number

of occurrences of T in S, is an unbiased and consistent estimator for f(T).

In the case of stochastic processes, one typically observes a finite number of values
from one, or possibly several, samples of the stochastic process. Note that such a sample
5 is technically a word s;ss2 ... of infinite length. We will therefore use the terms initial
realization (of length n) to refer to the first n values s1s9 ... s, of a sample s, and partial
realization (of length n) to refer to n consecutive values $¢S¢+1 ... S¢4n—1 of a sample
§ starting from some unknown time ¢. It is possible to obtain consistent estimates
f (Z) even from a single initial realization if the stochastic process is stationary and
ergodicE| by using time-averages instead of space-averages as estimates. The same idea
is commonly used for the case of controlled processes as well and called the suffix-history
method in the PSR community. For simplicity, we will consider only data consisting
of a single initial realization, but note that it is straight forward to generalize this to

data consisting of several initial realizations. Recently, this has been generalized to

LA stationary ergodic process is a stochastic process where the statistical properties do not change
with time (stationarity) and where these can be consistently estimated as time-averages from a single
sample path (ergodicity). For details, see for example the textbook by (Gray| [1988].
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the practically very relevant case of data consisting of several partial realizations — so
called “non-equilibrium” data [Wu and Noé, [2016].

We will now turn immediately to the more general case of controlled processes,
since one may view any stochastic process as a special case of a controlled process with
an input alphabet X; of size one, and the estimators presented below in Remark
therefore apply to stochastic processes as well.

It is important to have a good understanding of the meaning of the value f(z) when
f is a controlled process and T = ajo01...a,0, € (X5 X Xo)" is some input-output
sequence. Intuitively, this is the probability of the system output o7 ... 0, conditioned
on the system input aj...a,. However, in general f(ajo;...an0,) is not equal to
W [Bowling et al., 2006]. To clarify this, consider

the stochastic process that is specified by the controlled process f together with some

P(oy...onlay...ay) =

system input specification. This stochastic process is governed by probabilities of the

form

n
P(ajo;...anop) = H P(og|aior ... ax) - H P(ag|ajor ... .ax_10k—1) - (3)
k=1 k=1

/

(@) (z)

n

The second factor in the equation models the system input and is sometimes called the
input policy w, while the first factor models the system output and is just the controlled

process f. Therefore, for & = aq01 ... anon,

ot m(Z) (4)

Note that for the special case of a blind input policy 7 that does not depend on the
observed output, i.e., that satisfies P(ay |a101 ...ax_105—1) = P(ax|a;i...ax_1) for all
Z, we do in fact have 7(Z) = P(a; ...ay) and hence f(Z) = P(o1...0,]a1...ay).

Equation motivates the following estimators.

Remark 37. Let f : ¥* — [0,1] be a controlled process and m > 0 be some input
policy, such that the resulting stochastic process is stationary and ergodic, and let § =

a101 ...anon be an initial realization of the resulting stochastic process. Then

i #(a101...ak0k) if #(a
(2 D (T ith (T a101...a 101 . ..ag) >0,
f(z) = Hpk(l‘) with pr(x) = #f( 101...ak) |

h=1 =ol otherwise
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is a consistent estimator for f(x). If the input policy 7 is known, then

2oy #(@) 1
@)= T E 1 @

is another consistent and unbiased estimator for f(z), where again #(Z) denotes the
number of occurrences of T in the sequence s.

These estimators also apply to stochastic processes, where ¥ = {1} x Xp and m = 1.

To understand the properties of the estimator f (z) from Remark we consider
instead a very similar estimator f’ (), which uses the correct but unknown value py(Z)

in case the word ajo0; ...a; does not occur.

2 o #(@101:0k0) i s (g10, .. ay) > 0
fl@ =] p(@ withp(z)={ #Flaor-o “ N e
k=1 pr(Z) otherwise.

The following Lemma [38]is due to Bowling et al. [2006], and we include their proof for
completenesd}

Lemma 38. The estimators p, () for pp(Z) defined above are unbiased and uncorre-
lated. The estimator f'(z) for f(Z) is therefore also unbiased.

Proof. (Bowling et al. [2006]) Let I, be any subset of {1,2,...,n} containing n.
Then

1) #(alol . an),
B H ﬁ;c(j) =L |E H ﬁ;g(j:) Vk? € In \ {TL} . #(a101 . .ak),
kel keln Vk € I, \ {n} : #(aj01 ... axoy)

—
N
~

=E|( JI #@ |E[p@ |#aor...a)]

kel \{n}
@E H ﬁ;g(j) P(0n|a101...an)
| \k€ln\{n}
@ H ]P(Ok ’a101 . ak),

kel,

where (1) used the law of total expectation, (2) pulled out from the inner expectation the

n fact, [Bowling et al|omitted the special treatment for #(a101 ...ar) = 0 altogether and ignored
the issue that the resulting estimator is then not always defined. Also, they do not explicitly state the
uncorrelatedness of the py,(Z).
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5.1 Obtaining Estimates f(z)

terms that depend only on the conditioning random variables, (3) uses the stationarity
of the underlying process, and (4) follows by induction on n starting from the trivial
statement that E[1] =1 for n = 0. |

In practice, we do not know P(og | ajo; ...ax), so we must resort to the estimator
f(z) instead. Furthermore, note that if 7(z) = 0 for some Z, then the input sequence
corresponding to  cannot occur under the policy 7, and therefore no information can
be gained about the system output f(z) for these cases, which means that the estimator
f (Z) may not be consistent. The common solution is to simply require 7 > 0.

None of the above estimates exploits the rich structure of the matrix F. If required,
some of the convex constraints that the matrix F' must satisfy can be ensured by apply-
ing an additional normalization step to the estimated matrix F , as done by McCracken!
and Bowling| [2006]. These convex constraints — including a convex relaxation of the
rank constraint — may also be used to infer missing values if some entries f (Z) cannot
be obtained directly, which becomes relevant in the context of learning more general
(e.g., non-stochastic) weighted automata [Balle and Mohri, |2012] or to infer sequence
alignment when learning WEFST from unaligned input-output sequences [Bailly et al.
2013].

5.1.1 Variance Estimates

In addition to the estimates f (z) themselves, we can also estimate their variance
\| f (z)]. Later, in Section we will make use of this additional information by
introducing weights into the learning algorithm that measure the precision of the esti-
mates f(Z) and are given by \7[ f (a‘c)]fl. For this, it will be crucial that the variance
estimates are never too close to zero. On the other hand, we will also use the variance
information to estimate a suitable model dimension in Section for which it turns
out that we require reasonably unbiased variance estimates that are zero if f (Z) is zero.

First, for a binomially distributed random variable X ~ Bin(n,p), we consider

T

the unbiased and consistent estimator p =  of the parameter p. The variance of p

. 1— : . . . . Srl oA

is 2 np ), and an unbiased estimator for the variance is the sample variance W[p] =
p(1—p . . .

%. However, this variance estimate may be zero or more generally may severely

underestimate the true variance, especially if n is small and/or p is either very small
or very large. It is also undefined for n < 2. We will address this by a combination of

the following approaches.

1. We may wish to enforce a lower bound for the estimated variance, or better, a

lower bound that depends on the sample size n, i.e., A\ [ﬁ] > % for some constant
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5. LEARNING SEQUENTIAL SYSTEMS

2/

M (e.g., M = 3). This can be motivated by requiring a minimum number M’ of
successes and failures of the underlying Bernoulli trial, hence M’ < X <n — M’
with M = M'(1— MT/), where M =~ M’ if M" < n. We then simply add the lower

bound % to the variance estimate.

. We can use Bayesian estimates with a suitably chosen prior distribution for the

unknown parameter p. We will use a Beta(K, K) conjugate prior and compute

p= Tfj_‘g{ as the posterior mean, which can be interpreted as adding 2K pseudo-

observations. We will generally use K = 1, which corresponds to the uniform
(Laplace) prior. We then plug this Bayesian estimate p into the formula for the
sample variance of p (taking into account the additional pseudo-observations) to

obtain V[p] = 2022

If we do not want to introduce a bias using a Bayesian prior (i.e., use K = 0), we

need to specify how to deal with the cases n =0 and n = 1. We then set

VH 0 ifn=1andp=0
p =
0.25 otherwise if n < 2.

This endows the variance estimates W[ f (:E)] obtained via Equation below
with the property that \A/[f(:i)] = 0 whenever f(a‘c) = 0 (cf. Section .

The above approaches can be combined and applied directly to obtain suitable

variance estimates for the estimator from Remark that covers the case of stochastic

languages, since in that case the counts #(Z) are clearly binomially distributed. This

is, however, not true for the occurrence counts #(z) gathered in the case of (controlled)

stochastic processes where we resort to time-averages instead of space-averages, which

will generally have a larger variance. We will simply ignore this issue and use the

same variance estimate for the estimator fr(z) for the case of (controlled) stochastic

processes with known policy, even though this may incur considerable error.

Remark 39. Let f(i‘) = @ for n = N > 0 be the estimator from Remark |36 for

the case of stochastic languages. Then, for a suitable choice of parameters K and M,

we may estimate the variance of f(i) by

) R . T p(1 —p M
Veu[f@] = Viwm [#7(1:3)] = 7121(21(])_)1 n?
where P m
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5.1 Obtaining Estimates f(z)

Let fﬂ(i) = i((?) — |Z| + 1 > 0 be the estimator from Remark |37 for the
case of (controlled) stochastic processes with known policy. Using the definition of p

above, we may estimate the variance of f,r( ) by

Veulhi@)] = Vo [HD] - s (200) + 2

where M, = min {max {M, 1 } ,n2M} .

Note that in the latter case we use a slightly modified lower bound Yz that is

essentially ——L . but additionally enforce M-« Me < pf , so that we recover the
n?n () n n

bound of n—J‘é’ for stochastic processes where m = 1 and also prevent extremely large

variance estimates.

We now turn to the estimator f(z) = py(z)- - “Plz| () from Remark [37| that can
be used in general for the case of stochastic processes and controlled processes. To
obtain a variance estimate, we need to compute the variance of the product of the
random variables pi(z), which we will evaluate only approximately. We will ignore
the subtle difference between the estimators py(z) and pj.(Z) and regard the former
as unbiased and uncorrelated as well. Moreover, we will assume independence, which
means we drop higher-order covariance terms in the computation of the variance of their
product. Using the notation fi(Z) = p1(Z)- - - pr(Z) and setting fo(z) = 1, V[1] = 0
and E[1] = 1, we use the following equation to compute the variance of the product

f@) =p1(2) - Pjz|(Z) recursively.

V(@) =V [f (f)ﬁ (z)]
=V [fi—1(2)] (B[pr(@)?] — V[pr(2)]) + E[fo1(2)?] V[pr(z)]

Substituting p(z)* for E[pr(z)?], fro_1(z)? for E[fk_l(a_c)2], and an unbiased es-
timate for V [py(Z)] would result in an unbiased variance estimate \7[ i (z)]. We will
estimate the variance of pi(Z) as if the counts #(aj01 ...axox) were binomially dis-
tributed as #(aj01...arok) ~ Bin(#(ai01...ax), pr(Z)), which would be correct if
we were using space-averages but is no longer true when using time-averages. Addi-
tionally, we will substitute Bayesian estimates using 2K pseudo-observations for px(Z)
throughout and also add a term to the final variance estimate to enforce a lower bound
controlled by M. This leads to the variance estimation procedure described in the
following Remark [40]
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5. LEARNING SEQUENTIAL SYSTEMS

Remark 40. Let f(z) = p1(z) - - - P|z|(T) be the estimator from Remark.for the case
of (controlled) stochastic processes. Then, for a suitable choice of parameters K and
M, we may compute an estimate \A/'KM [f(f)] of the variance of f(&) by the following
recursive procedure, where we use the notation fy = p1(z)-- - pr_1(Z) and set \7[1] =0.

All quantities depend on the (fized) word T, which we drop for clarity.

N2’

where V[fk:] = V[fk 1] (pk - V[ﬁ’“]) T (ﬁl o 'ﬁk_l)Q V[ﬁk]
me e+ 2K 22
for \N/[ﬁk]: 0 if i + 2K =1 and p, = 0
0.25 otherwise
#larorarop) HK e L oS )
where Dk = e F2K S
0.5 otherwise

n, = #(ar01 ... ag),

1
and Mﬁ:min{max{M,AQ},NgM},
7 (T)
|Z| #531) if k=1,
for #(z) = 11 SO if (a0 .. ap-10p-1) £ 0,
B ﬁ otherwise.

Note the we enforce essentially the same minimum for the variance estimate that we
have used above in the case of the estimator fﬁ(_) except that here we use an estimate
7(Z) in place of the actual but unknown value 7(z). This is motivated by the relation-
ship between the estimators f(z) and f(z), namely f(z) ~ f(z) WE g We can even say
a little more about their relationship. Under the assumption of unbiasedness of 7 (Z),
we obtain W[ﬁr(i‘)] (Dov[f( )2, ﬂEx; ] —i—W[f( )] (W[%] + 1) +E[f(;§)]2\/[%]
We cannot really control the covariance term, but we conjecture it to be small in re-
lation to the other terms and then get W[fw(:f)] > W[f(x)] We conclude that one

should generally use the estimator f(z) in favor of the estimator fr(Z), even when the

input policy is known.
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5.2 Choosing Indicative and Characteristic Words

5.2 Choosing Indicative and Characteristic Words

Choosing indicative and characteristic words X,Y C ¥* is equivalent to selecting which
columns indexed by X and rows indexed by Y of the system matrix F' to estimate.
Clearly, it is only possible to obtain a correct model for f if X and Y are selected such
that rank(F') = d = rank(Fy, x). We will call such sets of indicative and characteristic
words sufficient. However, it is unclear how to satisfy this if the true rank is unknown,
and this may even be impossible if rank(F') = oo — as may often be the case for real-
world examples. Estimating the rank and an appropriate dimension for the model will

be discussed in the following section.

One approach is to attempt to select minimal sets of indicative and characteristic
words such that rank(F) = rank(Fy x). Such minimal sufficient sets are called sets of
core histories and core tests in the context of PSRs, and their selection is called the
discovery problem. This problem is easily solved by Algorithm[IJonce a SS model for f is
known. For the case where only function values of f are available, an iterative procedure
has been proposed |[James and Singh| [2004] that, starting with the empty word, adds
in each iteration all length-one extensions of previously found core histories and tests
but retains only a minimal set needed to span Fy7 x. Since any noisy matrix is typically
non-singular, some notion of numerical linear independence is used to decide which
words to retain in each step. Unfortunately, there are simple examples of finite rank
where this iterative procedure fails to deliver sets of core histories and tests |James and
Singhl |2004], i.e., it does not in general solve the discovery problem. A similar algorithm
called DEES has been proposed in the context of learning SMA [Denis et al., |2006].
The algorithms for learning MA in the exact learning framework also work by finding
minimal sufficient sets of indicative and characteristic words, but there it is assumed
that the function f may be queried exactly, and furthermore equivalence queries are
employed to find additional core tests and histories [Ohnishi et al. |1994; Bergadano
and Varricchio| 1994; |Beimel et al., 2000].

For the case where the model dimension d is less than rank(F'), an approach to
optimally selecting “minimal” sets X and Y of size d such that rank(Fy x) = d was
recently proposed [Kulesza et al., [2015b].

It is important to note that there is no requirement to find minimal or even small
sets of indicative and characteristic words, i.e., one does not need to solve the discovery
problem when learning SS models from data (and once a SS model has been learned,
the problem is easily solved by Algorithm . In fact, using small such sets means that

less of the available training data will enter the model estimation, i.e., the available data
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will be under-exploited. It is therefore desirable to use (much) larger sets of indicative
and characteristic words than strictly needed.

An approach that is in some sense complementary is to use all words of a given length
L. By Proposition |8 one can ensure rank(Fy x) = d by choosing L > d. However, this
is highly impractical, since the size of Fy, x grows exponentially with L. Also, many of
the estimates in Fy’ x will be based on very few — if any — occurrences in the available
training data. Nevertheless, choosing a length L < d, for instance L = 1 or L = 2,
and utilizing as indicative as well as characteristic words all words of length L or
alternatively of length < L can give satisfactory results [Zhao et al., [2009a; Hsu et al.,
2009; Siddiqi et al., 2010].

It is possible to restrict this selection to words that occur at least with a certain
minimum frequency in the available training data |Jaeger et al., 2006b; Thon) [2008| or
even just use as indicative and characteristic words all words that occur in the training
data, irrespective of the word length [Bailly et al.l |2009], although this leads to a very
large and sparse matrix Fy7 x. Alternatively, one can select only the words that occur
most frequently [Balle et al., |2014]. We should be precise about what we mean by
the occurrence frequency of a word in the training data. In the case of (controlled)
processes, where the training data consists of one or possibly several long sequences,
we count how often a given word occurs as a subsequence in the data. In the case of
stochastic languages, however, where the training data consists of a set of words, we
count how often a word occurs as a prefix in the training data when considering the
word as an indicative word and count how often it occurs as a suffix in the training
data when considering the word as a characteristic word. In the case of (controlled)
stochastic processes only, a possible refinement employed by |Jaeger et al.|[2006b] is to
disallow indicative words that are suffixes of some other indicative word if they always
occur at the same positions in the training data. The reasoning is that such words
would just lead to identical columns in the estimated matrices Fy, x and Fzy, x that are
based on exactly the same occurrences in the training data. This refinement can be
applied to characteristic words analogously.

Finally, it is also possible to group words into sets of words (as is also done in
Definition that we call events and to use indicative and characteristic events in
place of words. This corresponds to adding the respective columns and rows in the
matrices Fy, X, Fzy, x, etc. and can be formally accomplished by a special selection of
the indicator and characterizer matrices Q and C. Finding good indicative and char-
acteristic events was the strategy adopted by early OOM learning algorithms |Jaeger],

2000b]. A further generalization of this idea of considering events in place of words is
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5.2 Choosing Indicative and Characteristic Words

proposed by [Wingate et al. [2007]. Using such events may carry an additional advan-
tage if the estimation of f (Z) from the available data can be performed more efficiently

or accurately than computing f(Z) = ez f(Z)

5.2.1 A General Selection Method

We will consider only the approaches above aimed at selecting non-minimal sets of
indicative and characteristic words, as these will lead to matrices Fy7 x and FZy, x that
retain more of the information contained in the training data. In Section [5.4.1| we will
give some further motivation for this. These approaches can be combined into the

following general selection method:

Remark 41. To select indicative and characteristic words for given training data,
choose the at most Zy,. admissible words occurring most often in the training data,
where a word is admissible if it has a length of at least Ly but not longer than Lyax
and occurs at least Oy, times in the training data.

In the case of (controlled) processes admissibility may be further restricted — in-
dicated by setting Unique — when selecting characteristic words to words that have no
prefix of length at least Ly occurring at the exact same positions in the training data,
or when selecting indicative words to words that have no suffiz of length at least Ly
occurring at the exact same positions in the training data.

We count the occurrences of a word in the training data as the number of occur-
rences as a substring in the case of (controlled) stochastic processes, while in the case
of stochastic languages we count the number of occurrences as a prefix when selecting

indicative words and as a suffiz when selecting characteristic words.

The parameters Opin and Zpax are appealing, since they yield a choice of indica-
tive and characteristic words that is matched to the available training data and since
they allow good control over the size of the resulting matrix Fy, x. In the following,
we explain how to compute this selection efficiently and specify this in Algorithm
Furthermore, we present a new proposal for setting the parameters O, and Zp a5 in
the case of (controlled) stochastic processes.

The key trick is to represent the training data by a radiz tree, either for the sample
words themselves in the case of stochastic languages or for the suffixes of the sample se-
quences in the case of (controlled) stochastic processes. In the latter case the radix tree
of suffixes is called a generalized suffiz tree. Each position in the radix tree represents
a word occurring as a prefix in the represented words, i.e., as a prefix of some sample

word in the case of stochastic languages or as a prefix of a suffix of a training sequence,
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Algorithm 5: Selection of indicative and characteristic words

In : Training data consisting of a set S = {5} of words/sequences
Parameters Luin, Lmax, Omin, Zmax, [Unique)*

Out: Sets X, Y of indicative and characteristic words consisting of the at most
Zmax admissible words occurring most often in the training data®, where a
word is admissible if it has a length between L, and L.y, occurs at
least Opin times [and, if requested by Unique, has no prefix (suffix) of
admissible length that occurs at exactly the same positions in the training
data when selecting characteristic (indicative) words]*.

case stochastic language do

T < radix tree for S

X <+ select_words_from_tree(7T)

T <+ radix tree for reversed(S)

Y < reversed(select_words_from_tree(7))

o

ase (controlled) stochastic process do
T < generalized suffix tree for S
Y « select_words_from_tree(7)
if Unique then
T + generalized suffix tree for reversed(\S)
L X + reversed(select_words_from tree(7))

else X «+Y

Procedure reversed(2)
t return Z" = {reversed word/sequence z" |z € Z}

Procedure select words from tree(7)

Annotate all nodes of T by their leaf counts in one depth-first pass

N « {root of T} // priority queue of candidate nodes
7 {}

while N # () do

n < node in N with largest leaf count; N < N\ {n} // n + pop(N)
if leaf count(n) < Opin then return Z

E + {z represented by a position on Edge(n) | Lyin < |Z| < Lmax}

[if Unique then E « {shortest word from E}]!

foreach z € E do // E may be empty
L Z «— ZU{z}

if |Z| = Zax then return 7

| if |word represented by n| < Lmax then N <= N U {children of n}

return 7

l[. ..] is only applicable in the case of (controlled) stochastic processes.

2In the case of (controlled) processes, we count the number of occurrences as a substring in the
training sequences, while in the case of stochastic languages, we count the number of occurrences as a
prefix (suffix) of a word in the training set when considering indicative (characteristic) words.
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also known as a substring, in the case of (controlled) processes. The occurrence counts
are given by the number of leaves below the position in the radix tree, and all positions
on an edge of the radix tree correspond to words occurring at the same positions in
the training data. If we instead need to represent the suffixes (of training words or of
prefixes of the training sequences) we can simply use a radix tree / generalized suffix
tree for the reversed training data. Extracting the desired word selection from the radix
tree representation of the training data via the procedure select_words_from_ tree is
straight forward. To see this, note that all descendants of a node in the radix tree
represent longer words with lower leaf counts, and that the procedure therefore con-
siders the relevant nodes in the tree 7 in decreasing order of their leaf counts, where
we call a node relevant if any position on its edge represents a word of length less than
or equal to Liax. We should note that satisfying the Uyique requirement for indicative
sequences does not really require a suffix tree of the reversed training data (as used
in Algorithm [5| for simplicity) but can also be computed from the suffix tree for the

training data by making use of suffix links.

If the training data consists of a total of N symbols, the radix tree / general-
ized suffix tree consists of at most 2/N nodes and can be computed and annotated in
O(N) time. The priority queue N can be implemented such that retrieving and re-
moving the largest node as well as inserting a new node each take at most O(log |N])
time. Furthermore, the selection of words from the Edge(n) takes constant time for
every word selected, or constant time if no word is selected. Since the procedure
select_words_from_tree considers every node in A/ at most once, and the size of N is
bounded by the number of nodes in the radix tree, this gives a runtime complexity for
the procedure select_words_from_tree of O(N log N+|Z|), where Z is the returned set
of words. The complexity of Algorithm [5|is therefore in O(N log N + | X |+ |Y'|), where
X and Y are the returned sets of indicative and characteristic words. If L,;n = 0 we can
give a different bound, since in this case nodes (at most || at once) can only be added
to NV if at least one word is added to Z. Therefore, at most |X||Z| nodes are ever added
to N during the run of the procedure select_words_from_tree, where Z is the returned
set of words, giving a different runtime complexity bound of O(|X||Z]log|X||Z|) for the

procedure select_words from tree.

Next, we propose a new approach to selecting indicative and characteristic words in
the case of (controlled) stochastic processes. We will allow words of arbitrary length,
i.e., we set Lyin = 0 and Ly.x = 00, and use the parameter Z,x only to bound
the size of the resulting matrix Fy, x such that it remains numerically tractable. For

instance, for the empirical investigations in Chapter [6 we will generally use a setting
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of Zmax = 1024. The parameter that we rely on to obtain words that represent the
available training data well is the parameter Oy, for which we must find a suitable
setting that takes the size IV of the available training data as well as the alphabet sizes

Yo and ¥j into account. We propose the following heuristic for setting the parameter
Omin-

The basic idea is to require that each entry in the matrix FY, x should be based
on a certain number of unique occurrences in the training data. Since words Zy corre-
sponding to entries f (zy) have different occurrence probabilities, we require that such
a word Zg should occur approximately f(7|Z) times in the training data. As we do not
know anything about the process, we simply assume a uniformly random process, i.e.,
that f(7|Z) = |Yo|~ for all 7 € X*. If we now assume that X and Y consist of all
words of a fixed length [, i.e., that Fy y is of size |S|' x |2|!, then these assumptions let
us compute the length I, which we will call the effective word length, by summing the
occurrence counts for all entries, which gives |2|%|Zo| ™!, and equating this with the
number N of unique positions in the training data, since different words of the same

fixed length must occur at different positions. This gives

B log N
- log 3] +log[%]°

N =Pl =215 = I

Next, to obtain the required occurrence counts Oy, for an indicative (or charac-
teristic) word z, we would like to just sum the occurrence counts for the entries in the
column [Fy, x|z indexed by z. However, we note that the selection of indicative and
characteristic words based on the minimum occurrence count O, has the property
that if a word Z is selected, i.e., #(Z) > Omin, then all of its subsequences will also
be selected, as these have the same or a higher occurrence count. In fact, if we stick
to the assumption that any word Z7 with |j| = [ occurs |Zo| ™! times, then a word ZZz
with |2| = k < I will occur |2|'=% - |Xo|~ times, since it will occur as a prefix of |L[\=F

words of length |Z| + I, each of which occurs at |Xo| ™ distinct positions.

We will therefore consider the matrix Fy7 X = FzglEgL for sets X and Y consisting
of all words of length equal to or less than the effective word length [ instead. We wish
to uphold the basic requirement that every entry in the matrix FY, x should be based
on its own share of unique occurrences in the training data, and therefore obtain O,
by summing the assumed occurrence counts for the entries in any column of the matrix

FEnggz s which gives
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!
Omin = Y [Z[7HS0|™ =Y [ZFSf* S0 ™ = (1 + 1)[Z4]',
genst k=0
Clearly, some of these assumptions are rather ad hoc, especially requiring that a
word zy of length 2] should occur approximately f(y|Z) times in the training data.
However, this does lead to a formula for Opi, that seems to work well for all the

benchmark examples we consider in Chapter [6]

5.3 Determining the Model Dimension

The model dimension determines the number of parameters of the model and thereby
the model complexity. We can approach the task of selecting a suitable model dimension
in two different ways. First of all, we may be interested in estimating the rank of the
external function f and use this as the model dimension. This may be the case if it is
known that the external function f has a small rank that carries some meaning. On the
other hand, we may rather be interested in choosing a model dimension that allows for
a good approximation of the external function f from the available data, for instance
when faced with real-world systems of large or possibly infinite rank. These goals are
related, as one can only hope to estimate an exact model if the model dimension is at
least rank(f). However, with only limited training data, it may be advisable to use a
lower model dimension of at most rank(f) to avoid overfitting.

The default approach to selecting a suitable model dimension is to use cross-
validation, but this is computationally intensive. Here, it is actually possible to es-
timate the rank of the external function f, which is rank(F’), from the estimate Fy, X-
Since Fy’ x will typically have full rank due to estimation errors, we must resort to
computing the numerical rank of Fy7 x instead, which measures the number of dimen-
sions that can be distinguished from noise, as we explain in the following Section [5.3.1
The numerical rank of FY, x should give a lower bound for the rank of F' that tends
to rank(F') as the amount of training data increases and the variance decreases. It
is therefore reasonable to postulate that the numerical rank of FY7 x might also be a
well-suited choice for the model dimension |Jaeger, 1998].

Finally, instead of selecting a model dimension that gives the best possible model es-
timate for the available training data, one may instead consider a fixed model dimension
d lower than rank(Fy, x ), and then strive to find a d-dimensional model approximation
from the available training data. This approach may be desirable if it is important to

learn small models. In this case, however, it is not at all clear if the learning procedure
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from Algorithm [4] will converge to a “best” d-dimensional approximation in the limit
of infinite training data. In fact, our results in Section [6.3 when estimating stochastic
processes suggest that such an approach will not give a best approximation in terms
of the metric we use to evaluate the learned model (cross-entropy rate). We will not
deal with this separate task of “low-rank approximation”, but point out that this has

recently been investigated [Kulesza et al., 2014} 2015a].

5.3.1 Numerical Rank

For suitably chosen indicative and characteristic words, one can expect to have rank(f) =
rank(Fy, x). However, since one only has access to an estimate Fy7 x of this matrix,
a typical approach is to determine what is known as the numerical rank (or effective
rank or pseudorank). We give a brief description following Hansen [1998§].

The numerical e-rank r: of a matrix A may be defined as the smallest rank of any

matrix that can be obtained from A by a small perturbation F of size at most e:

re(A) = ”%1“128 rank(A + E).

In terms of the singular values oy > --- > ox of A this means that r. satisfies
oy, > € > oy 41 if the size of the perturbation E is measured by the spectral norm
|| - ||2 or, alternatively, that 7. is the smallest k such that Zfik 41 o? < ¢ if the squared
Frobenius norm || - || is used instead. Both criteria can be used to determine 7.

The numerical rank of A is then r.(A) for some reasonable choice of . In the case
that A is a noisy estimate of an underlying matrix A, one should choose £ to be of the
same size as the expected error, i.e., e ~ E[||A — Al|].

Note that this notion of numerical rank assumes that the errors on matrix entries
of A are of comparable magnitudes and can be reasonably quantified, and that there
is a significant gap between o,, and o,_11. Otherwise, the numerical rank is somewhat
arbitrary. It is furthermore important to note that the numerical rank essentially
measures how many dimensions can be distinguished from noise and therefore may
underestimate the true rank of the underlying matrix.

The main difficulty in determining the numerical rank of the matrix FY, x lies in
finding a suitable . This may be approached by obtaining estimates for, or bounds on,
the variances of the individual matrix entries [Jaeger, 1998; James and Singh, 2004],
which may, however, differ widely across Fy} X-

Here, we will use the variance estimates Wop [ f (f)] that we have established in

Section [5.1.1l Using parameters K = 0 and M = 0 means that we do not introduce
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5.3 Determining the Model Dimension

any bias towards overestimating the variances. Also, these estimates have the property

that ng [ f (:E)] = 0 whenever f () = 0, which is typically the case for many of the

entries in Fy7 x, and we have found this to be crucial to avoid overly conservative, i.e.,

too low, rank estimates. The matrix ‘A/y7 x of element-wise variance estimates for the
entries in Fy7 x that we use is therefore

Viox = [VoaliGn]]

Y, X 00 f(zY)] evaex

Furthermore, we will apply a scaling to the rows and columns of Fy7 x (and scale the

corresponding variance estimates accordingly) in an attempt to normalize the variances

to be of similar magnitude. For this, define

T
1 . . 1 . .
T _ _
= | S Slien| o | S alien]|
zeX gey yey zEX
which are just the row and column averages of the element-wise variances, with the
exception that here we employ a slight bias to avoid zero variance estimates, since we

will use the element-wise inverse square root of these vectors to scale FY, x. Let
A _ Ty\—1 £ -1 ¥ _ Ty\—17) -1
FY,X —D(’Uy) 2FY,X D(Ux) 2, and Vy7X —D(Uy) VY,X D(Ux) .

Now Fy, x 1s a row and column scaled version of Fy7 x with corresponding variance
estimates given by ‘N/y, x, where we have essentially divided each row and column of
TA/'y7 x by its average. We will compute the spectrum o7 > -+ > ox and numerical rank
of Fy} x instead of Fy, x. The justification is that the underlying rank of the error-free
matrix Fy,x will not change under this row and column scaling. To skip this novel
normalization step, we can simply set v; =vx = 1.

Next, based on a recipe by |Golub and Van Loan|[1996, Section 5.5.8], | Jaeger| [1998]
suggests to use the average relative error of the matrix entries multiplied by the largest

matrix entry as cutoff €7, which is therefore computed as
7[VY’X}E’E for [FY,X]Q,E > 0,

- oGz -
Lpevaex i oo~ ] s

0

otherwise,

and to compute the numerical rank r., as the largest £ such that o, > €.
Instead, we propose several alternative cutoffs based on the above derivation of the

numerical rank that suggests using ¢ ~ IE[HEY X||], where we assume the errors Ey’ X
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to have zero mean and element-wise variance given by f/y7 X

In the case that we use the squared Frobenius norm to measure the error, we may
simply use ep = E[HEYXH%] = ||[Vy.x||% due to the linearity of the expectation and
then compute the numerical rank r., as the smallest k& such that Zfik 11 0? < €f.

However, if we use the spectral norm, it is not clear how we should compute
E[||Ey,x/|2], because this depends on the actual distribution of the errors and their
correlations. One approach is to assume the errors to be normally distributed and un-
correlated. We can then approximate the expectation by sampling, where few samples,
for instance five, seem to suffice. This yields a cutoff eg from which we compute the
numerical rank r., as the largest k such that o, > es.

Alternatively, we can make the crude assumption that the errors in Ey’ x all have
the same sign and size that is given by their average standard deviation. Using the

spectral norm to measure the error, this yields as cutoff

1 -
€p = W Z \/ Vv.xlg,z

yeyY,zeX

and as numerical rank 7., the largest £ such that o > €.
We have observed that in many cases the cutoft ¢j is too small, while the cutoff eg

is slightly too large, and therefore propose to use the geometric mean

€9 = 1/€5€p

as cutoff when measuring the error by the spectral norm and to compute the numerical
rank r., as the largest k such that o > e2. This appears to be a good compromise
that gives excellent results on the benchmark datasets we consider later in Section [6.3

Independent of such error estimates, it may be reasonable to assume that there will
be a relative “gap” between 0,41 and o, in the singular value spectrum of FY, x around
the true rank r = rank(Fy, x). [Bailly et al|[2009] propose to search for such a gap by
maximizing the second order slope of the singular values logarithm curve starting from

or., where 7. is a numerical rank similar to r., i.e., they estimate the rank rg,, as

- OrOr+2
Tgap = Argmax 5 .

r>reg Oyt

See Section for an empirical investigation of these approaches to estimating a
suitable model dimension based on the numerical rank of FY, X.

Finally, let us examine the computational complexity of finding the numerical rank
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5.4 Selecting the Characterizer and Indicator

of the matrix Fy7 x or, alternatively, its scaled version Fy, x. Naively, we could obtain
its full spectrum o1 > 09 > -+ > o from its singular value decomposition (SVD)
USV'T, which requires time in O(|X||Y|min{|X|,|Y]|}) to compute. However, for all
numerical ranks r. other than rg,p, it suffices to compute the d-truncated SVD UdeVdT
for some d > r., since ZszdH 02 = || USV —UygS4V,' |3, which can be computed from
the d-truncated SVD in time O(d|X||Y|). As we do not know r. and therefore the
required d, we may compute d-truncated SVDs for increasing d € {2* |k € N}, until
the cutoff criterium for the given ¢ is satisfied. As the runtime cost of computing
the d-truncated SVD is only O(d|X||Y]), this approach has a runtime complexity of
only O(|X||Y] Z,Eli“? rel 2F) = O(| X||Y|re), where 7 is the computed numerical rank.
In fact, there are specialized and efficient algorithms for the basic task of finding a

low-rank approximation to a matrix for a given error tolerance ¢ [Halko et al., [2011].

5.4 Selecting the Characterizer and Indicator

The effect of the characterizer C and indicator @ is to reduce the available data in Fy7 X
F LY, X s FJ , and Fx to a d-dimensional representation, where d is the chosen target di-
mension for the model to be learned. Assuming that d = rank(F') = rank(CFy x@),
then the matrices CFy x@Q, CF,y x @, C’F}T, and F'x( together contain the same in-
formation as F' and are sufficient to reconstruct a SS model for f via the learning
Equations . The requirement that C'Fy, x @) must have full rank d, therefore, ensures
that no information is lost.

In fact — provided that CFy x(@ has full rank d — really any choice of characterizer
and indicator may be used and will lead to a consistent model estimation, i.e., a correct
model will be obtained in the limit of infinite training data. Hamilton et al.|[2013] show
that for certain dynamical systems a random choice of characterizer C' does indeed work
well. However, in general the choice of characterizer C' and indicator @ is central to
achieving statistical efficiency, i.e., making efficient use of the available training data.
This step lies at the heart of the learning procedure, and in fact much research — even
if not explicitly stated — can be seen as optimizing this step of the learning algorithm.

Before we explore various methods for selecting the characterizer and indicator
matrices C' and (), we will briefly note some properties of the selection of C' and @
in the following Lemma which follows trivially from the learning Equations .
Lemma [42] also highlights that the roles of C' and @ are not fully symmetrical.

Lemma 42. Let C € R gnd Q € RIXI¥4 pe characterizer and indicator matrices

with training data represented in FY,X, Fzy’X, F;, and FX, and let p € R be a non-
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singular matriz. Applying the learning Equations for (C,Q) and (C',Q), where
C' = pC, will lead to equivalent models M and M, respectively, that are related by
M = pMp~L, while applying the learning Equations for (C,Q) and (C,Q'"), where
Q' = Qp, will lead to identical models M = M'.

5.4.1 Selection or Grouping of Rows and Columns of F

It is important to note that the choice of indicative and characteristic words discussed in
Section [5.2| can be viewed equivalently as a special choice of characterizer and indicator.
To see this, assume one could estimate the entire matrix F from data. Then any
selection of rows indexed by Y and columns indexed by X from F' can be achieved
by characterizer and indicator matrices C,Q of the form C' = C’'CY and Q = Q¥XQ’,
where CY and QX are appropriate binary matrices with a single one entry per row and
column, and zeros otherwise, such that CY F QX = Fy’ x. This can easily be extended
to account for groupings of words into events by allowing several one entries per row
for C¥ or per column for Q¥.

One advantage of this point of view is that this immediately justifies the optional
grouping of words into events mentioned in Section [5.2] But more importantly, this
highlights that choosing indicative and characteristic words as described in Section [5.2
is, in fact, a restricted approach to the more general problem of finding appropriate
characterizer and indicator matrices. We argue that a good choice of characterizer and
indicator is the key to achieving high statistical efficiency of the learning procedure
and that therefore the (pre-)selection of indicative and characteristic words should be
guided by trying to retain as much information from the available training data as
possible. In other words, the (pre-)selection of indicative and characteristic words in
Section [5.2] is primarily a practical necessity that should rather be seen as discarding

rows and columns from F that carry only little or no information.

5.4.2 Spectral Methods

Spectral learning algorithms for SSs can often be seen as a specific approach to selecting
the characterizer and indicator matrices C' and @) and therefore perfectly fit the learning
framework presented here. Nevertheless, to understand the motivation for spectral
methods, we will first consider them as a learning method for SSs in their own right
and therefore briefly return to first principles from Chapter

Let us assume we want to construct a SS model for a given function f : ¥* — R.

Recall that the columns indexed by the word Z of the matrices F' and F, correspond
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5.4 Selecting the Characterizer and Indicator

to the functions fz and fz,, and that the operator 7, of any minimal model M for f
— regarded as a linear operator 7, on the space F — satisfies 7,(fz) = fz. (cf. Propo-
sition . The matrix 7, is just a representation of this operator with respect to some
basis of F. We can therefore regard the columns of F' = [fz]zex+ and F, = [fz:]zen+
as argument-value pairs for the operator 7., from which we can recover 7,. To obtain
a matrix representation 7,, we first need to fix some basis for the column space F and
map the columns of F and F, to their coordinate representation in R% with respect
to this basis. We can then use these coordinate representations as argument-value
pairs for the matrix representation 7,. The remaining model parameters o and w. are

obtained similarly. This approach means we must perform the following steps:

(1) Find a basis B for the column space of F, i.e., identify the space F.

(i) Map the columns f; and fz, of F' and F, to coordinate vectors az and az, in R?
with respect to this basis B. Collect these into the matrices A = [az]zex+ and
A, = [azz|zex+, respectively. Also, compute w, as the coordinate representation

of the column vector f. of F' with respect to the basis B.

(7it) Compute 7, from the argument and value matrices A and 4., i.e., solve T,A = A,

and compute o by solving the equation 0 A = f; .

In practice, however, we face two problems. First of all, we can only deal with
the finite matrices Fy x, Fy, X,FQ , and F'x. However, provided that rank(Fy x) =
rank(F') = d, the column spaces are isomorphic, which means that this is not an issue.
Secondly, we can only obtain estimates FY, X, F LY, X s 13'; , and Fx. The spectral methods
therefore take the following approach:

(i) Estimate the column space of Fy x by the column space of the best (rank-d)
approximation Fy’ x to the matrix FY, x in the Frobenius norm and fix a basis B

for the column space of Fy7 X-

(73) Project the columns of Fy7 x and sz x orthogonally onto the estimated column
space and find their coordinate representations A and A, w.r.t. the basis B. Set
we to the coordinate representation w.r.t. B of the orthogonal projection of F;

onto the estimated column space.

(7i) Compute the matrices 7, by solving # A~ A, using ordinary least squares, and

compute ¢ by solving 6A~ Fy using ordinary least squares.
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Step (i) is accomplished by computing the SVD of Fy7 x = USVT and considering
U, that is formed by the first d columns of U, S; that consists of only the first d rows
and columns of S, and V; that consists of the first d columns of V. The d-truncated
SVD UdeVdT is then the best rank-d approximation to FK x by the the Eckart-Young
theorem [Eckart and Young, 1936]. The columns of U, form an orthonormal basis of
the d-dimensional column space of UdeVdT called the principal subspace of FY, x, which
is used as an estimate of the column space of Fy x.

For Step (i) we first note that the orthogonal projection onto the principal subspace
spanned by Uy is given by Uy(U, dT Ug)~tU C—lr = UdU;— . The coordinate representation
(in terms of the basis Uy) of the projected columns of Fy, x and F 2y, x as well as F{/r is
therefore given by A= UdTFy,X, AZ = UJFzyyx, and W, = UdTF;, respectively. Note
that UJFY,X = UJUSVT = SdVdT, as UJU = [I4, 0] due to the orthonormality of U.

For Step (éii) the matrices 7, are computed by solving %ZUJFK x ~ Uc—lrﬁzy, x 1in
the least squares sense, i.e., by computing 7, = UJFZy7X(UdTFy7X)T = UJFzY,XVdSIl.
Similarly, ¢ is computed by solving 5‘Uc—lr FY, x ~ Fy in the least squares sense, i.e., by
computing & = }*A}((UdT}AR/,_><)T = FXVdSJ;.

The spectral learning approach is equivalent to a certain selection of the charac-
terizer C' and indicator @), namely C = Uc—lr and QQ = (C’PA’Y,X)]L = VdST, which can
be seen by substituting these into the learning Equations and noting CF’K xQ =
U ;lr Us VTVdSZl = I;. In summary, we therefore obtain the following spectral learning
Algorithm [6] for computing an appropriate characterizer C' and indicator @ for use in
the learning Equations (2), which has a computational complexity of O(d|X||Y|) that

arises from the computation of the d-truncated SVD.

Algorithm 6: Spectral learning algorithm

In : Estimates Fy7 x; the model dimension d
Out: C, @ for use in the learning Equations

Ug, Sy, Vd—r < d-truncated SVD of FY,X
C« U], Q+« (Chyx)t=V8]

We conclude with some remarks. First of all, this spectral algorithm is motivated
by computing the best rank-d approximation to the matrix Fy’ x. However, the matrix
F{/\,;lx reconstructed via the so learned model M — which will clearly have rank at most
d — will in general not be a best rank-d approximation to FY, x. This is due to the fact
that constructing FQ;‘X from the model M enforces additional structure. Interestingly,

we have observed that the reconstructed matrix F&X is often a better approximation
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to the true matrix Fy x than either of Fy, x and its best rank-d approximation.

Furthermore, this spectral approach is sometimes referred to as principal compo-
nent analysis (PCA). However, PCA typically involves mean-centering the data first.
PCA therefore projects the data onto a d-dimensional affine subspace that contains
the data mean, while here we know that the data Fy7 x lie approximately on a true
subspace (even though they do not have zero mean). Mean-centering the data is there-
fore inappropriate in this context — nevertheless, it it sometimes done anyway [Bailly
et al., 2009]. To avoid confusion, we refer to learning algorithms based on this idea sim-
ply as spectral learning algorithms |[Rosencrantz et al., 2004; Hsu et al., 2009; Bailly
et al.l 2009; [Siddiqi et al. 2010; [Boots and Gordon| 2010; [Baillyl, 2011 [Balle et al.
2011, |2014]. Furthermore, an online version of this spectral learning algorithm has
been developed by Boots and Gordon| [2011], whereas a modification that combines
the subspace estimation step (determining the characterizer C) and linear regression
step (solving the learning Equations (2))) into a single optimization problem is given by
Balle et al. [2012].

Sample complexity results that fall into the probably approximately correct (PAC)
learning framework [Valiant, 1984] are available for several spectral learning algo-
rithms [Hsu et al., 2009; Bailly et al., 2009; [Siddiqi et al., |2010; Bailly, 2011]. These
give bounds on the number or size N of samples that are required to obtain a model
estimate M that is approximately correct (i-e., such that [f, — f| < € for a given £ and
a specified distance measure) with probability at least 1 — § for a given 0. Typically,
the required size N is shown to be polynomial in the PAC parameters 1/e and 1/4, as
well as other parameters that depend on f such as the alphabet size |X| and the rank
of f. However, the available results essentially use the L; distance on functions, often
restricted to words of length at most T, i.e., |f o — f| = Y zex<r [f((Z) — f(Z)]. In
the case of stochastic languages the functions all lie in the Hilbert space lo(X*) and
the metric of this function space may be better suited. For stochastic processes, a
more natural choice may be the cross-entropy, which is related to finding a maximum

likelihood estimate of the model parameters from data.

5.4.3 A Weighted Spectral Learning Algorithm

We now address a shortcoming of the spectral methods as they are presented above and
are currently used. They implicitly assume that the estimates f (z) are all of similar
quality, i.e., that the estimates f (z) all have the same variance. This, however, is

not generally the case, which suggests that a weighted spectral learning approach with
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weights reflecting the quality of the estimates may give better results.

We will assign a weight w(Z) > 0 to each estimate f(z) that measures the precision
of the estimate, such that a low weight w(Z) signifies a low confidence in the estimate
f (z), i.e., we expect it to have a large error, while a large weight means that the
estimate is highly accurate. A natural and common choice for such a weight w(Z) is
the inverse variance W[f(a‘c)]fl of the estimate f(z). For this, we will estimate the

variance as presented in Section and then use the following weights:

w(@) = Vaslf(@)

Furthermore, we disregard the covariance structure among the estimates f (Z), as
this is difficult to estimate reliably from the data. That is, we make the simplifying
assumption that the estimation errors for the estimates f (z) are uncorrelated. We
collect the weights for the estimates in Fy7 X, Fzy, X F; , and F into the corresponding
weight matrices Wy x, W,y x, W{,r , and Wx.

In the following we will show how one can modify the above spectral method to
take such weights into account. For this, we first introduce some required definitions
and weighted regression methods, namely weighted least squares (WLS), generalized
least squares (GLS), and best weighted low-rank approximations. We then explain
how these methods can be applied to make use of the weights in the spectral learning

algorithm.

5.4.3.1 Weighted Regression and Low-Rank Approximation

We first define how we measure the W-weighted norm of a matrix M.

Definition 43. For a matriz M € R™*™ and a symmetric positive-definite weight
matriz W € R™™™ with decomposition W = LLT, e.qg. its Cholesky decomposition,
we denote by | M||%, the squared W-weighted norm

1M = || vec(M)][§yy = vec(M) "W vec(M) = ||L" vec(M)];.

Using this, we can introduce a generalization to ordinary least squares linear re-

gression that takes weights into account.

Definition 44. The generalized least squares (GLS) problem BA ~ M € R"™*"™ with

symmetric positive-definite weight matriz W € R™>*™" 45 solved for A when B and M
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are given or, respectively, for B when A and M are given, by
A = argmin ||M — BA|},, or respectively
A
B = argmin |M — BA||%,.
B

The case where W is diagonal is called weighted least squares (WLS), while the case
when W =1 is just ordinary least squares (OLS).

This is motivated by the linear model M = BA+E, where M is observed with errors
that are normally distributed according to vec(E) ~ N (0, AW 1) i.e., zero mean with
covariance AW ™!, where ) is some positive scalar. If we are solving for A, we regard B
as given and A as model parameters that we wish to estimate from a sample M. We

see that A is then the maximum likelihood estimate for A, since
LIAIM)=p(M]|A)
= N(vec(M — BA) |0, \W1)

_ 1 — 6
= Kexp{—2vec(M—BA)T)\ 1erc(M—BA)} (6)

1
Kexp{—ZAI\M—BAH%V},

where K is a positive normalizing constant, and we can see that this is maximized by
minimizing |M — BA||%,. The same is true if we solve for B, i.e., we regard B as the
model parameters and A as given.

While the OLS problem assumes all matrix entries of M to be uncorrelated and
to have the same variance, the WLS problem takes the element-wise variances into
account but still assumes uncorrelatedness, and the GLS problem additionally takes
the full covariance relations into account.

In the following we will explain how to solve a GLS problem BA ~ M € R™*™ with
B € R™*4 and A € R¥*" by reducing it to an OLS problem or to a set of OLS problems.
If the GLS problem is overdetermined, which we take to mean that rank(B) = d when
solving for A or rank(A) = d when solving for B, a unique solution exists that can
be expressed in a closed form and can be computed efficiently by solving the normal
equations using a Cholesky decomposition. Note that this is a slight abuse of the term
“overdetermined”, which usually merely requires m > d when solving for A or n > d
when solving for B.

Let us begin by stating how an OLS problem can be solved via the normal equations,

59



5. LEARNING SEQUENTIAL SYSTEMS

which we presume to be known.

Proposition 45. A solution B (respectively A) to the OLS problem BA ~ M € R"™*"

1s given by solving the normal equations

B(AA") = MAT  for B, or respectively,
(B"BYA=B'M for A.

In the case of an overdetermined OLS problem, the solution is unique and can be ex-

pressed in closed form as

B=MAT(AA")™Y  when solving for B, or
A= (B"B)"'B"M  when solving for A.

We can solve the GLS problem BA ~ M with weights W by reducing it to an OLS

problem as follows.

Proposition 46. A solution B (respectively A) to the GLS problem BA ~ M € R™*"

with symmetric positive-definite weight matriz W € RMmxmn

OLS problem

is given by solving the

Q

LT(AT ® 1,,,) vec(B)
L'(I, ® B)vec(A) ~ L' vec(M) for A,

LT vec(M)  for B, or respectively,

(7)

where LLT = W is the Cholesky decomposition of W. In the case of an overdetermined

problem, the unique solution may be expressed in closed form as

vec(B) = (AT @ L,)"W(A" ® I,)) " Y(AT @ L,) "W vec(M) when solving for B,
vec(A) = (I, @ B)' W1, @ B) '(I, ® B)"W vec(M) when solving for A.  (8)

Proof. This result is easily obtained by wvectorizing the problem and using the identity

vec(BA) = (I, ® B) vec(A) = (AT ® 1,,,) vec(B):

M) — L vec(BA) |2
M) - LT (I, ® B) vec(A)||?
M) - LT (AT ® 1,,) vec(B)|)3.

This shows that A and B are given by the OLS solution to the problems from Equa-
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tion @ The expressions for the solutions B and A given in Equation arise from

the normal equations for the corresponding OLS problems. |

Oftentimes, the weight matrix W will have a special structure that leads to special
cases of the above GLS problem with simpler solutions. For instance, if W = I we
have a usual OLS problem. We will examine the case where W is block-diagonal,
corresponding to uncorrelated columns in M, and the case of WLS where W is diagonal,

corresponding to uncorrelated entries in M.

Proposition 47. A solution A to the GLS problem BA ~ M € R™*™ with symmetric
positive-definite block-diagonal weight matric W = D(Wh, ..., W,,) with W; € R™*™ is
giwen by solving for each column [A]; the OLS problem

Lj B[A]; ~ L [M];, 9)

where LijT = W; is the Cholesky decomposition of W;. In the case of an overdeter-

mined problem, the unique solution A can therefore be expressed in closed form as

[A]; = (B"W,;B)"'BTW;[M]; for each column [A]; of A.

Proof. Each matrix W; must be symmetric and positive-definite if D(W1, ..., W,,) is,
so the Cholesky decomposition of W is given by the block-diagonal L™ = D(L{,...,L,}).
Therefore [|M — BAJ3, = |[LT vee(M — BA)2 = S0, | L] (IM]; — BIAL,)[3, so we
can solve the GLS problem for each column of A independently. |

Note that the block-diagonal structure of W does not lead to an equivalent sim-
plification when solving for B by simply transposing the problem. This is because
|M—BAZ, = || vec(M — BA)|3, = ||P vec(MT —ATBT)|2, = [MT—ATBT |2y,
for a suitable permutation matrix P, but P W P will no longer be block-diagonal. Nev-
ertheless, it is still possible to exploit the block-diagonal structure of W to achieve some

computational savings as follows [cf. Markovsky and Van Huffel, 2007al Section 5].

Proposition 48. A solution B to the (overdetermined) GLS problem BA ~ M € R™*"
with symmetric positive-definite block-diagonal weight matric W = D(Wy, Wa, ..., W,)
with W; € R™*™ s given by

vec(B) = |3 [4);14]] @ W, vec([Wl[M]l,...,Wn[M]n}AT).
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Proof. This is a simplified version of Equation when solving for B. To see this,
note that

(AT @ 1,) " W(AT ® 1,,,)

:[[Ah@Im,...,[A] © L] DOV W) [[4) @ L (AL @ L]
= [ ew,.. 4, e W] [[Ah @ Ln,..., [A]n®1mr
= 21 @ ws) (14] @ Tn) = (A4 & W

and
(AT® 1) "Wvec(M) = (A® I,) D(W,..., W,) vec(M)

= (A® Im)vec<[W1[M]1,...,Wn[M]nD
= Vec<[W1[M]1, ce Wn[M]n} AT),
where in the last step we have applied the identity (A" ® I,,) vec(B) = vec(BA). R

Finally, if W is a diagonal matrix, then PTW P will also be a diagonal matrix,

which we can further exploit.

Proposition 49. A solution A (respectively B) to the WLS problem BA ~ M € R"™*"
with weight matriz D(vec(W)) for positive weights W € R™*™ corresponding element-

wise to entries in M is given by solving the OLS problem

D([W];)2 B[A]; =~ D([W];)3[M
D(WT]:)zAT[BT]; ~ D(W ;)

1 for each column [A];, or

[M"];  for each row [B']] of B.

7

(10)

[M

22

If the problem is overdetermined, a closed-form expression of the unique solution is

given by solving the normal equations as

[A]; = (BT D(W];)B)'B" D([W];)[M]; for each column [A]; of A, or ()
[BT]; = (AD(WTHAD)PAD(W )M ] for each row [BT]] of B.

1

Proof. The first expression of Equation is a special case of Equation @D, where
LT = D([W] ])% The second expression follows from the first by observing that ||[M —
BAHD (vee(W)) =|MT - ATBT||]23(VEC(WT)) and solving this for BT. u

In the following Table [2| we summarize the computational complexity of finding
the OLS, WLS, and GLS solutions to the overdetermined problem BA ~ M € R™*"
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using the presented methods, i.e., by reducing the problems to OLS, which we then
solve via the normal equations. Obtaining these complexity results is straight-forward
if we note that the computational complexity of computing the matrix product AB for
matrices A € R™** and B € RF¥*™ is O(mkn), and the computational complexity of
computing the Cholesky decomposition as well as the inverse of a symmetric positive-
definite matrix M € R™" is O(n?). Furthermore, we should point out that solving the
GLS case with block-diagonal weight matrix W for B requires computing the Cholesky

decomposition of a matrix of size dm xdm, which imposes a strong memory requirement.

‘ solving for B ‘ solving for A
OLS O(dn(m +d)) O(dm(n+d))

WLS O(d*mn) O(d*mn)

GLS with block-diagonal W | O((dm)?(dm + n)) O(dm?n)
GLS O((nm)?dm) O((nm)?dn)

Table 2: The computational complexity of solving the overdetermined problem BA ~ M
with B € R™*4 A € R¥>" and M € R™*" as an OLS, WLS, or GLS with according
weights when solving either for B or for A using the methods presented above.

Now that we have examined various formulations of basic weighted linear regression,
we turn to best weighted low-rank matrix approximations. We reformulate the task of
finding the best rank-d approximation to a matrix in a way that includes weights and

is amenable to an iterative optimization algorithm.

Definition 50. The best weighted rank-d approximation to the matriz M € R™*"

with symmetric positive-definite weight matrix W € R™>™" js the matriz M such that

M = argmin{HM — M |3, : rank(M) < d} ,
M

or equivalently, M= BA, where

B, A = argmin {||M — BA||} :BeR™ Ac Ran} .
B.A

Note that for a given matrix M of rank greater or equal to d, the best (weighted)
rank-d approximation M must in fact have rank no less than d. The formulations are
equivalent, since the matrix BA has rank at most d, while any matrix of rank at most
d can be factored in this way. From the latter formulation of the problem we observe
that the columns of B will form a basis of the column space of M, which we will still

refer to as the principal subspace of M, while the columns of A will be the coordinate
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representations of the columns of M with respect to this basis B. This formulation also
suggests an iterative approach to finding optimal B and A by successively optimizing

B for a fixed A and vice versa, as done in Algorithm [7}

Algorithm 7: Best W-weighted rank-d approximation to M

In : M e R™*" W ¢ Rmnmxmn (|
Out: B € R"™*4 A € R¥" such that BA is the desired solution

1 Uy, Sy, VdT < d-truncated SVD of M

1 1
B+« UyS2, A« Szv] // serves as an initial approximation
2 repeat
solve the GLS BA ~ M for B with weights W
solve the GLS BA ~ M for A with weights W

until convergence of ||M — BA|%,

This algorithm is known as alternating projections and was described by |Wentzell
et al.| [1997] for a latent variable formulation of PCA known as mazimum likelihood
PCA. This algorithm has been given the interpretation of an EM algorithm [Roweis|,
1998|, and it was shown for the unweighted case that this algorithm indeed converges to
a global optimum |Tipping and Bishop,|[1999]. The above method has linear convergence
speed but upon convergence generally does give good results [Schuermans et al., 2005].
It is therefore sufficient for our purpose of investigating the usefulness of weights for
small problem sizes. More specialized algorithms that achieve faster convergence do

exist |[Schuermans et al., 2005].

Note that the basis B for the principal subspace calculated in this way will gener-
ally not be orthonormal, but we do not require orthonormality. Furthermore, simpler
structures of the weight matrix W, for instance a diagonal structure, enable the use of

the simplifications for the GLS subproblems explained above.

Finally, we remark that the best W-weighted rank-d approximation M to the matrix
M is also a maximum likelihood estimator under the statistical model that M = My+FE
where My = BA has rank at most d and E ~ N(0, AW ~1) for some positive scalar ),

as can be seen analogously to Equation @:
1
L(BA|M) = N(vec(M — BA) |0, \W ™) = K exp {—2)\‘1||M - BA||%V} ,

where K is a positive normalization constant.
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5.4.3.2 How to Make Use of Weights

Now that we have introduced weighted versions of basic linear regression and low-rank
matrix approximation, we are ready to substitute these for the currently unweighted

regression tasks in the spectral learning algorithm.

Step (4):
We now estimate the column space of FY, x by computing the best D(vec(Wy x))-
weighted rank-d approximation Fy’ x = BA to the matrix Fy} x. Using the diagonal
weight matrix D(vec(Wy x)) means that we take the variance of each estimate in Fy x
into account, but we disregard the covariance structure of the estimation errors. We
thereby obtain a basis B for the estimated column space.

Step (#i):
Next we project FJ and the columns of Fyy x and FzY’ x to the estimated principal

subspace spanned by B. Note that every such column is of the form F ;Y =1f (;Tcy)];ey
for some word z € ¥*. Instead of using an orthogonal projection, which maps a
vector F;Y to its closest vector in span{é} measured by the Frobenius norm, which
implicitly assumes the entries in ng to have the same variance, we instead find the
closest vector in span{B} measured by the D(W ., )-weighted norm with weights W}
for the estimates in Fg_jy, which takes the element-wise variance of the estimates in F;Y
into account. This means we need to find Agy that minimizes HF;Y - BA;YHQD WLy
where fl;y gives the coordinates of the desired projection BA;Y w.r.t. the basis B.
This corresponds to solving the WLS B, ~ F}‘/r with weights D(I/V{/r ) for @, the
WLS BA ~ FKX with weights D(vec(Wy x)) for A, and the WLS BA, ~ szx
with weights D(vec(W,y x)) for A, for each z € ¥, and thereby yields the required
coordinate representations @., A and A, w.r.t. the basis B, for which we obtain the

following expressions by Equation (|11)):

[Al; = (BT D(Wy,x]s)B) " BT D([Wy,x]a)[Fy,xa (12)
BT D(W.y,x]o)[Eavx]s

Note that A is already computed in Step (1) and we do not need to recompute it.
Step (447):

We have obtained A and A, that we can use as argument-value pairs for the estimation

of 7,, as well as A and Fyx that we can use as argument-value pairs for the estimation

of 6. Instead of solving # A~ A, as well as 6A ~ Fy by OLS, we will now use GLS or
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WLS with weights that should reflect the variances of the entries in A, and Fy, and
in the case of GLS also take the covariances of the estimates in /lz into account. Note
that all of these (weighted) least squares linear regression methods disregard the errors
in A. We still need to explain how to obtain appropriate weight matrices W, for A..
For this, we require the following basic lemma that follows trivially from the linearity

of the expectation.

Lemma 51. Let © = [zq,... ,iUn]T be a vector of random wariables with covariance
matriz V([z] = E[(z — E[z])(z — E[z])"], and let y = Tz for some T € R™ ". Then
the covariance matrizc W[y] of y is given by W[y] = TW[J:} TT.

From Equation we see that every column [flz] =15 [F v x|z of A, is computed
in Step (ii) via a linear transformation 7% of the corresponding column of Fzy’ x, where
Ty = (BT D([Wzva]f)Bg)ABT D([W.y,x]z). We consider T as given and invoke the
above Lemma [51f to compute covariance matrix estimates V[[Az}j] for each column
indexed by the indicative word T from the covariance matrix estimates A% [[F LY, X]j] =
D([W.y.x]z)"'. We thereby obtain new weight matrices Wz, = W[[Az]i]_l for each

column of A, indexed by Z via

N 1 .

Wa = V[[A.]s] " = (T D(Wavixle) T ) = BT D(Weyxa) B,

which is clearly a symmetric positive-definite matrix. Since we have assumed the entries
in F,y x to be uncorrelated, we can assume uncorrelated columns for A, and can

therefore assemble the weight matrices Wy, into a block-diagonal weight matrix W, for

A, as
WZ = D(lez, .. ‘7W53‘X‘Z)a where X = {if'l,. . ’le‘}

In summary, the above discussion yields the weighted spectral learning Algorithm
Note that we can achieve significant computational savings in Step (#ii) if we only make
use of the element-wise variances of the entries in A, but disregard their covariances,
i.e., if we set all off-diagonal entries in W, to zero, since we then compute the matrices
7, by solving a WLS problem instead of a GLS problem. We will refer to this simplified
version as the element-wise weighted spectral learning algorithm.

At this point we should examine how the choice of basis B for the estimated principal
subspace, which is estimated in Step (7) as the column space of the best weighted rank-d
approximation to FY, x, affects the model estimated by the weighted spectral learning
Algorithm The following Lemma gives the expected answer, namely, that a

different choice of basis will indeed lead to an equivalent model estimate.
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Algorithm 8: [Element-wise] Weighted Spectral Learning

In : Estimates Fy; X, F LY, X s F; , and Fx and corresponding weight matrices
Wy x, Wy x, WJ, and Wx of element-wise weights w(z) = ngg [f(:f:)]_l,
the model dimension d X
Out: An estimated d-dimensional SS model M = (6,{7.}, ;)
1 BA « best D(vec(Wy x))-weighted rank-d approximation to Fy x

2 for z € ¥ do
L A, « WLS solution to BA, ~ Fzy,X with weights D(vec(W.y x))
&, + WLS solution to Bi. ~ Fy with weights D(W;))
3 for z € ¥ do
for x € X do
| Wz« BT D(Wayx]e)B
W, < D(Wz,zy..., W,E‘X‘Z)

if element-wise weighted version then
| set all off-diagonal entries in W, to zero

| 7.+ GLS (or WLS) solution to #, A ~ A, with weights W,
6 < WLS solution to 6 A ~ EFx with weights D(Wy)

Lemma 52. Let B’ be a different basis for the column space of the best weighted rank-
d approrimation FYJ( = BA to FYJ( computed in Step (i) of Algorithm @ Then the
model estimate M’ computed via Algorithm @ with this choice of basis B’ is equivalent

to the model estimate M computed using the original choice of basis B.

Proof. We have B’A’ = BA, which means that B’ = Bp~! for some non-singular
p € R¥4_ Step (ii) then computes A = pA, Afz = pA,, and WL = p&e by Equation (12)).
For Step (iii) we first compute Wi, = (p™) " Wa.p™' = (p~!) "Lz L] p~', where LzL]

is the Cholesky decomposition of Wj,, and then need to minimize

|A, — #L Ay, = ||pA. — %szHD(W}CIZ,A..,W}E‘X‘z)
=Y LI (plAL]z — #plAls)lIr
zeX
=Y LI (A = p ' plAle) e
TeX

= |4 = (0 #Lp) Allw.,

where we have made use of the block-diagonal structure of W, and W/, which means

columns are weighted independently. We see that this is solved by 7/ = p7,p~!, since
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7, minimizes || A, — 7, A|ly.. Furthermore, the D(Wy )-weighted WLS 6/pA ~ Fy is
clearly solved by 6’ = 6p~!. This shows that the estimated models will be conjugated
by M’ = pMp~t. [ ]

Let us also examine the computational complexity of the weighted spectral learning
Algorithm

Proposition 53. The computational complexity of the weighted spectral learning Algo-
rithm@ is O(d?|X||Y|(|Z| + K)) in the case of the element-wise weighted variant and
O X||Y|(|Z] + K) + |2]|d*(d? + | X]|)) in the general case, where |X| is the alphabet
size, d is the target dimension, |X| and |Y| are the sizes of the sets of indicative and
characteristic words, and K is the number of iterations required for the Algorithm [7

that is used in Step (i) to converge.

Proof. Using the complexities listed in Table [2] we see that Algorithm [7] used in the
first step requires computing a d-truncated SVD as well as solving 2K WLS problems,
while Step (ii) requires solving |X| WLS problems of the same size, which together
takes time in O(d?|X||Y|(K + |%|)). Computing W, in Step (iii) requires time in
O(d?|X||Y]|) for each symbol z € . The computation of the estimates 7, in Step (4ii)
requires O(d?| X |) operations for every symbol z € ¥ to solve the WLS problems in the
element-wise weighted case and O(d*(d? + | X|)) operations for every symbol z € ¥ to
solve the GLS problems in the general case. The WLS problems that need to be solved

for &, and ¢ are smaller. |

Finally, we should remark that exploiting the quality of the estimates f () by esti-
mating their variances and incorporating weights into the spectral learning algorithm
is still not making use of the rich structure of the matrix F. Furthermore, our cur-
rent approach using WLS or GLS for the final step of the weighted spectral learning
algorithm to solve %ZA = AZ only accounts for errors in the matrix flz, but not in the
matrix A. Methods that take errors both in A as well as in AZ into account exist and

are known as total least squares [Markovsky and Van Huffel, 2007D].

5.4.4 A Row and Column Weighted Spectral Algorithm

We now introduce a simplified version of the above weighted spectral algorithm that
uses only row-wise and column-wise weighting. This results in a non-iterative and very
simple procedure akin to the standard spectral learning Algorithm [ that, however,
still retains the core idea of taking the precision of estimates into account. As with

the spectral learning Algorithm [6] the row and column weighted spectral algorithm
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we describe here leads to a particular selection of characterizer and indicator matrices
C and @ for use in the learning Equations . Furthermore, we will see in the later
Section that this row and column weighted spectral algorithm is, in fact, closely
related to the ES algorithm.

More precisely, we will use a single weight to measure the overall precision of all
the estimates in a row or column of the matrix Fy’ x (and similarly for Fzy, x)- The
weight for an entry is then given by the product of the column and the row weight, i.e.,
we assume the weight matrix Wy x can be approximately factored as Wy x ~ w;w X
for an appropriate vector w; of row weights and row vector wyx of column weights.
Furthermore, due to the similar makeup of the matrices FY, x and Fzy’ x, we will assume
that the weight matrices Wy x and W.y x differ only by a scalar factor a, i.e., that
W.yx = a.Wy x, and finally we assume that in fact w; ~ aW; and wxy ~ aWy,
i.e., that the weight for a row or column indexed by a word T is approximately given
by the weight w(Z) for the estimate f(Z), at least up to a scalar factor o or &. We can

summarize the restrictions on the weights that we impose as follows:

Wy x o« Wy, x w;wx with w; o W; and wyx x Wx.

Next, we discuss how to obtain suitable row and column weight vectors w; and wx
from the available element-wise weights. First note that the scalar factors will have
no effect on the model estimated by the weighted spectral learning Algorithm [§] so we
may ignore them. A reasonable choice may therefore be to simply use w; = W; as
row weights and wx = Wx as column weights. Alternatively, we may argue that the
row (or column) weights should reflect the average variance (and therefore the expected

mean squared error) of the corresponding row (or column) of Wy, x, which gives

i -1 7 r o 1T
wy = CaexWrxlys _ >aex V[f(@p)]
' X] i x| .
- . _1__ Y - o _1_- yer (13)
Wy — > gey Wy xlyz B dey\/[f(my)]
o Y] N V]
) -zex L lzex

Note that if the matrix Wy x of element-wise weights can be factored exactly as

Wy x = w;w x for some vectors w; and Wy, then we can easily check that the calcu-
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lation from Equation gives

~ 1—1 -1 - o1—1\ —1
T _ ~T ZfeX[wX]aE . deY[wY]gj
Wy = Wy <\X\ ) and wx = wWx (|Y| ,

which means that the factorization of Wy, x is recovered up to scalar factors that can be
safely disregarded. We will prefer this approach — computing row and column weights
w; and wx by averaging from the element-wise weight matrix Wy, x — to the simpler
approach of just using the weight vectors w; = W; and wy = Wx. Furthermore,
due to the averaging, it is less important to enforce a lower bound on the element-
wise variance estimates, which introduces bias, and we will therefore use the variance
estimates Vy,0[f(Z)] to derive row and column weights. This leads to the same row and
column weighting that we have employed as a normalization step when computing the
numerical rank in Section £.3.1]

Now let us assume that we have obtained suitable row and column weight vectors w}T/
and wx and use these to compute element-wise weights via Wy x = W,y x = fw;w X
and Wy} = wy as well as Wy = wx for use with the weighted spectral learning
Algorithm We will use the following Lemma [54] to gain significant computational

simplifications.

Lemma 54. Let M € R™*™ and let W € R™>X™" phe q weight matriz that can be
factored as W = W, @ W, for symmetric and positive-definite matrices W, € R™*™
and W, € R™"™ with decompositions W, = LTL;J— and W, = LCLI, e.g., their Cholesky
decompositions. Then |M|%, = ||L, M L.|3.

In the special case of a weight matriz W = D(vec(wy-wx)) for a vector wy. € R™

of positive row weights and a row vector wxy € R™ of positive column weights this gives
1M1 ey = I D(wi)? M D(wx)? 3.
Proof. First note that L = L. ® L, gives a decomposition of W = W, ® W,., since
LL" = (L. ® L,)(Le ® L) = L.L! ® L,L] = W@ W, = W, and W will also
be symmetric and positive-definite. Therefore, ||M|?%, = ||[(L. ® L,)" vec(M)|% =
| vec(L, ML.)||> = ||L, ML||%, where we have used the identity (B'T ® A)vec(C) =
vec(ACB) for matrices A, B, C.

For the special case of W = D(vec(wywy)) = D(wy ® wy) = D(wx) @ D(wy),
we may use W, = D(wy-) and W, = D(wx) with decompositions L, = D(w;)% and
L. = D(wy)?. n
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Step (4):
For the first step of the weighted spectral learning algorithm we need to compute the
best D(vec(Wy, x))-weighted rank-d approximation to the matrix Fyx, which means

we need to find a rank-d matrix BA that minimizes

(NI

N AA D ~ ~oA 1,2
1Ey,x = BAllpveeqwy x)) = IID(wy)? (Fy,x — BA)D(wx)? |

A~

- 1 T\ A 1,2
Fy xD(wx )2 — D(wy )2 BAD(wx)?||.

ol

= || D(wy)

From this we observe that D(w;)%éfl D(w X)% is given by the best rank-d approx-
imation to D(w;)%ﬁ’yx D(wX)%, which is given by the d-truncated SVD UdeVdT of
D(w;)%ﬁxx D(wX)% as per the Eckart-Young theorem. Then D(w;)%éfl D(wX)% =
UngglVdT and we may use B = D(w;)_%Ud and A = SglVdT D(wX)_%.

Step (i):

Here we simply follow Step (ii) of the weighted spectral learning from the previous
Section but use that W; = wy and Wy x|z = W.yx)z = w;[wx];;, which
means the expressions given in Equation simplify to

A, = (B"D(wy)B) "' BT D(wy)Euy,x
Step (417):
First we need to compute weights W, for A,. Noting that [W,y x]z = wy- [wx]z we com-

pute Wi, = BT D([Wey,x]z)B = [wx]zB" D(wy)B,and W, = D(Wg, -, ..., Ws . 2) =
D(wx) ® BT D(wy)B. Let W, = BT D(wy)B, and note that W, is symmetric and
positive-definite, so it has a Cholesky decomposition W, = L,L|. Solving the W,-
weighted GLS 7, A ~ A, then means finding the 7, that minimizes ||7,A— A, H2 D(wx)oW, =
L 7. A D(wX)2 —L A, D(wX) |2, which requires solving the OLS L, 7, AD(wx)?2 3 &
L' A, D(w X)%, a solution of which can be expressed by the normal equation L7, =
LIA.D(wx)AT (A D(wX)flT)_l, which gives

D(wx)AT(AD(wx)AT) ™
D(wx)} (AD(wx)})"  [note (AD(wx)})’ = D(wx)} AT (AD(ux)AT)”]

<B D(wy)B) BT D(wy)E.y,x D(wx)?
(BT D(wy)B) "' BT D(wy) Fy x D(wx)?)".
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A~

To obtain &, we need to solve the D(wx )-weighted WLS 6A ~ Fx, which by Equa-
tion is given by 6 = FxD(wx)AT (fl (wx) AT) = Fx D(wx)2 (AD(wX)%)T,
or & = FX D(wx)2 (BT D(w))B)'BT D(wy)Fy x D(wx)z)".

If we inspect the formulas for the computed (6, {7.}, ) we see that this is exactly

what the learning Equations give if we use the characterizer and indicator

" B" D(wy)
3T D(wy)B) ' BT D(wy.) By x D(wx)?)’ (14)

since we can easily see that CFKXQ = I;. Now, substituting the basis B= D(w;)_%Ud
obtained in Step (i), we get BT D(w;)B =U]U; = Id and hence C = U] D(wy)% and
Q = D(wx)z (U] D(w))2 Fy.x D(wx)2)" = D(wx)2 (U] USVT)' = D(wx)2V,5;"
since UJUSV T = [I, 0]SVT = SyV and (SqV,")T = VuSa(SaV, VaSa)~! = VuS; 1.
We obtain the following simple modification to the spectral learning Algorithm [6] which
clearly has the same computational complexity of O(d|X||Y]).

Algorithm 9: Row and column weighted spectral learning

In : Estimates Fy x and a corresponding weight matrix Wy x with

element-wise weights w(z) = Vo g I f(z )] ~! the model dimension d
Out: C, @Q for use in the learning Equations

-1 T N -1
ZEGX [WY,X]g,i dey [WY,X}y,a’:
|X| [Y]
yey

Ug, Sa, V' < d-truncated SVD of D(wy)%ﬁ' D(wx)
C U] D(wy))?, Q+ D(wx)2VyS;"

T

zeX

[SIE

5.4.5 The Error Controlling Algorithm

The error controlling (EC) approach of |Zhao et al.| [2009a]b] selects characterizer and
indicator matrices C' and ) that minimize an error bound for the relative approrimation
error of the estimated model parameters as given in Proposition This algorithm
was originally formulated for OOMs only and made use of the normalization o = Ilg
that is often used in the context of OOMs. This in turn imposed additional restrictions

on the admissible selections of indicative and characteristic words. Here, we present
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a more general and yet simplified EC approach that eliminates these restrictions and
applies to learning SMA, OOMs, IO-OOMs, and PSRs alike. Additionally, we show
that the EC algorithm is equivalent to the spectral learning Algorithm [6]

Proposition 55. Let f : ¥ — R be a stochastic language or (controlled) stochastic
process of rank d, let X and Y be sets of indicative and characteristic words such
that rank(Fy,x) = d and let FY,X and Fzy,X be estimates for Fy x and F,y x. Let
C € R™¥YI gnd Q € RIXIXA pe any choice of characterizer and indicator such that
CFy x(@Q as well as CFKXQ are invertible. Let 7, and 7, be computed from Fy x
and F.,y x or, respectively, Fy’X and Fzy’x via the learning FEquations , and define
T AT

sex and T = [T

Z ]ZTGZ by vertically stacking the T, or 7, operators, as well

T = [1,
as F, = [F;;/,X]Zez and F, = [F;;/,X]Zez by vertically stacking the matrices F,y x or
FzY,X~ Let EY,X = FY,X — FY,X and E* = F* — F*

Then the relative approximation error of 7, satisfies the bound

X
ZzeE p(Tz)2

Ty — 7A_* ~ _
I =%lle yopplQ(e By x @) e (

where the quantity k = ||C||p||Q(CFy.xQ)~||r is called the robustness indicator and
p(T2) is the spectral radius of the matrix T,. Furthermore, the quantities p(1,) for z € ¥
are independent of the choice of C and Q.

Proof. [adapted from Zhao et al., [2009a] Let C, = D(C,...,C) (|X| copies of C).
Using the introduced notation the learning Equations can be written concisely to

obtain:

7 = (CLF.Q)(CFy xQ) ™"
= (C.F.Q + C.E.Q)(CFyxQ + CEQ)™!
= (C.F.Q + CLE.Q)(CFy xQ) M1y + CEQ(CFy xQ)~ ']
= [ + (CLE.Q)(CFyxQ) Iy + CEQ(CFyxQ) '],
which implies 7, + CEQ(CFy xQ)~" = 7« + (C.E.Q)(CFy xQ)~'. By rearranging,

taking Frobenius norms, and using the triangle inequality and submultiplicativity,
172 = #ellp = [(CL B = CE)Q(CFy xQ) ™|
< (ICR I Ellr + IR Clle I Elle) |Q(CEyx Q) |l

. - Cs -
~ I e €11 QCFxQ) e (el I 2l + 11 )
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Now I — /I3, and [|mllf = Y.es 712 > Soex 713 > .ex p(7)?, and the
claimed bound follows.

A different choice of characterizer C’ and indicator Q)" satisfying the requirement
that C'Fy x Q' € R™? is invertible will lead to operators 7. of an equivalent (minimal)
model by Proposition which therefore must be related to the operators 7, by 7 =
T1, T~ for some non-singular transformation T according to Proposition Then
p(1l) = p(TT,T~1) = p(r.) for all 2 € X, which shows that the quantities p(r,) are
indeed independent of the choice of C' and Q. |

1

VIEI

which depended on the columns of 7, summing to 1. This was in turn ensured by

Note that in the original publication the inequality ||7||p > was used instead,
adding additional restrictions on the choice of characteristic words and characterizer
C. These restrictions are now no longer needed.

In practice, we cannot guarantee d = rank(Fy y) = rank(F'). Instead, we select
indicative and characteristic words X and Y as well as a target dimension d in some
reasonable way, as we have already discussed in previous sections, and simply assume
these conditions to be met. Similarly, we cannot guarantee C'Fy x() to be invertible.
However, the selection of C' and @ will be further restricted such that C’FK xQ =1,
so it is reasonable to assume that CFy x@Q ~ C’Fy, x@Q = I; will in fact be invertible.

The EC algorithm selects C, Q, subject to Cﬁ'y; x @ being invertible, that minimize
the bound on the relative approximation error from Proposition which means C'
and Q must minimize the robustness indicator £ = ||C||r|Q(CFy.xQ)!||, as only &

depends on C' and (). This is equivalent to the optimization problem

(C,Q) = argmin{||C[[r||QllF : CFy,xQ = La}, (15)
(C.Q)

which uses the stronger restriction Cﬁ’x x@Q = 1, on the choice of C' and Q. To see
that we may indeed use the requirement C’Fx x@Q = 1I; without loss of generality, note
that for any pair (C, Q) that minimizes k subject to Cﬁyy x @ being invertible we get
a pair (C,Q’) by setting Q' = Q(CFKXQ)_I that attains the same minimum value
ICIElQ(CFyxQ) e = [Cllr|Q[|r but satisfies (CFy,xQ') = Ig.

The optimization problem from Equation can be solved efficiently by the itera-
tive procedure shown in Algorithm |10 [Zhao et al., 2009a] in time O(d|X||Y|K), where
K is the required number of iterations.

Although not previously realized, Algorithm turns out to be essentially the
alternating projections Algorithm m that is used to compute the best (unweighted)
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5.4 Selecting the Characterizer and Indicator

Algorithm 10: The Error Controlling (EC) algorithm

In : Estimates Fy; x; the model dimension d
Out: C, @ for use in the learning Equations
initialize C' € Rl and Q € RIXI*4 randomly
repeat

‘ C+ (FyxQ), Q« (CEyx)t
until convergence of ||C||r||Q|lr

rank-d approximation BA to the matrix Fy,X via the iteration B < FY,XAT and
A+ BTFKX (solving the unweighted GLS, i.e., OLS, BA ~ Fyx for B and then A,
respectively). To see the relationship, note that B is updated from one iteration to
the next via B < Fy, X(BTFK x)T, while C is updated from one iteration to the next
by C < (Fyx(CFyx))t. Therefore, if we set C = Bf and Q = A, we see that
the iterations in Algorithm [7] and Algorithm [L0| are the same. We can use this insight
to show the equivalence of the EC algorithm and the (unweighted) spectral learning

algorithm.

Proposition 56. If X, Y and the model rank d are chosen such that the singular values
o; of FY,X satisfy oq > 0441, then the EC Algorithm and the spectral Algom'thm@ will
give characterizer and indicator pairs (Cgc,Qrc) and (Csprc, Qsprc), respectively,
that lead to equivalent model estimates via the learning Equations .

Proof. The condition o4 > 0441 assures that rank(Fy,X) > d and that its best
rank-d approximation is given uniquely by its d-truncated SVD UdeVdT. Because
the (unweighted) alternating projections Algorithm m is globally convergent [Tipping
and Bishop), [1999], we must therefore have BA = UdS’dVdT as well as Cgc = Bt and
Qrc = A" upon convergence. This implies that B = Ugp for some non-singular
p € R4 and therefore Cpc = (Ugp)! = p~ U] = p~'Csprc, as well as A =
(Udp)TUdeVdT = p*lsdvj and Qrpc = (,oflkS'd\/'dT)T = Vde_lp = Qspecp, and the
claim follows by Lemma, [ |

Moreover, the following Proposition [58|shows that a solution to the EC optimization
problem from Equation is readily obtained via the d-truncated SVD of FY, x. This
is a new result that leads to a non-iterative EC algorithm that is much simpler than
the non-iterative improved EC algorithm previously developed by Zhao et al. [2009b)].
Interestingly, this novel non-iterative EC algorithm turns out to be essentially the
spectral learning Algorithm|[6] which means we have discovered an alternative derivation

of the spectral learning Algorithm [6] First, we require a technical lemma.
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5. LEARNING SEQUENTIAL SYSTEMS

Lemma 57. For non-negative real numbers dy > --- > dp >0 and 0 < s1 < --- < 5py,
define D = D(dy,...,d,) and S = D(s1,...,s,). Let U € R"™™ be an orthogonal
matriz, i.e., U'U = UU" =1,. Then ||[DUS|r > || DS||r.

Proof. HDUSH% =1 j=1(ds ul]sj) Furthermore, UTU = UU " = I, implies that (*)
S u =1 for all 7 and Z] 1 u =1 for all i. We will show the slightly stronger
claim that |DUS||% > ||DS|)% for any matrix U satisfying (x). So from now on we
assume that U merely satisfies (x).

First note that if U is lower triangular then (%) implies that U = TL,,: Y7L w7, =1

implies that u2 = 1, since u = 0 for ¢ < n. Then Z;‘ lun j =1 1mphes that
u?LJ =0 for j < n, since u2 ,, = 1 That is, U = [V W (1)], and the condition (%) must

therefore hold for U,_; as Well. By iterating this argument, we get U = I,, in which
case | DUS|[E = || DS| 3

So assume that U is not lower triangular. Consider a row-

? J
0 0 0 0]q2 Wwiseordering of matrix positions via ord(i, j)=(i—1)n+j and

i e Vet (¢/,j") = argmin{ord(s, ) : j > 4,u;; # 0}. Then ¢’ is the
. V)
~ . first row of U to contain a non-zero element above the diagonal,

v and j' is the column index of the first such entry within the
D— 4 §/-th row. We call ord(i, j') the order of U and note that the

st< 0 < order of U is an integer less than n?.

Now consider the #’-th column of U. By the choice of ' we must have ZZ L u, =0,
and therefore Y1,/ u?, = 1—uj DY u? y —u2, s > uy . We can therefore find
avectorvsuchthatvi:0forz<z, vy = u2,],,anc10<vZ gu ,forz—z +1,.
such that Z:‘L:i’-i—l v; = uz%’j,. Let U? = [u %J}wzl,_,n be the matrlx of element-wise

squares of entries in U, and let U? be obtained by subtracting the vector v from the
i'-th column of U? and adding v to the j-th column of U2. Let U be the matrix of
element-wise square roots of entries in U2.

We can easily check that all entries in U? are non-negative, so that this is well-
defined. Also U satisfies (), since 3.7, v; = 0 by construction and adding such a
vector to one column of U? and subtracting from another does not change the row and

column sums. Furthermore,
5 n
IDUS|E — | DUS|E = (dPvish — dvis?) = (5 — s ( 20 + Z d%Z).
=1 i=i'+1

2 2 - TR 2 _ 72,2
Now sj — s% < 0 since j' > i, and 377, 4 dZo; < dZY v = diug 5, while

dZvy = —d?,uz%,j/, so (dZvy + > 7,1 d?v;) < 0. This shows that HDUSHF > |DUS|2.
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5.4 Selecting the Characterizer and Indicator

Finally, the order of U is larger than the order of U, as we have eliminated the non-
zero element of lowest order above the diagonal in U and in turn have introduced only
non-zero elements above the diagonal in positions of higher order (in rows below the
i’-th), or none at all.

By iterating this construction we arrive at a lower triangular matrix U* that satisfies
(*), hence U* =1,,, and ||DUS||% > ||[DU*S||%2 = || DS||%. [

. _1

Proposition 58. Let UdS’dVdT be the d-truncated SVD of Fy,x. Then C* =S, QUJ
. _1

and Q* = (C*FKX)T = V4S,; ? are a solution to the EC optimization problem in Equa-

tion — provided a solution exists at all, i.e., rank(Fy’X) >d.

Proof. Assume r = rank(ﬁ’yx) >dand let USVT = Fyx be the full SVD of FY,X.
We can verify that indeed Q* = (C**ff’ygg)Jf = (SC%_%UJUSVT)Jr = (Sd%VdT)T = VdS;%,
which implies that (f’*ﬁ’x xQF = (SngT)(VdSJE) = I, as required. Furthermore,
[C* @l = [IS, 2]} = S4 o7t where the o; are the singular values of Fy.x,
which are also the diagonal elements of S. We will show that this is indeed the minimum
of |Clp||Q|lr subject to CFy xQ = 1.

Using the substitution ¢ = C'U" and Q = VQ', we can see that minimizing
|C|I¢]|QF subject to CFy xQ = I is equivalent to minimizing ||C’||r||Q’||r subject to
C’'SQ’" = I and that this will have the same minimal value. Let C/, @Q., and S, be
truncated versions of C’, @', and S that consist of the first r columns, rows or rows
and columns, respectively. Then minimizing ||CL||r||QL||r subject to C.S,Q. = I is
equivalent and has the same minimal value, because C'SQ’ = C!.S, Q.. (since o; = 0 for
i > r) and the additional columns in C’ and rows in @) are best set to zero.

Assume now that C]. and Q] minimize ||CL|g||@Q.||r subject to C/.S,Q.. = 1;. We
can select Q. = (C.S,)T, as this minimizes ||C.|r||Q"|r subject to C.S,Q.. = 14 for a
given CJ. It remains to show that ||Cl||r||Q.|lr > [|C*||r||Q*|lr = Z?Zl ot

Let LDRT = C.S, be the SVD of C’S,. Then C. = LDR'S:!, and Q. =

(C'S,.)T = RDTLT. Let dy,...,dq be the diagonal elements of D and let D, be the

r X r matrix obtained by extending D with zero rows. Then
Lem. d
IC 1% = ILDRTS Mg = IDRTSME > DS g = dioy
i=1

d
IQIE = IRDTLT | = |IDT|IE =) _d; %
i=1
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2

Multiplying these expressions and substituting d? = a?c0;, we obtain

=1 =1
d d
—2 a? a? 11
:E o, "+ g —24——2 o, O
a a J
=1 i,j=1 J 1
1<J
d d w a 2
—E JZQJFE (z]> + 2 0'1101
a;  a; J
i=1 i,5=1 J
1<J
d ’ d a a
> E azl , since E <Z ]> ;1071>0
J
~ a; a
=1 1,5=1
i<j

So we can conclude that ||C||r]|QL||F > Z?:l o; 1. Therefore, C* and Q* are in fact a
minimal solution to the optimization problem . |

1
Comparing the resulting selection of characterizer C* = S, U, C—lr and indicator Q* =
1

VdSJE, where UdeVdT is the d-truncated SVD of FY, x, to the selection Csprc = U, J
and Qspec = Vde_l of the spectral Algorithm |§|7 we see that these rely (implicitly in
the case of EC) on slightly different basis representations of the principal subspace of
Fy, x, namely UyS d% in the case of the EC algorithm and Uy in the case of the spectral
Algorithm [6], which will result in equivalent model estimates by Lemma

Note, however, that it is also possible to derive different bounds on the relative
approximation error than given in Proposition which can lead to a selection of C' and
@ by the EC principle that is not equivalent to the spectral learning Algorithm [6] An
example is the improved EC algorithm, which uses a slightly different bound. While this
gives non-equivalent model estimates, they do appear to be of comparable quality [Zhao
et al., 2009b].

5.4.6 The Efficiency Sharpening Algorithm

The efficiency sharpening (ES) algorithm has previously been worked out only for the
case of stationary stochastic processes and “traditional” OOMs where o = 17. Here
we give a streamlined account of the ES principle that is more general than in the
original work, and we establish a connection to the row and column weighted spectral
Algorithm @ The (generalized) ES Algorithm |11| we present here is also applicable to
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5.4 Selecting the Characterizer and Indicator

learning SMA, I0-OOMs, and PSRs from data.

The idea of the ES learning algorithm by Jaeger et al.| [2006b] is to view the learning
Equations as a model estimator parameterized by C' (and @), and to select C' such
that the mean squared error of the resulting estimator is minimized while still being a
consistent estimator. Furthermore, this optimal choice of C' is derived from knowledge
of a model M for f, or in practice from a previous estimate thereof. To make this
approach tractable, some simplifying assumptions are made.

First, a simplified version of the learning Equations is considered, where the

indicator is taken to be Q = (CFy x)'. This leads to operator estimates

7, = CEy x(CFyx)T.

Jaeger et al. [2006b] now argue that due to the (pseudo-)inversion, the mean squared
error of 7, is dominated by the mean squared error of the factor C’FK x. The ES
algorithm therefore strives to find an admissible C' such that the mean squared error of
C’Fy, x is minimized — assuming knowledge of a model M for f. This is solved by the
following proposition, which we state here in a more general form than in the original

work [Jaeger et al., 2006b|, and with new and more rigorous proof.

Proposition 59. Let M = (0, {7.},w:) be a minimal d-dimensional SS for a function
f:Y* > R. Let X and Y be sets of indicative and characteristic words such that
rank(Fy x) = d and let f(a_c) for & € ¥* be unbiased and uncorrelated estimators for
f(z) withvg =3 cx V[f(fg)] >0 forallyeY. LetIl = [(O’TQ)T];—ey, O = [Tzwe]zex
and -
C* =1"D(vy)™t,  where vy = [Z W[f(jgj)]]
TeX gey

Then the mean squared error MSE [C’FKX] is minimized by the characterizer C* among
all characterizers C of the form C* + G that satisfy GII = 0.

Furthermore, C* is an admissible characterizer, i.e., C*Fy x has full rank d, and

every admissible characterizer C' can be written as p(C* + G) for some non-singular
p € R and G such that GII = 0.

Proof. First, for any characterizer C' we can calculate:

MSE[CFyx] =B |[Chyx - CFRyxl}] LB |[|CF.x - E[CFx] ]
=Y E [HC[FY,X]i — E[C[Fy,x]s] ||%} = tr (W [C[FY,X]?U]>
reX TeX
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= S uw(eviifadleT) =X u(on([viien)], )cT)

zeX zeX
—tr (CD()CT) — [C D)3 |}

where we have used unbiasedness for (x) and uncorrelatedness for (xx). For a charac-
terizer of the form C* + G = II" D(vy.)~! + G with GII = 0 we therefore obtain

MSE[(C* + G)Fy.x] = (C* + G)D(vy)3 |} = tr ((C* + G) D) (C* + G)T)

— |C* D(vy)2 |2 + |G D(vy)2 |3 + 2tr (G D(vy)C*T)
N———
=GII=0
> ||C* D(vy) 2|2

Now d = rank(Fy, x) = rank(II®) = rank(II) = rank(®), and D(U;)_% is invertible,
so C*II = (D(v;)féﬂ)T(D(v;)féﬂ) € R4 is invertible, and C* therefore admissible.

R4%4 must be invertible.

Finally, let C' be any admissible characterizer. Then C1II €
Setting p = (CT)(C*I)~! and G = p~}(C — pC*) we can easily verify that GII = 0

and C = p(C* + G). ]

Note that the characterizers C* 4G and p(C*+G) will lead to equivalent models by
Lemma Therefore, if the characterizer C'* is best among the class of characterizers
C* + G where GII = 0 then it is also the overall best choice.

The above Proposition [59| requires a suitable pre-selection of indicative and charac-
teristic words X and Y, as well as knowledge of the correct model dimension d, such
that Fy y has rank d. In practice, this cannot be guaranteed, but the methods pre-
sented in the previous Sections and can be used instead. Also, the estimates
f (Z) may not be unbiased and uncorrelated, meaning that the characterizer C* will
only approximate the theoretically optimal characterizer. A further requirement is that
all entries in v}T/, which measure the variance sum of each row of Fy’ X, must be strictly
positive, since their inverse is used to weight the corresponding rows of FY, x (and FzY’ X
and F; ). If a row has zero variance, then it makes sense to use a very large weight.
One can achieve this by enforcing some minimum value for the variance V[ f (i)} of
any estimate f (Z), for instance as done in Section Furthermore, to compute the
characterizer C* from Proposition we need to be able to compute the variances
Y [ f (:E)] of the estimates f (Z) occurring in FY, x. We can approximate these variances
by the methods presented in Section but may here use the value f(Z) computed

from the known model M in place of the estimates f(z).
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5.4 Selecting the Characterizer and Indicator

Now, the ES algorithm does not actually use the indicator @ = (C*FK x)f, but

instead the indicator

Q= D(UX)*% (C*FY,X D(UX)*%)T, where vy = Z W[f(a?@)}

yey eX

It is easy to see that this amounts to performing column-weighted linear regression to
compute the operators 7, from the argument-value pairs C’*FK x and C*F, y,x via the
learning Equations , where the inverse variance sum of each column of 13'34 x is used
as column weight, which needs to be approximated, analogous to v;, either from the
known model M, or as described in Section from the available data. Again, we

must ensure that all entries in vx are strictly positive.

In practice a true model M is unknown. Instead, the ES Algorithm is iter-
ated starting from some initial model estimate that may either be purely random or
computed by some other learning algorithm, for instance a spectral algorithm. The
rationale of iterating the ES Algorithm is that each iteration should compute a
new estimate with lower mean squared error and therefore higher statistical efficiency,
because the new estimate is based on a characterizer and indicator derived from an
increasingly accurate previous model estimate, hence the name efficiency sharpening.
However, this iteration comes with no convergence guarantees and may not converge at
all. Therefore, a fixed number of iterations are computed, and the model estimate with
the highest likelihood measured on the training data is selected. This procedure has
been found to achieve good results in practice using simple initial model estimates and
very few iterations (at most 5 typically suffice) with results that are of similar quality
to those obtained by spectral algorithms [Jaeger et al., |2006b; |Zhao et al., [2009alb].

Algorithm 11: The (generalized) efficiency sharpening (ES) algorithm

In : A d-dimensional model estimate M = (&, {7, },d.), estimates Fy x, and
variance estimates W[f(:i‘gj)] (e.g., Voo [f(:fgj)]) for the entries in Fy, x!
Out: C‘*, Q* for use in the learning Equations

o e [Sex VIF@n]) . ox & [Ser VI,
i1 [(67) ey

N . e £ f
C*+ T D(oy)"!, Q* « D(bx) 2 (C*Fy,x D(ﬁx)‘%)

Note that the runtime complexity of Algorithm (11| is O(d|Y|(lyd + |X]), where
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ly is the average length of words in Y, since the computation of II requires time in
O(ly|Y'|d?), while the computation of Q* from C* takes O(d|X||Y]) time. As ly is
typically small, d < |X]|, and only few iterations are required, this is on par with the
runtime complexity of the (row and column weighted) spectral learning algorithm.

The ES Algorithm [11]is, in fact, a variant of the row and column weighted spectral
Algorithm |§| presented in Section The difference lies in the way a basis B for
the column space of Fy x is estimated. While the spectral algorithms in Step (7)
obtain a factorization Fy x =~ BA from the matrix estimate ]3’34 x by computing its
best (weighted) rank-d approximation Bfl, the ES algorithm instead uses a previous
model estimate M to compute B =1I and i), since Fy x ~ 1.

To see that this is the only difference, let us use B = II as a basis estimate for
the column space of Fy x, and then follow Steps (ii) and (iii) of the row and column
weighted spectral algorithm from Section According to Equation this yields

the characterizer and indicator
C = (B" D(wy)B) "' BT D(wy,)
= p_lfl—r D(v;/r)_l = p_lé*, and
1 A 1
Q= D(U)X)§ (CFY,X :|:)(U)X)§)Jf
1 ~ A 1 ~
= D(vx) "2 (C*Fyx D(vx) %) p = Q*p,

where p = BT D(vy))~'B and we have used the fact that the ES Algorithm [11] and
the row and column weighted spectral Algorithm [J] employ essentially the same row
and column Weight namely D(wy.) = | X|D(vy) " and D(wy) = |Y|D(vx)~!. This
recovers the characterizer C* and indicator Q* employed by the ES Algorithm up
to the non-singular transformation p, which leads to an equivalent model estimate by
Lemma [42]

Finally, we will further examine a particular variance approximation A\ [ f (i’gj)] that
can be used to compute 17; and leads to a special form of the characterizer C* but that
is valid only for the estimators fw from Remark [37] for the case of stationary stochastic
processes. If we modify the variance estimate from Remark [39 to use the known value
f(zy) in place of the Bayesian estimate p(z3), we get V[f(zy)] = f(z7)(1 — f(z))/n,
which we may further approximate by f(Zy)/n, as in practice the values of f(Zy) will
typically be small for most sequences Zy. Also, the division by n is superfluous, as
it cancels via the learning Equations , so we may use the variance approximation

A~ ~

V[f(zy)] = f(zy). In the case of a stationary stochastic process and a choice of

! Alternatively, the ES algorithm can use a previous model estimate M to approximate W[ f (jg)}
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indicative words X that partition 3! (or ©=') for some [ we have Y.y f(2y) = f(9)
(or = (I+1)f(y), but again (I + 1) will cancel in the learning Equations (2))), and we

then obtain the simple variance approximation

)
o7 - [z w@gn] )Ty = .

zeX geY

In this case the columns of the characterizer C* have the form [C*]y = o715/0Tywe,
which are just normalized co-states of the model M. This is essentially the original
version given by Jaeger et al.|[2006b], who viewed these co-states as states of a time-
reversed model instead and, therefore, named the resulting characterizer the reverse
characterizer. This special form of the reverse characterizer is further exploited by
Jaeger et al.| [2006b| to compute an approximation of C*sz*,x and C*Fzg*x directly
from a suffix-tree representation of the training data, leading to an efficient suffiz-tree
ES algorithm that implicitly uses as characteristic words X all words from >* that
occur in the training data. For completeness, we should mention that |Jaeger et al.

[2006b] use yet another approximation for 0x that is computed from the training data,

namely V[f(zg)] = f(z7), leading to dx = [ ey f(Z))]zex.

5.5 Computational Complexity

We have already noted the computational complexity for most of the steps involved
in the general learning Algorithm Here, we put these results together to obtain a
complete picture of the runtime requirement for the general learning Algorithm []

Assume we are given training data consisting of N symbols over an alphabet X.
First, we will compute a radix tree or generalized suffix tree representation of the
training data and annotate the nodes by their leaf counts using a depth-first tree
traversal, which requires O(N log|X|) time and O(N) space if we use balanced search
trees to represent the parent-child relationships in the tree. The reason to use balanced
search trees is that this allows us to look up a word Z in the tree in time O(|z|log |X|),
which means that computing the estimate f (z) as well as the corresponding variance
estimate by the methods in Section [5.1] takes time in O(|z|log |X|) as welll]

Given this tree representation of the training data, we then select sets X and Y of
indicative and characteristic words using Algorithm [5|in time O(Nlog N + | X |+ |Y]),

! Alternatively, we may speed up the tree generation to O(N) if we are willing to spend O(|Z||Z])
time to compute the estimates for each word T

83



5. LEARNING SEQUENTIAL SYSTEMS

or alternatively O((|X| + |Y])|X|log(|X| + |Y])|X]) if we use a setting of Ly, = 0.

Computing the matrices Fy7 X, Fzy7 X, F; , and F 'x, as well as the corresponding
variance estimates, then requires O(|X|| X ||Y |(Ix + ly)log|X]) time, where [x and ly
are the average length of words in X and Y, respectively.

Estimating the target dimension d in Step 3 by computing the numerical rank of
the matrix Fy x or its scaled version Fy x requires O(d|X||Y]) operations as explained
at the end of Section [5.3|

Computing suitable characterizer and indicator matrices C' and @ for Step 4 takes
time in O(d|X|]Y|) in the case of (row and column weighted) spectral learning, and
O@d|Y|(lyd + | X]) in the case of ES, while solving the learning Equations in Step
5 takes O(|X|d|X||Y|) time. Using element-wise weighted learning to obtain a model
estimate through Steps 4 and 5 takes time in O((|2] + K)d?|X||Y]), where K is the
number of iterations required for the alternating projections algorithm to converge,
while weighted spectral learning incurs a runtime complexity of O((|X|+ K)d?| X ||Y |+
IS (d + | X])).

Let us make the simplifying assumptions that |X| = |V, that Ix,ly and log|X|
are small enough that we can neglect them as constants and that we select indicative
and characteristic words using a parameter setting of Ly, = 0. We then obtain the

following Table [3] of runtimes for the main steps of the general learning Algorithm [

Task Runtime complexity
tree representation of data O(N)
selection of words X and Y O(|1Z]| X | log | X|)
computation of all estimates O(3]|X1?)
estimation of target dimension O(d| X |?)
(row/column weighted) spectral learning, ES O(|x|d| X |?)
element-wise weighted spectral learning O((|Z] + K)d?| X |?)

. . (12| + K)d? X |?
weighted spectral learning (@] <—|—|E]d2d2(d2 ¥ ’XD>

Table 3: Runtime complexity of the main steps of the general learning Algorithm [4f under
mild simplifying assumptions.

Note that in terms of these complexity results, the element-wise weighted learning
is slower than (row and column weighted) spectral learning and ES by a factor of d,
while weighted spectral learning is only slower than element-wise spectral learning if
d?> > |X|. If, however, d ~ | X|, then weighted spectral learning is slower than element-
wise weighted spectral learning by a factor of d>. The additional complexity of the

element-wise weighted and even more so of the weighted spectral learning algorithm,
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therefore, primarily depends on the size of the target dimension d. For large target
dimensions d, weighted spectral learning may be an impractical algorithm. In fact,
weighted spectral learning requires computing the Cholesky decomposition of a matrix
of size d? x d?, which has a memory requirement of about 8d* bytes when storing
the entries as 64-bit floating point numbers. In the case of d = 192 the memory
requirement for this Cholesky decomposition alone is about 10 GB, which we will
regard as the practical limit on current standard hardware, while a setting of d = 256

already requires about 32 GB memory.

5.6 Normalization, Stabilization, Sampling

Above we have discussed in detail the steps required to obtain a model estimate M
from sample data via the general learning Algorithm [ which allows us to compute
fy(Z) for € ¥* via Equation (I). One remaining issue that we have mentioned
but not discussed is that the estimated model M may not satisfy the conditions of a
(controlled) stochastic process or stochastic language, especially f x = 0, which is a
necessary but undecidable requirement. To deal with this, we adapt a normalization
procedure developed by |Jaeger et al. [2006b, Appendix J] to also cover the case of
models for controlled stochastic processes. At the same time, this allows us to sample
efficiently from the process described by a SS. We later explain how this can be used
for models of stochastic languages as well.

Let us first consider only the case of (controlled) stochastic processes. To ensure that
Sy = 0, we will alter the way that the function values f (Z) = oTzwe are computed.

Recall that for a (controlled) stochastic process f, we have

flr ) =[] flar] Zho)
k=1

1@D i on (16)
- o ) ge i f(@) >0
where T =x1...2 and f(y|Z) =
0 otherwise.

If f is described by a SS M = (o, {7.},w:), we can compute f(y|Z) = 07y Taw: /0 Tzwe
from the normalized state wz; = Tzw./oTzwe, SO we can rewrite the above Equation

via the iteration

flzr...xx) = flog Wz, ) f(x1 .. 2p—1) with f(z|w) = o,

wfk - Tzkwﬂfkﬂ/JTl’kwikﬂ f(g) =1, we = we.
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At each time step we can normalize the values f(z|w) for every z € ¥ such that
these lie in the interval [pyin, 1] for some parameter ppin > 0 and satisfy property (i7)
of a (controlled) stochastic process, namely Va € X7 : 3 5, f(ao|w) = 1. Specifying
Pmin > 0 can be very useful to ensure that fa(Z) > 0 for all z € ¥*. Additionally,
we will perform a state setback if at some time step the function values faq(z|w) need
to be altered by more than a specified maximum error tolerance ey, or arithmetic
underflow occurs during the state update, i.e., om,w < €¢ for some zero margin €y. A
state setback is a stabilization heuristic that resets the current state w to the initial
(stationary) state w. and then replays a certain length [ of the most recent history.
The parameter [, sets the maximum number of steps to attempt to replay during a
state setback operation. This stabilization heuristic may be less effective and should
therefore be omitted if w. is not a stationary state, for instance in combination with
certain input policies 7, or when used for stochastic languages as explained later.

This is performed by Algorithm [12| and yields for any SS M a normalized external

function faq that is guaranteed to be a (controlled) stochastic process:

Definition 60. Let M be a SS. The normalized external function fas of the model M
1s defined by the equation

fu(eroxp) = fuler | oz ) frm(zr .o 2p 1)

where the normalized and stabilized states wz, as well as the normalized one step pre-
dictions fa (g |wz,_,) are computed iteratively via Algorithm starting from the

initialization G = w. and fa(e) = 1.

We have split Algorithm [[2]into two steps, where Step 1 uses the current normalized
state w and a given input symbol a to compute a normalized one-step prediction vector
p =] f M(ao|W)]oes,, and Step 2 performs the normalized state update according to
the current input-output symbol ao. This allows Algorithm [12| to be used to sample
from f M as well: To obtain an initial realization of the (controlled) stochastic process
described by f ‘M, at each time step t first determine the current input symbol a; from
the input policy 7 (which needs to be specified for sampling, since a controlled process
only models the system output), then draw the current output symbol o; according to
the probability vector p computed by Step 1, and finally perform the state update via
Step 2 according to a;o;.

It is casy to verify that for any SS M the normalized function fas will indeed

describe a (controlled) stochastic process. Conversely, if faq is a (controlled) stochastic

86
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Algorithm 12: Normalization and stabilization (for (controlled) processes)

In : SS model M, current normalized state w, current input a (for
controlled process), and parameters Pmin, €max; lmax and €g.
For Step 2: Current output symbol o.

Out : Step 1: Prediction vector p = [far(ao|@)]oes,
Step 2: Updated normalized state w

Global: most recent history z for setback (initialized to ¢)

1 p,ep < compute normalized p(M,w,a)

while e; > enax and w # w, do

w < setback_state (M)
L D, €j <— compute_normalized_p(M,w,a)

2 W4 TeoW; Z 4 zao

if |Z| > lmax then zZ « 29.. 23]

if ow < ¢y then w < setback_state(M)

else w + w/ow

Procedure compute normalized p(M,w,a)
p < [UTan]OEEO
foreach o € ¥ do [p], < max(0, [p]o — Pmin)
PSo < 2oeso Plo
if ]520 < gp then

L foreach o € ¥ do [p], + 1/|X0|
else

L foreach o € ¥p do [P, + (1 — |20|Pmin)[P]o/Pxo + Pmin

e < llp = plI*/1Z0

| return p, e;

Procedure setback_state (M)
W Wwe
foreach z in zZ do
W 4 T,w
if ow < gy then
L 2%22...Z|2|
return setback_state (M)
W /oW
Z4—29... 2|z|
L return w
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5. LEARNING SEQUENTIAL SYSTEMS

process, and we set pmin = 0 and g = 0, then no normalization or stabilization will
occur and fM = fum.-

Finally, this procedure can also be used to normalize and sample from an estimated
SMA M for a stochastic language using the equivalence between stochastic languages
and stochastic processes with a termination symbol that we have established in Sec-
tion To convert M into an estimate of a terminating OOM M’ as in Proposi-
tion we may need to minimize M using Algorithrn and then require that p(7y) < 1
for the the spectral radius of 7x = ) 5, 72, so that we can compute (I — o)7L If

necessary, we can enforce this by scaling the operators 7.

88



Empirical Investigations

We have now established a general framework for learning SSs from data that unifies
many of the previously published algorithms. To obtain a concrete learning algorithm
we need to make specific design decisions, which may involve setting further learning

parameters, for each of the learning steps. To recall, these are:
e The selection of indicative and characteristic words (Section [5.2))
e The estimation of a suitable target dimension (Section [5.3))

e The method used to solve the learning Equations , where we need to decide if

we should employ weights, and if so, which variant of weighted spectral learning

to use (Section [5.4).

In this chapter we empirically investigate the effect of the various strategies on the
performance of the resulting learning algorithm. Regarding the selection of indicative
and characteristic words, we are particularly interested in finding a generic selection
strategy, i.e., one that does not rely on parameters that require further tuning and
that works well across a diverse range of learning tasks. Furthermore, we are especially
interested in investigating the utility of using weights in the spectral learning algorithm,
as this is a major contribution of this work.

In Section we first introduce several problems and datasets as benchmarks for
the learning algorithms. These are selected from the domains of stochastic processes
and controlled processes as problems that have been used previously as performance
benchmarks, but we add two sets of real-world data as well as synthetically generated
data sets in an attempt to cover processes of lower and higher complexity, as well as

processes with small and large alphabets.
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6. EMPIRICAL INVESTIGATIONS

In the subsequent Section [6.2] we investigate several strategies for selecting indica-
tive and characteristic words. At this point, we will use the true process rank as target
dimension and therefore consider only the synthetic benchmark data sets. We consider
each selection strategy once for the standard spectral learning Algorithm [6] and once

for the weighted spectral learning Algorithm

Next, in Section we investigate the effect of the target dimension. We again
consider two concrete algorithms, namely standard spectral learning as well as weighted
spectral learning, where in each case we fix a selection of indicative and characteristic
words that performs well, as established in the previous Section We then vary
the target dimension and thereby establish a range of suitable target dimensions, and
based on this, evaluate the methods presented in Section for estimating a suitable

target dimension.

Using the method for selecting indicative and characteristic words as well as the
method for estimating a suitable target dimension that we will have established in
Sections [6.2] and [6.3, we then compare standard spectral learning to weighted spec-
tral learning and the variants of weighted spectral learning that we have presented in
Sections [5.4.3], [5.4.4] and [5.4.5] At this point we will also include the real-world data

sets.

6.1 Benchmark Problems and Datasets

In selecting problems and datasets to evaluate the performance of the learning algo-
rithms, we restrict ourselves to consider what we regard as typical application scenarios
from the domains of stochastic processes and controlled stochastic processes. We ex-
clude the domain of stochastic languages (as well as other domains where SSs may
potentially be applicable) for several reasons. Foremost, we have expertise and im-
plementations for learning SSs for (controlled) stochastic processes, and while SSs for
stochastic languages are closely related to SSs for stochastic processes, the implementa-
tion details differ considerably. Furthermore, datasets and comparison results are avail-
able for the case of (controlled) stochastic processes but not for stochastic languages.
And finally, we are interested in evaluating the impact of various design choices on the
performance of the resulting learning algorithms and can obtain sufficiently meaningful

results by restricting ourselves to (controlled) stochastic processes.
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6.1 Benchmark Problems and Datasets

6.1.1 Benchmarks for Controlled Processes

SSs for controlled processes have been investigated in the form of PSRs primarily on
a set of POMDP benchmark tasks of varying complexity from Cassandra’s POMDP
repository |Cassandra, [1999]. Extensions of PSRs to the case of continuous-valued
processes have used quite different datasets, but these are no longer SSs and are beyond
the scope of this thesis. Here we will employ the same set of POMDPs that have been
used in previous work and for which comparison data is therefore available [Singh et al.,
2003; James and Singh, 2004; [Wolfe et al., [2005; McCracken and Bowling), [2006]. We
are not concerned with the details of the individual problems but instead summarize
the main features of these POMDP tasks in Table [l

POMDP X1 | |Zo] | dim | rank | Zmin | Ymin
TIGER 3 2 2 2 1 1
PAINT 4 2 4 2 1 1

BRIDGE 12 5 5 5 1 1

NETWORK 4 2 7 7 1 2
SHUTTLE 3 5 8 7 3 1
MAZE4X3 4 6 11 10 1 2

CHEESE 4 7 11 11 3 2

Table 4: Properties of the POMDP benchmark problems. |X;| and |3p| are the sizes
of the input and output alphabets, respectively. “dim” denotes the number of POMDP
states, which equals the dimension of the converted (but not minimized) SS, while “rank”
denotes the rank of the POMDP as a SS. The quantities xyi, and ymi, are the minimum
required length of at least one indicative or characteristic sequence, respectively, such that
the system matrix Fy, x has full rank.

One should note that POMDPs are usually used as world models for planning tasks
in the context of reinforcement learning, i.e., feedback rewards are an additional part
of the POMDP model. Here, however, we only consider the POMDP as a model for
observations given actions and therefore disregard the reward signal, even though the
learned SS for this controlled process will be unsuitable for planning. This is in line
with how POMDPs have been used previously as benchmarks for PSR learning. It is
possible to learn a complete world model including rewards using SSs and to use this
for planning [James et al.l 2004; James and Singhl 2005; Even-Dar et al. 2005; Izadi
and Precup), 2008} Boots et al., [2010], but this goes beyond the basic SS learning task
that we consider here.

Next, we wish to sample training and test sequences from these POMDPs, but for

this we need to specify a policy, i.e., how the input actions are generated. In previous
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PSR learning benchmarks a uniform iid policy was used, selecting each action with
equal probability, which corresponds to fully random exploration. We will therefore
also employ this random policy.

For each POMDP, we generate 3 training sequences of length 107 and 5 test se-
quences of length 10*. We will generally measure the learning performance by the
average performance of a learned model on the 5 test sequences, which we average over
3 training trials using the 3 training sequences or shorter prefixes thereof. We measure
the performance of a model on a test sequence T as the average one-step prediction
error defined as follows. This is the same measure that has been used in the PSR

literature.

Definition 61. Given a SS M for a (controlled) process, as well as a sequence T =
@101 . ..an0, and a “correct” model M, the average one-step prediction error of M
with respect to M and Z, denoted e(M | M, Z) is defined as

|z|

N 1 1
e(M|M,£):@Z
t=1

m Z (f/\}[(atot ’ Btat) - IP(Ot ’ Btat))Q 5

0€X

where hy = a101 ...a;_104_1 is the history at time t, P(o; | hiar) = faq(heasor)/ fa(h)
is the probability of observing o; at time t given history hy and action a; according to
the “correct” model M, and fM(atot | hy) = fM(thatot)/fM(ﬁ) is the corresponding
probability according to the normalized model estimate M (cf. Section @)

Note that this error measure will be zero if M = M, i.e., for a perfect model

estimate.

6.1.2 Benchmarks for Stochastic Processes

Common benchmarks for studying SS learning of stochastic processes are not available.
However, previous OOM research has studied simple English text data or synthetic data
sampled from randomly generated OOMs [Jaeger et al. [2006a.b]. Here, we consider
gene sequence data in addition to English text data in the form of two real-world
datasets from the large Canterbury Corpus [Bell et al.l [1997], which is a benchmark
for lossless compression. We complement this with synthetically generated data from
randomly generated OOMs to cover processes of lower and higher complexity, as well
as processes with small and large alphabets. However, we will take more care than
in previous work to ensure that the random OOM generation process yields stochastic

processes relevant for measuring the learning performance.
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6.1 Benchmark Problems and Datasets

Each benchmark will consist of one or more training sequences of length ~107 and
5 test sequences of length ~10%. We measure the learning performance by the average
performance of a learned model on the test sequences and measure the performance of

a model on a test sequence T by its time-averaged negative log-likelihood.

Definition 62. Given a SS M for a stochastic process and a sequence T, the time-
averaged negative log-likelihood of M given Z, denoted by E(M | Z), is defined as
N 1 _
UM |2) = ——logy (f (@)

|z]

where fM(i) is the probability of T according to the normalized model estimate M

(cf. Section|[5.6).

Note that finding a model M that minimizes /(M | Z) on the training sequence z
would correspond to a maximum likelihood estimate, but we measure the performance
on test sequences instead to measure the generalization performance of the learned
model M. Furthermore, if the training and test data are sampled from a station-
ary ergodic process described by an (unknown) function f, then this measure can be
seen as an estimate of the cross-entropy rate H(f, f vy) of the process described by f
with respect to the process described by f vy by the Shannon-McMillan-Breiman theo-
rem |Breiman et al., |1957]. This view allows a nice interpretation, as the cross-entropy
rate H(f, f vy) is the average number of bits per time step needed to encode a sam-
ple from the true data distribution using an optimal coding based on the normalized
learned model M. Clearly, the smaller the cross-entropy rate, the better M describes
the true data distribution. This is a well-known link between estimation theory from
the field of statistics and coding theory from the field of information theory.

Furthermore, H(f, fM) > H(f, f) = H(f), where H(f) is the entropy rate of the
process described by f, which says that we cannot find a better model for the process
described by f than f itself. This means that we can view H(f) as a reasonable target
lower bound for the performance measure Z(M | z). However, this is not exact, as
((M| Z) is only an estimate of H(f, f vr) based on the sample 7. Nevertheless, if we are
able to estimate H(f), for instance by ¢(M | z) if we have access to an exact model M
for f, we can use this as an indication of how close a learned model M comes to an
optimal model for the process described by f.

Finally, we can also give an upper bound for /(M |Z) that any reasonable model
for the process should satisfy. Namely, consider the process that assigns every symbol

the probability ‘%' independently at each time step, which is described by the function
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gs| 1 T = (Ell)m. Then H(gjs|) = H(f,9x)) = gz |Z) = logy(|X]). Hence, for any

~

learned model M to perform better than the uninformed model gy, it should satisfy
U(M|Z) < logy(|]). This is not exact, as £(M | Z) is only an estimate of H(f, fM)

6.1.2.1 Real-world Data

We first describe the real-world datasets that we will be using. The English text is the
King James version of the Bible, consisting of approximately four million symbols from
an alphabet of 26 uppercase and 26 lowercase letters (while the ‘X’ does not occur),
10 punctuation symbols (*.7, ‘17, <27 <7070 <7 cC) 97 =70 ") and two white-space
symbols, giving an alphabet size of 64. We preprocess this dataset to yield different sets
of training and test sequences. First, we split the data into sentences according to the
punctuation symbols ‘.”, ‘?’ and ‘!’, which gives 28,926 sentences, which we shuffle. We
then replace all punctuation symbols by whitespace, reduce all whitespace occurrences
to a single space symbol, remove any whitespace at the beginning of sentences, and
convert all letters to uppercase. Next, we randomly distribute the sentences into a set
of training sentences and five sets of test sentences, such that each set of test sentences
consists of approximately 10,000 symbols. We concatenate the training sentences to
obtain the training sequence and do the same for each set of test sentences to obtain five
test sequences. The point of the sentence shuffling is to ensure that the test sequences
and training sequence have similar statistical properties. This procedure yields our first
benchmark data set that we denote by BIBLE, which has an alphabet size of 27 (26

letters plus one whitespace symbol).

The gene sequence data is a complete genetic sequence of the E. Coli bacterium,
which is a circular sequence of approximately 4.6 million nucleotides denoted by the
symbols ‘G’, ‘A’, ‘C’ and ‘T’. As we have no insight into the structure of the data, we
create five test sequences by cutting five sequences of length 10,000 at equally spaced
intervals from the original sequence and concatenate the remaining pieces to give the
training sequence. We refer to the resulting benchmark data as ECOLI. Note that this
creates four positions in the training sequence where preceding and following sequences
may not normally occur together, potentially introducing small errors into the estimates
f(Z) — an issue that we disregard.

This establishes the real-world data that we will be using to benchmark the per-
formance of the SS learning algorithms for stochastic processes (see Table 5| for a sum-
mary) and covers processes with different alphabet sizes. However, we do not know

much about the complexity of the data or the rank of the underlying generator. We
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therefore complement our benchmarks by synthetically generated data.

DATASET | |¥| | rank | training sequences | test sequences
# length # length
BIBLE | 27 | ? | 1 3846968 | 5 ~10,000
ECOLI 4 ? 1 4,588,690 ) 10,000

Table 5: Summary of the real-world benchmarks for SS learning of stochastic processes.

6.1.2.2 Synthetic Data

We will create four additional datasets from randomly created OOMs with smaller
and larger alphabet sizes and ranks. For this we choose alphabet sizes of 4 and 27
to match the alphabet sizes of the real-world data sets, as well as ranks of 7 and 32,
which should resemble processes of lower and higher complexity. It is hard to justify
the choice of precisely these numbers, except that using a power of 2 for the larger
rank slightly improves computational efficiency. We will denote the resulting datasets
as RANDOM4_7, RANDOM4_32, RANDOMZ27_7 and RANDOM27_32. However, we
need to specify how to create OOMs randomly.

To generate a random d-dimensional OOM for an alphabet of size |X|, we preset
o= Il;lr. We then draw each entry of the matrices 7, independently from a uniform
distribution on the interval [0, 1], raise each entry of 7, to the power «, where « is a
control parameter, and rescale the columns of the matrices 7, such that o, = o, i.e.,
such that the matrix ™ = ZzGZ T, has column sums of one. Next, we set all entries
below a threshold g to zero and again rescale the columns of the matrices 7, such that
o1y = o. Finally, we compute w. as the stationary state, i.e., the unique eigenvector
of 75, to the eigenvalue 1 that satisfies ow, = 1 [Jaeger et al., 2006a]. Note that the
existence of a unique stationary state ensures that the resulting process is stationary
and ergodic [Schonhuth and Jaeger, 2009]. If such a unique stationary state does not
exist, the procedure is repeated. The parameter « controls the relative sizes of the
entries within the columns of the matrices 7,. Setting o = 0 will enforce all entries
to be 1/|X|, corresponding to a process that produces each symbol with probability
1/]¥| independently at each time step. Higher settings of o cause many of the entries
to become very small due to the rescaling of the columns and therefore enforces some
form of sparsity on the matrices 7., which is made precise by setting all entries smaller
than ¢y to zero. The choice of £y should reflect the threshold below which we consider

an entry to have negligible effect on the model. We use a fixed setting of &g = 10~7. The
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effect of a on the resulting process has never been studied, but values for a between one
and ten have typically been used. However, we will argue that the resulting processes
are not well-suited as benchmarks, and we will use much higher settings of «.

Our goal is to generate stochastic processes that exhibit a sufficiently rich structure.
To make this precise, we will require such a process described by f to have the following

two properties:

(1) min{H(f,¢) —H(f) : ¢ is a 3-rd order Markov process} should be as large as pos-

sible, so that the process differs from a 3-rd order Markov process.

(ii) The entropy H(f) should lie well within the interval [0,logs(|X])].

The first property ensures that the learning task is non-trivial, and the second property
ensures that we have a large enough margin to measure the performance of reasonable
models between the performance bounds log,(|X|) and H(f) discussed above, while at
the same time having a non-deterministic process. Note that for a stationary and er-
godic process described by f, the k-th order Markov process gi that minimizes H(f, qx)
is given by the matrix Fy,x after normalizing to have column sums of 1, where X = ok
and Y = X.

We will therefore use the following approach: For different values of «, d, and |3,
we generate 50 d-dimensional OOMs each randomly as described above and select the
model M that maximizes the relative entropy I:I( msq) — I:I( fm) for an optimal 3-rd
order Markov model ¢ derived from M, with estimates fI( fm, q) and ICI( fm) computed
on a sequence of length 10° sampled from fu(. We repeat this three times and from the
three selected models choose the one with smallest entropy H( fm) that we estimate
more precisely on sample sequences of length 107. The results are shown in Figure .

What we see is that small values of o lead to OOMs describing stochastic processes
that are almost purely random, i.e., uniform iid processes, or that are well-described
by 3-rd order Markov models. Note that this is the case even for OOMs that are
already pre-selected to be far from 3-rd order Markov processes. Furthermore, for
larger dimensional OOMs, we need to select larger values of a to obtain “interesting”
processes. Finally, low-dimensional OOMs with large alphabets generated in this way
for any choice of « lead to stochastic processes that are described well by 3-rd order
Markov models.

As benchmarks, we select the 7-dimensional OOMs corresponding to the value of
a = 40 and the 32-dimensional OOMs corresponding to the value of & = 160. For each
of the four OOMs that we obtain in this way, we generate three training sequences of
length 107 (or in fact of length 108 for the 32-dimensional OOM with alphabet size 27)
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Figure 2: For d-dimensional OOMs M with alphabet ¥ generated and selected as de-
scribed above for various values of d, |%| and «, the estimated entropy rate H(faq) and the
estimated cross-entropy rates I:I( fmsqo) and ﬁ( fm, q3) of best-approximating 0-th and
3-rd order Markov models are shown, as well as the difference H(faq,qs) — H(faq). The
entropies are estimated by ¢(M | Z),£€(qo | Z) and £(gs | Z), respectively, on a sequence Z of
length 107 sampled from M.

and five test sequences of length 10° that form our benchmark data sets RANDOM4_7,
RANDOM4_32, RANDOM27_7 and RANDOM27_32. A summary is given in Table [6]

DATASET £ | rank | sparsity | logy(Z]) | B(f,q0) | H(f,a5) | AP
RANDOM4_7 4 7 0.66 2 1.54532 | 1.16933 | 0.95743
RANDOM4_32 4 32 0.90 2 1.92694 | 1.51314 | 1.08093

RANDOM27_7 | 27 7 0.70 4.755 4.23171 | 3.32650 | 3.21578
RANDOM27.32 | 27 | 32 0.92 4.755 4.66523 | 4.11195 | 3.71746

Table 6: Summary of the synthetic benchmarks for SS learning of stochastic processes.
Sparsity measures the fraction of entries in the matrices 7. that are zero. ﬂ( f,yq0) and
ﬂ( f,qs) are the estimated cross-entropy rates for best-approximating 0-th and 3-rd order
Markov processes qo and g3, and ICI( f) is the estimated entropy rate of the underlying
process described by f.
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6.1.3 Default Evaluation on Benchmarks

In the following we will be evaluating and comparing several algorithms that we obtain
by varying the approaches for the individual learning steps. Since we will be conveying
a lot of information in the comparison graphs, which, however, all have the same eval-
uation format, we now explain in more detail how the evaluation of a single algorithm

is performed and presented.

Let us consider a standard spectral learning algorithm as in Algorithm [6] where
we select as indicative and characteristic words all words of length less than or equal
to L that occur at least once in the training data, where the length L is preset for
each benchmark to the largest integer such that |£| < 1024, which gives reasonable
results. We use the process rank as target dimension if available, or, in the case of

the real-world benchmarks, estimate a suitable target dimension using a method from

Section 5.3

For each benchmark we are given one or three training sequences. For each training
sequence, we consider prefixes of increasing lengths that we use as data for the model
estimation. The lengths we use are {UO%J |k =6,7,...,14} covering a range of lengths
from 103 to 107, except for the RANDOM4_7 benchmark, where we instead use lengths
ranging from 102 to 10, the RANDOM27_32 benchmark, where we use lengths ranging
from 10* to 108, and the real-world benchmarks, where we use lengths ranging from 103
to about 4 - 109, the length of the training sequence. We then estimate a model using
the specified learning algorithm for each such training sequence prefix and evaluate it
on the five test sequences for the respective benchmark using the evaluation metric we
have explained above, i.e., in the case of stochastic processes, we compute the time-
averaged negative log-likelihood of the estimated model given the test sequence, and
in the case of controlled processes, we compute the average one-step prediction error.
We take the arithmetic average over the evaluations for the five test sequences, and if
we have three training sequence prefixes of every length, as is the case for all synthetic

benchmarks, we take the arithmetic average of their evaluation results as well.

Note that it is essential to employ some form of normalization when using the
likelihood to evaluate the model, as it may happen that the learned model gives a
probability of zero (or less) to a test sequence, for instance when a symbol appears that
was not present in the training data, which renders the likelihood meaningless. This
occurs also when learning models such as HMMs that are guaranteed to be (controlled)
stochastic processes. For our evaluations we want to use only mild normalization and

stabilization to avoid confounding effects, and we will use the following normalization
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and stabilization settings throughout: pmin = 0.0002, €max = 0.03, lnax = 5,69 = 1078
for the benchmarks for stochastic processes, and pmin = 0, €max = 1, lmax = 0,60 = 1078
for the benchmarks for controlled stochastic processes (cf. Section . We will not
consider optimizing the normalization and stabilization settings, since this is highly
dependent on the desired application of the learned model. While these settings do
affect our performance measures, we have observed that these generally do not favor
one algorithm over another, i.e., the relative performance of the algorithms we consider
is not affected significantly. This appears to hold as long as we employ sufficient
stabilization (i.e., not too large emax) to avoid obvious stability issues. Using the above

pre-determined settings should, therefore, be sufficient for our comparison purposes.

We first consider the benchmarks for controlled processes as well as the synthetic
benchmarks for stochastic processes, since in these cases we know the correct model
and therefore also the entropy and rank, and we will use only these benchmarks to
evaluate the methods for selecting indicative and characteristic words as well as the
target dimension in the following Sections and The evaluation results on these
benchmarks for the single algorithm described above are presented in Figure The
evaluation results on the real-world benchmarks for stochastic processes, which will
be used when comparing the variants of (weighted) spectral learning in Section
are shown in Figure [l In all cases, the z-axis shows the length of training data used
in logarithmic scale, and the y-axis shows the averaged evaluation on the test data.
The average one-step prediction error that is used in the case of controlled processes
is shown in logarithmic scale with a fixed range from 1076 to 10~!, while the negative
log-likelihood is shown on a linear scale ranging, in the case of the synthetic benchmarks
for stochastic processes, from H (fm) to H (fMmsq0), where M is the respective bench-
mark model and ¢qg is the best 0-th order Markov model approximation to fa. This
means that the performance measure in the case of synthetic benchmarks for stochastic
processes is expected to converge to the x-axis as the length of training data increases,
while in the case of the benchmarks for controlled processes it is expected to keep
decreasing. Due to the chosen range for the negative log-likelihood, the performance
measure can also be interpreted as a plot of the relative entropy of the estimated model,
which decreases to zero for a perfect model. In the case of the real-world benchmarks,
we do not know the process entropy and also no best 0-th order Markov approximation
to the process, so we simply select a reasonable range for the performance measure on
the y-axis, which means that the lower bound has no particular meaning in this case.
We will use the same axis scaling throughout and therefore omit the axis labeling from

all future evaluation plots.
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Figure 3: Evaluation of a standard spectral learning algorithm on the synthetic bench-
marks for (controlled) stochastic processes.
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Figure 4: Evaluation of a standard spectral learning algorithm on the real-world bench-
marks for stochastic processes.

6.2 Selection of Indicative and Characteristic Words

We begin by evaluating various approaches to selecting indicative and characteristic
words based on the general selection procedure from Section For this, we will use
the process rank as target dimension, assuming that this will not change the outcome
qualitatively, i.e, we disregard any interaction between the selection of indicative and
characteristic words and the choice of target dimension. We will see in the next section
that choosing the process rank as target dimension indeed often gives very reasonable
results. However, there are conceivable issues, for instance, using a large matrix Fy, X
combined with a large target dimension in the case of limited training data may be
especially prone to overfitting, which means we may be introducing a bias towards a
selection of smaller sets of indicative and characteristic words in the case of limited
training data, but we ignore such possible issues here.

We consider two algorithms, namely the standard spectral learning Algorithm [6] as
well as the weighted spectral learning Algorithm [§l The reason is that we conjecture
that weighted spectral learning may be much better suited to a selection of indicative
and characteristic words of varying lengths than standard spectral learning.

Note that for performance reasons we need to set a limit on the size of the matrix
Fyy x. We will, therefore, only allow sets X, Y of indicative and characteristic words of
size at most 1024. Even much larger matrices can be used, but these require special
linear algebra routines, for instance handling of large sparse matrices and truncated
SVD computations thereof that we have not implemented.

First, we consider a selection of indicative and characteristic words consisting of all

words of length L that occur in the training data, for parameters Ly, < L < Lpax
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that need to be specified in some way. This has been the most common way to select
indicative and characteristic words. For each benchmark, we will consider all values
of Lpax such that the resulting matrix is not too large, for which we require that
|| Emax < 1024. In this case we do not restrict the size of X and Y via the parameter
Zmax- For each admissible value of Ly.x we consider Lyin = Lmax, which means we
select only words of length L.x, as well as Ly, = 0, which means we select words
of length less than or equal to Lya.x. When using Ly, = 0, the size of X and Y
may, in fact, be slightly larger than 1024. For each benchmark, the evaluation curves
corresponding to the largest admissible Ly, are plotted slightly thicker for better
recognition.

Furthermore, we consider using the Z,.x words occurring most frequently in the
training data as indicative and characteristic words, which again requires specifying a
parameter Z,,x that controls the size of the resulting matrix FY, x. For all benchmarks,
we consider all Zn.x in {32,64,128,256,512,1024}, and plot the evaluation curves
corresponding to Zmax = 1024 slightly thicker for better recognition.

Finally, we consider a selection of the at most 1024 most frequent words that occur
at least Opin times in the training data, where Opn;, is computed as we have proposed
in Section Note that the value of On;n depends on the alphabet size as well as
the length of available training data and can, therefore, be seen as a tuned version of
the selection based on the Z,,x most frequent words. We are particularly interested
in the performance of this approach, since it is a novel contribution that obviates the
requirement to specify any further parameters.

Note that for simplicity we will not consider the further restriction on the selection
of words that is controlled by the parameter Uyique. In our experiments, this has shown
only little impact on the performance of the learning algorithms.

The evaluations for these approaches are shown in Figure [5| when combined with
standard spectral learning and in Figure[6] when combined with weighted spectral learn-
ing. To facilitate comparison of results across these two figures, we have included in
the first Figure 5| the evaluation for our novel selection approach based on a heuristi-
cally set parameter O, combined with weighted spectral learning, and in the second
Figure [6] the evaluation for the selection based on all words of length less than or equal
L combined with standard spectral learning for the largest L such that |2|¥ < 1024.

Let us focus first on the evaluations for indicative and characteristic words selected
based on a fixed length L or a length < L. We can see that using a too small length
L such that ]Z|L < d, where d is the process rank, prevents convergence to a correct

model as the training data increases. This is clearly seen for instance for L = 2 in the
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RANDOM4_32 case. The reason for this is that the columns (or rows) of F' indexed by
the indicative words X (or characteristic words Y') cannot span the column (or row)
space of F, i.e., the sets X and Y cannot be sufficient. To guarantee sufficiency, we
would need to choose L > d. Interestingly, as has already been observed before, a
choice of L such that |S|* > d usually does seem to give sufficient sets X and Y and
thereby achieve convergence to a correct model. However, we do observe an exception
to this for the CHEESE benchmark, where considering the 282 = 784 words of length
2 (or even < 2) as indicative and characteristic words, of which in this case 166 also
occur in the largest available training data, is not sufficient to estimate a correct model
of rank 11. Furthermore, we can easily construct cases where using words of length less
than or equal to L, where L is chosen as large as possible while satisfying |%|* < M for
some fixed maximum number of words M, is guaranteed to fail. For instance, if we use
M = 1024 as we do here, then this approach will fail to select sufficient indicative and
characteristic words and hence cannot converge to a correct model for any stochastic
process with alphabet size ¥ > 32 of rank larger than |X|+1, since the largest admissible
word length is one and hence rank(Fy x) < ¥ + 1. A more flexible selection method

for indicative and characteristic words is thus preferred.

Next, we see that using words of fixed length L and words of variable length < L
makes little difference on the benchmarks for controlled processes. However, on the
benchmarks for stochastic processes, selecting words of variable size < L shows a very
different performance to words of a fixed length L, and surprisingly this performance
is very similar to the performance achieved by selecting the Zpax = 1024 most fre-
quent words. Using standard spectral learning, adding the words of length < L to the
words of length L clearly improves the performance on the RANDOM4_7 benchmark
and clearly hurts the performance on the RANDOM27_32 benchmark, while being in-
conclusive for the other benchmarks. However, when using weighted spectral learning,
the benchmarks RANDOM4_7, RANDOM4_32 and RANDOM27_4 clearly favor adding
the words of length < L, while for the RANDOM27_32 benchmark this depends on the
length of training data used.

Finally, selecting all words of length L or < L generally gives the best results for
the largest L that we consider. However, when selecting only the words of length equal
to L, then in some cases (especially RANDOM4 32) it appears that using a smaller
length L is advantageous when only limited training data is available. Surprisingly,
using weighted spectral learning with a selection of words of length equal to 5 in the
TIGER benchmark results in a remarkable degradation of performance compared to

all other settings, which we cannot explain.
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Figure 5: Evaluation of various approaches to selecting indicative and characteristic
words, using a standard spectral algorithm and the process rank as target dimension. When
selecting by length L or < L, all L are considered such that |S|Y < 1024. When selecting
the Zimax most frequent words, all Zy,ax in {32,64,128,256,512,1024} are considered. The
results for the largest considered L as well as Zy,,x = 1024 are plotted slightly thicker. The
selection by frequency > Oy, uses the formulas presented in Section @ to compute a

suitable Opin.
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Figure 6: Evaluation of various approaches to selecting indicative and characteristic
words, using a weighted spectral algorithm and the process rank as target dimension. When
selecting by length L or < L, all L are considered such that S| < 1024. When selecting
the Zimax most frequent words, all Zp,.x in {32,64,128,256,512,1024} are considered. The
results for the largest considered L as well as Zy,,x = 1024 are plotted slightly thicker. The

selection by frequency > Opin uses the formulas presented in Section [5.2.1] to compute a
suitable Opin.
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Let us summarize our results so far.

Conclusion 63. Using all words of length less than or equal to L that occur in the
training data, while choosing the largest L such that |S|¥ < M for some bound M (here
M = 1024) on the size of the matriz Fy,X, 1s a viable approach to selecting indicative
and characteristic words. The disadvantage is that this may lead to insufficient sets
of indicative and characteristic words (as seen in the CHEESE case). A more flexible

approach is therefore preferred.

Let us now turn to the selection of indicative and characteristic words using the
Zmax words occurring most frequently in the training data, which allows for words
of varying length. On the benchmarks for stochastic processes, we observe that the
largest setting Zmax = 1024 gives the best results and that these results are remarkably
similar to the performance achieved when selecting indicative and characteristic words
by length < L, when using the largest admissible length L. One possible explanation
is that the resulting word selection may be similar, i.e., the most frequent words may
happen to coincide with the shortest words, as would be the case if all words of a given
length had a similar probability. To investigate, we compute the overlap as the percent-
age of words chosen by length < L occurring in the training data that are also among
the Zmax = 1024 most frequently occurring words, where we compute the average over-
lap for the training sequences of length 107. This gives 0.16, 0.32, 0.48 and 0.97 for
the benchmarks RANDOM4_7, RANDOM4_32, RANDOM27_7 and RANDOM27_32,
respectively. We interpret this to indicate that the word selection by the Z,,« most
frequently occurring words differs significantly from the selection by length < Lyjay,
and that the overlap in selected words alone is likely not the reason for the striking
similarity in performance. Also, things are quite different on the benchmarks for con-
trolled processes. There, using standard spectral learning with a selection of the Zyax
most frequent words as indicative and characteristic words performs clearly worse than
a selection based on words of length less than or equal to L, with Zy,,x = 1024 giving
the worst performance, in some cases (e.g., BRIDGE) apparently not even converging
toward a correct model as the training data is increased. Using the proposed refinement
requiring a minimum occurrence frequency of Opin that is tuned to the alphabet size
and the available training data does not seem to improve the results when using stan-
dard spectral learning. The only case where we observe an advantage by this selection
approach is the CHEESE benchmark, where the selection of the Z,,,x most frequent
words does lead to sufficient sets of indicative and characteristic words, as we observe

convergence to a correct model as the size of the training data increases, provided we
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use Zmax > 256.

However, if we employ weighted spectral learning, the results improve markedly.
Using weighted spectral learning, the selection of the Zy,.x most frequent words as
indicative and characteristic words generally gives very good results also on the bench-
marks for controlled processes. For sufficiently large training data, using the largest
setting Zmax = 1024 gives the best results, but, depending on the benchmark, less
training data may require a smaller setting of Z,x and therefore a smaller matrix
Fyy x to achieve optimal performance. This is precisely what the proposed refinement
of requiring a minimum occurrence frequency of Opin that is tuned to the alphabet
size and the available training data aims to achieve, and in fact this refinement yields a
performance that is generally on par with the performance achieved by selecting words
by length less than or equal to some L. Furthermore, this refined approach still achieves
convergence to a correct model even in the CHEESE benchmark, which means it over-
comes the problem that the words selected by length can be too short to be sufficient.
Clearly, there is no guarantee that this selection approach cannot run into the same
problem, and indeed it does in the CHEESE benchmark if we restrict the maximum
number of indicative and characteristic words to Z,.x = 128. But we conjecture that
selecting the words occurring most frequently in the training data, which are therefore
in some sense the most representative, does give a high chance of obtaining sufficient
sets of indicative and characteristic words that capture all relevant dimensions in F,
but this needs to be made precise and requires further research.

Let us remark on the observation that in many cases the largest matrices we consider
give the best results. This might lead us to expect further performance improvements
by employing even larger matrices. The selection of sets X,Y of indicative and char-
acteristic words based purely on the minimal occurrence frequency O, computed by
the heuristic presented in Section [5.2.1] would also lead to larger sets X and Y, espe-
cially for the synthetic benchmarks for stochastic processes and for large amounts of
training data, if we did not restrict their size to 1024 for implementation reasons. How-
ever, in the cases where large matrices work best, we see that the next smaller setting
of Zmax = 512 already achieves similar performance. The results, therefore, suggest
that using larger sets of indicative and characteristic words would rather not lead to

significant performance improvements but would likely not degrade performance either.

Conclusion 64. Using the Znax words occurring most frequently in the training data
works reliably only when weighted spectral learning is used. Even so, it is essential to
tune the size of the sets of indicative and characteristic words according to the alphabet

size and the available training data. The novel heuristic that we have presented in
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Section [5.2.1] achieves this by additionally requiring a minimal occurrence frequency
Omin and thereby yields, when combined with weighted spectral learning, the best or
close to the best results among all selection strategies that we have considered on these
benchmarks. Furthermore, this refined approach appears to generally result in sufficient
sets of indicative and characteristic words. The exact upper bound of Zyax = 1024 that
we have imposed here on the size of the sets of indicative and characteristic does not

appear to be critical.

Finally, the comparison curves that we have added to each figure enable us to
compare the performance of standard and weighted spectral learning for the two se-
lections of indicative and characteristic words that have shown the most promising
results above, namely words of length less than or equal to L occurring in the train-
ing data for the largest L satisfying |X|% < 1024, and the at most 1024 most frequent
words occurring at least O, times, with Oy tuned to the alphabet size and available
training data via the heuristic presented in Section [5.2.1] For both of these selection
strategies, using weighted spectral learning improves the performance in all cases, often
significantly. We can also see that the combination of the latter selection strategy with
weighted spectral learning performs as good as and in several cases clearly better than
any standard spectral learning algorithm, the only exception being spectral learning
with indicative and characteristic words of length equal to two for the RANDOM27_32

benchmark with limited training data, which leads us to our final conclusion.

Conclusion 65. On these benchmarks, the combination of weighted spectral learning
with indicative and characteristic words selected by requiring a minimal occurrence fre-
quency Omin computed according to the heuristic presented in Section [5.2.1] achieves
performance close to or often clearly better than any other algorithm (standard or
weighted spectral with various selections of indicative and characteristic words) that we

have considered.

We should note that the general selection procedure introduced in Section [5.2.1
allows further combinations of the selection strategies we have considered here. This is
achieved by combining the parameters Lin, Lmax; Zmax; Omin, and possibly Upique. For
instance, we may consider the words of length less than or equal to L.y for some less
restrictive bound L.y, and instead bound the size of the matrix Fy, x by using only the
at most Zyax = 1024 such words occurring most frequently in the training data. This
could be further refined by additionally requiring a minimum occurrence frequency Opin
to achieve smaller matrices in the case of limited training data. There appears to be

room for further improvements, but at this point we are satisfied to have found a novel
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selection strategy that no longer requires tweaking parameters (the crucial parameter
Onin is self-tuned via a heuristic), leads to convergence in all considered cases, and

performs on par with or better than previous approaches.

6.3 Selecting the Target Dimension

Before comparing the various methods for selecting a suitable target dimension, we
first investigate how the choice of target dimension impacts the model estimation.
For this, we estimate and evaluate models using various target dimensions, namely
{1,2,...,d,d+1,d+3,d+10}, where d is the process rank, except for the RANDOM4_32
and RANDOM27_32 benchmarks, where the process rank is 32 and we consider only
the subset of target dimensions {1, 2, 4,8, 12,16, 20, 23, 26, 28, 30, 31, 32, 33, 35,42}. We
evaluate each target dimension for two algorithms. First, using the standard spectral
learning Algorithm [6] with indicative and characteristic words selected as the words of
length less than or equal to L occurring in the training data for the largest L such
that |$| < 1024, the results of which are presented in Figure 7l Secondly, using the
weighted spectral learning Algorithm [8| with indicative and characteristic words selected
as the at most 1024 most frequent words occurring at least Opi, times in the training
data, where Opjiy, is computed for each alphabet size and amount of training data by
the heuristic from Section the results of which are presented in Figure |8 These
algorithms correspond to a standard approach with a reasonable word selection, and to
a novel approach using weighted spectral learning and a new word selection approach
showing promising results, as discussed in the previous Section [6.2] In both figures
we have included “optimality threshold” curves. We will regard any target dimension
as suitable for a given training data length if it leads to a performance better than
this threshold. The threshold is computed differently for the stochastic and controlled
process benchmarks, as they use different performance metrics. In the case of the
stochastic process benchmarks, we compute the threshold as the performance of the
best model M for the given training data length with an added tolerance of 0.25
times its estimated relative entropy H (f. f o)~ H (f), and in the case of the controlled
process benchmarks, we compute the threshold as the performance of the best model
with an added tolerance of 0.5 times its average one-step prediction error. The tolerance
is chosen to capture the notion of being reasonably close to the optimally achievable
performance, where we take into account the spread of results that we typically observe
when varying other parameters. In fact, the resulting threshold curves correspond

roughly to the best performance that can be achieved using only half the available
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Figure 7: Evaluation of various target dimension settings using the standard spectral
algorithm with indicative and characteristic words selected as the words of length less than
or equal to L occurring in the training data for the largest L such that |%|Y < 1024. For
each training data length, the “optimality threshold” is the performance of the best model
with an added tolerance of 0.25 times its relative entropy in the case of the stochastic
process benchmarks, or else with an added tolerance of 0.5 times its average one-step
prediction error.
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Figure 8: Evaluation of various target dimension settings using the weighted spectral
algorithm with indicative and characteristic words selected by frequency greater or equal
to Omin that is computed by the formulas presented in Section [5.2.1} For each training
data length, the “optimality threshold” is the performance of the best model with an added
tolerance of 0.25 times its relative entropy in the case of the stochastic process benchmarks,
or else with an added tolerance of 0.5 times its average one-step prediction error.
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training data. We can then use these threshold curves to define ranges of suitable
target dimensions that are more easily interpretable than merely the optimal target

dimension.

The first observation we make is that using the process rank, which in these cases
is finite and known, as target dimension in many cases gives the best or close to the
best performance, especially for large amounts of training data, but often also when

only limited training data is available.

Next, let us examine what happens when the target dimension is selected lower
than the process rank, and let us consider Figure [7] first. We clearly see that the
performance converges to some plateau value and remains at that value as the training
data is increased, while larger target dimensions yield better plateau values for the
performance. This is what we expect, and the likely interpretation is that reaching a
plateau value for a target dimension d means that we have learned a best d-dimensional
approximation to the process, i.e., the performance cannot improve further, since there
simply is no better d-dimensional SS model for the process. Note that we cannot
verify this (except for the 1-dimensional case), since we do not know how to compute
the best low-dimensional SS approximation, for instance minimizing the cross-entropy,
to a process given by a higher-dimensional SS representation. Furthermore, spectral
learning, which is based on the learning Equations , is guaranteed to converge to a
correct model if the process rank is used as the target dimension, but there is currently
no theoretical guarantee that using a lower target dimension d will result in convergence
to a best d-dimensional approximation. Interestingly, if we turn to the results for
weighted spectral learning shown in Figure[§] we observe a different behavior. Here, for
increasing training data lengths and a target dimension d less than the process rank, the
performance first improves to a value close to the corresponding plateau value observed
for standard spectral learning but then appears to generally decrease again, sometimes
dramatically. We can observe this even when learning one-dimensional models. This
is no cause for alarm, as this behavior is exhibited only when the choice of target
dimension is clearly non-optimal anyway, i.e., in situations where some larger target
dimension gives much better performance than the hypothetical plateau value. Also,
we do still observe convergence to a correct model when using the process rank as target
dimension. But this does highlight the importance of selecting an appropriate target
dimension, and it is unclear what this means for learning real-world processes that may
not have a finite rank at all. Finally, if we carefully inspect a particular case, namely
RANDOM27_32 learned for a target dimension of 20 (six settings less than the process

rank), we see that the performance appears to plateau at a value above 4.5 when using
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standard spectral learning, but at some point reaches a performance better than 4.4
when using weighted spectral learning, thereby questioning the hypothesis that the
plateau values correspond to best low-dimensional approximations.

Let us also comment on what happens if the target dimension is chosen larger than
the process rank. As we might expect, the more we exceed the process rank, the worse
the performance of the estimated model gets, but the effect on performance seems to
be less than that of using a target dimension that is smaller than the process rank. For
a given target dimension exceeding the process rank, the performance generally still
improves as the amount of training data increases, and it appears that we usually retain
convergence to a correct model. The exceptions are the BRIDGE benchmark in the
case of the standard spectral algorithm that we consider here, where a too large target
dimension may not lead to convergence, and, strikingly, the RANDOM?27_32 benchmark
when using the weighted spectral learning algorithm with indicative and characteristic
words selected by frequency larger or equal to Oy, in which case the performance
using a target dimension just one greater than the process rank stagnates at a relatively
poor performance for increasing training data lengths. A typical explanation for poor
performance caused by a too large target dimension is overfitting, but that is not what
is happening here, at least not in the usual sense. In the case of overfitting, we would
expect the models estimated using larger target dimensions to perform much better
when evaluated on the training data, but we have checked this (results not shown)
and this is indeed not the case. Instead, we can monitor the model stability during
evaluation by counting how often a setback operation is required and thereby observe
that the models using a larger target dimension that perform poorly also exhibit poor
stability. There may be numerical reasons for this, as the matrix A of coordinates for
the columns of F projected to a lower-dimensional basis will be (nearly) rank deficient
if the target dimension exceeds the process rank, especially when using more training
data, which means the learning Equations are essentially underdetermined. We
have not covered this case, but a typical way to deal with this would be to employ
some form of regularization when solving the learning equations. Instead, we will rely

on the dimension estimation methods to avoid such cases altogether.

Conclusion 66. The standard and weighted spectral learning algorithms with appro-
priate selections of indicative and characteristic words generally give good results when
using the process rank as target dimension, which also guarantees convergence to a
correct model, but limited training data may sometimes require using a lower target
dimension to achieve optimal performance. However, the convergence properties when

using a lower target dimension or a target dimension exceeding the process rank are
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currently poorly understood. Using a target dimension that exceeds the process rank has

no advantages but may cause stability issues and should generally be avoided.

We will now use the ranges of suitable target dimensions that we have established
above to compare the methods for estimating a suitable target dimension. As before,
we consider two concrete algorithms, namely in Figure [J] standard spectral learning
with sets X,Y of indicative and characteristic words chosen by the words occurring
in the training data of length at most L such that |2|¥ < 1024, and in Figure
weighted spectral learning with indicative and characteristic words chosen as the at
most 1024 words occurring at least Opin times in the training data, with O, com-
puted as previously explained. On the y-axis we show the target dimension instead
of the performance evaluation, using a range from zero to five above the process rank,
and we indicate the process rank as well as the ranges of suitable target dimensions.
For each method under investigation, we can then plot the curve of its estimated target
dimensions and see if it lies within the the suitable range and approaches the process
rank as the training data increases. The target dimension estimates we consider are
the numerical ranks 77, r2, rgap, and ry of the matrix Fy7 x, each considered once with
and once without the row and column scaling to normalize the element-wise variances
as described in Section Note that we perform this analysis for each of the three
training sequences, so the ranges of suitable dimensions as well as the dimension esti-
mates that are shown are averages. Also note that the curves are slightly offset from
their actual value for better visualization.

Let us first comment on the numerical rank r; that uses the relative error on matrix
entries to compute a singular value cutoff (cf. Section , which is also the method
originally proposed for the task. As we can see, this approach in many cases leads
to gross over and under estimation of a suitable target dimension, even when large
amounts of training data are available. While row and column scaling has a strong
effect on the numerical rank rj, the results remain unsatisfactory. We will therefore
dismiss this approach.

Next, we consider the numerical rank rg,;, that is based on identifying a gap in the
singular value spectrum of Fy’ x starting from an initial dimension estimate, which to
date is the only other published method for the task of estimating a suitable target
dimension. This method will always give a dimension estimate greater than rp, since
we have used rp as an initial dimension estimate. Unfortunately, this method often
produces much too large target dimension estimates, apparently because it identifies
and selects a gap only very far down in the singular value spectrum. This occurs

with and without row and column scaling of FY, x, and even in cases with sufficient
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amount of training data (PAINT, BRIDGE and SHUTTLE in Figure |§| as well as
CHEESE in both figures). A simple fix that we have attempted is to restrict this gap
search to only the say 20 singular values below the rp-th, which improves but does not
resolve the issue. A more refined gap search method is therefore required, but it is
also conceivable that in many cases, perhaps especially in the case of real-world data of
infinite rank, there simply is no easily identifiable gap in the singular value spectrum
corresponding to a suitable target dimension. Let us now consider the cases where this
method does not overshoot and restrict ourselves to the version using row and column
scaling, which appears to give slightly better dimension estimates. In these cases,
Tgap Derforms similarly to r9, sometimes better, as in the RANDOM27_32 benchmark,
and sometimes worse, as in the NETWORK benchmark in Figure [9] or the CHEESE
benchmark in Figure Overall, the additional gap search employed for rg,, does
not appear to offer significant advantages over simply using the numerical rank ro but
suffers from an overshoot issue that currently renders it too unreliable.

Finally, we turn to the numerical ranks rr and 7y, which we consider together,
since they share many properties. First of all, we can see that the dimension estimates
by rr and ro are significantly improved by the row and column scaling of Fy} x that
we have proposed to normalize the variances of the matrix entries. We will therefore
only further consider the estimates using this normalization. Next, both rg and 7o
generally do not overshoot a suitable target dimension, and if they do, then by at
most one dimension. However, they may underestimate a suitable target dimension,
with rp usually being lower than 7. The numerical ranks rr and 79 therefore provide
conservative estimates for a suitable dimension, as we had expected. Because of this,
we may combine both estimates and use instead max{rp,r2} to estimate a suitable
target dimension. Unfortunately, this still underestimates a suitable target dimension in
several cases, but only slightly. Importantly, as the training data increases, max{rp, ra}
indeed converges to a suitable target dimension (or just below in the RANDOM4_32
benchmark in Figure [10)). While this is clearly not optimal, it does appear to be a

reasonable and importantly reliable method to estimate a suitable target dimension.

Conclusion 67. The previously known methods to estimate a target dimension using
the numerical ranks ry as well as rgap give unsatisfactory results on the benchmark
problems considered here. In contrast, max{rg,r2}, which uses the proposed numeri-
cal ranks rg and ro, when combined with the novel variance normalization by row and
column scaling of FKX gives a conservative estimate for a target dimension that is rea-
sonably close to an optimal target dimension. Importantly, this converges to a suitable

target dimension as the amount of training data is increased.
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RANDOM4.7

RANDOM4._32 TIGER
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MAZE4X3 | | CHEESE | Dimension estimation from
1 Fy x with words selected
by length < L

for spectral learning

suitable dimensions
———= process rank

| |

Figure 9: Evaluation of target dimension estimates by the numerical ranks rg, 72, 7gap,
and rj of the matrix Fy’ x either with or without variance normalization by row and column
scaling. The indicative and characteristic words X, Y are selected as the words occurring in
the training data of length less than or equal to L for the largest L such that |2|L < 1024.
The suitable dimensions are derived using the “optimality threshold” and the results for
spectral learning with various target dimensions from Figure El
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Figure 10: Evaluation of target dimension estimates by the numerical ranks re, 72, 7gap,

and rj of the matrix F y,x either with or without variance normalization by row and column
scaling. The indicative and characteristic words X, Y are the at most 1024 words occurring
at least Oy times in the training data, with O, computed by the formulas presented
in Section The suitable dimensions are derived using the “optimality threshold” and
the results for weighted learning with various target dimensions from Figure
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6.4 Comparison of Weighted Spectral Learning Variants

We will now compare the performance of the versions of weighted spectral learning that
we have described in Section [5.4l The algorithms that we consider are the standard
spectral learning Algorithm |§| (which is equivalent to the EC Algorithm , the row
and column weighted spectral learning Algorithm @ the (generalized) ES Algorithm
and the weighted spectral learning Algorithm 8] including the simplified element-wise
weighted spectral learning variant. For the ES algorithm, we use the model estimated
by the standard spectral algorithm as initial model estimate and perform five iterations
of the ES Algorithm from which we then select the model that gives the highest

likelihood measured on the training data, as suggested in Section [5.4.6

In the previous Sections and we focussed on investigating methods to select
indicative and characteristic words and to estimate a suitable target dimension, but
especially in Section [6.2] we have already seen a direct comparison between standard and
weighted spectral learning. We concluded that weighted spectral learning promises to
be especially useful and leads to the overall best results when combined with a selection
of indicative and characteristic words by the at most Z;,,,x = 1024 words occurring most
often in the training data with an occurrence frequency that is greater or equal to Omjin,
where Op,n is computed according to the heuristic presented in Section We will
therefore use this method of selecting sets X, Y of indicative and characteristic words
for our current comparison and combine it with a target dimension estimated by the
numerical rank max{rp,r2} computed from Fy7 x after variance normalization using
row and column scaling, which has produced the most suitable dimension estimates in
the previous Section [6.3] These approaches to selecting indicative and characteristic
words as well as the target dimension require no prior knowledge about the process and
no tweaking of parameters and have proven to be generally applicable on all synthetic
benchmarks. Using these approaches, we can therefore now also include the real-word
benchmarks into our comparison.

The evaluations on the synthetic benchmarks are shown in Figure and the results
on the real-world benchmarks are shown in Figure using the format that we have
explained in Section [6.1.3

As we have already observed in Section for a target dimension fixed to the
process rank, using weighted spectral learning leads to an improved performance over
standard spectral learning for all synthetic benchmarks, while here the improvement is
particularly striking on the benchmarks for controlled processes. The latter, however, is

mainly due to the way we have selected indicative and characteristic words. The results
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6.4 Comparison of Weighted Spectral Learning Variants

from Section suggest that we should only expect a slight but consistent improve-
ment in performance in the case of controlled processes by using weighted learning if we
were to use a more traditional method of selecting indicative and characteristic words.
Nevertheless, as we have discussed, this is not always feasible (e.g., CHEESE bench-
mark), and the fact that weighted learning works well with the generally applicable
method of selecting indicative and characteristic words that we employ here is a major
advantage over the standard spectral learning algorithm in itself. On the real-world
benchmarks, which are benchmarks for stochastic processes, weighted learning leads to
improved performance on the ECOLI benchmark, but, in fact, to worse performance
on the BIBLE27 benchmark.

Next, we can observe that the row and column weighted spectral algorithm in most
cases gives almost identical performance to the ES algorithm, which is not surprising,
as we have shown in Section [5.4.6] that they are closely related. The ES algorithm does
performs slightly better than the row and column weighted spectral algorithm and on
par with the weighted spectral algorithm on the real-world benchmarks ECOLI and
BIBLE27 in the case of limited training data.

Similarly, we can see that the simpler element-wise weighted spectral algorithm in
many cases gives identical performance to the weighted spectral algorithm, especially
in the case of limited training data. Only in some benchmarks (BRIDGE, SHUTTLE,
CHEESE) and for larger amounts of training data we observe a better performance
by the weighted spectral algorithm. We conjecture that the covariance information on
the coordinate representations AZ of the matrices F. »v,x that is used by the weighted
spectral algorithm but ignored by the element-wise weighted spectral algorithm can
only be estimated in a meaningful way for sufficiently large amounts of training data.

On the BIBLE27 benchmark for large amounts of training data (> 105 symbols),
we could not perform weighted spectral learning with the estimated target dimension
(204, 279 and 372, respectively) due to the computational complexity of solving the GLS
subproblems in Step (7i7) of the weighted spectral Algorithm [8| Instead, we performed
the weighted spectral learning using the largest target dimension we could reasonably
handle, which was 192. This has a striking effect. The performance only slightly
improves with training data of length 10° compared to 10°?, and quite drastically
degrades when using the complete available training data of length 3.8 - 10°. This
resembles the effect we have observed and commented on in Section [6.3[when performing
weighted spectral learning with a too small target dimension for the available data. It
may be possible to overcome this problem by employing a more efficient GLS solver or

by using regularization when solving the GLS sub-problems, but this requires further
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Figure 11: Evaluation of weighted spectral learning variants on the synthetic benchmarks
using the most promising methods for selecting indicative and characteristic words as well
as a suitable target dimension as established in the previous Sections [6.2] and
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BIBLE27
| Variants of weighted spec-

1 tral learning using words
| selected by frequency > Opnin
1 and dimension max{rg, ra}.

Standard spectral

1 ------ Row/column weighted
/ Efficiency sharpening

j R Element-wise weighted

Weighted spectral, with
dimension capped at 192

Figure 12: Evaluation weighted spectral learning variants on the real-word benchmarks
using the most promising methods for selecting indicative and characteristic words as well
as a suitable target dimension as established in the previous Sections[6.2]and Note that
we cap the target dimension at 192 in the case of weighted spectral learning due to issues
of computational complexity, which is relevant for training sequences of length > 105 in
the case of the BIBLE27 benchmark, where the estimated target dimension exceeds 192.

investigation. Currently, we must recommend using weighted spectral learning only
with a target dimension setting that is appropriate for the available training data, and
if this is not possible then to resort to a different algorithm, for instance element-wise

weighted spectral learning, which often gives comparable performance.

Finally, we compare the performance of the row and column weighted spectral
algorithms (including the ES variant) to the weighted spectral algorithm. On the
benchmarks for controlled processes, the performance of the row and column weighted
spectral algorithms is somewhere between the performance of the standard spectral
algorithm and the weighted spectral algorithm. In all of these cases (except TIGER),
the performance is clearly better than that of the standard spectral algorithm, and
in some cases it is equal to (PAINT) or approaches (NETWORK) the performance of
the weighted algorithms. On the TIGER benchmark all algorithms lead to the same
performance. On the benchmarks for stochastic processes, the performance of the row
and column weighted spectral algorithms appears to be broadly comparable to that
of the weighted spectral algorithm, but there are exceptions. On the RANDOM27_7
benchmark the row and column weighted algorithms outperform the weighted spectral
algorithm in the case of limited training data, while on the RANDOM4_7 benchmark
with limited training data they are clearly worse, performing even worse than the stan-
dard spectral algorithm. And on the ECOLI benchmark when considering longer train-

ing data, the row and column weighted algorithms cannot quite reach the performance
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6. EMPIRICAL INVESTIGATIONS

of the weighted spectral algorithms but still clearly outperform the standard spectral

algorithm, similar to what we have observed for the controlled process benchmarks.

Conclusion 68. The row and column weighted and ES algorithm have similar perfor-
mance with a slight advantage for the ES algorithm in some cases. The element-wise
weighted and weighted spectral algorithm have similar performance, with an advantage
for the weighted spectral algorithm in the case of controlled processes and large training
data. However, weighted spectral learning currently cannot be used for very large target
dimensions (> 192).

Any type of weighted spectral learning typically shows an improvement over standard
spectral learning, in particular enabling the use of more general selection strategies
for indicative and characteristic words, while the weighted spectral learning algorithm
outperforms the row and column weighted spectral algorithm on the benchmarks for
controlled processes and shows similar performance otherwise.

However, the comparative performance of the various algorithms depends on the
particular process being modeled, with the row and column weighted spectral algorithm
(as well as the ES algorithm) giving the overall best performance on the RANDOM27_7
benchmark and the standard spectral algorithm clearly outperforming all weighted algo-
rithms on the BIBLE27 benchmark.

122



Learning with Missing Values

In this chapter we will examine how to use (weighted) spectral learning algorithms to
estimate OOMs for stochastic processes from training data with missing values. Dealing
with missing values is straight-forward when learning HMMs via EM (Baum-Welch
algorithm), but this has so far not been addressed for spectral learning of OOMsﬂ
We fill this gap, which might help boost the practical relevance of spectral learning
algorithms in the context of stochastic processes.

More precisely, let us assume we draw an initial sample £ = z1...zy from a
stochastic process with alphabet ¥ that is described by a d-dimensional OOM M.
However, for some time steps ¢ we do not observe the value x;, which we call a missing
value. Let m := m1 ... my be a sequence of “missingness indicators”, with m; = 0 if
the value x; at time t is observed, and m; = 1 if it is missing. Let z°Ps denote the
observed values of the sample Z, and let Z™° denote the missing values. Our goal is
then to adapt the spectral learning algorithms to estimate a model for the underlying

°bs a5 training data.

stochastic process using m and x
Depending on how the missingness m depends on Z, one typically distinguishes the

following three cases:

e Missing completely at random (MCAR): The missingness probability is indepen-

dent of the observed and missing data, i.e., P(m|z) = P(m).

e Missing at random (MAR): The missingness probability depends only on the

observed data, i.e., P(m]| E(’bs,jmis) =P(m| j;obS) for all F™is.

!'|Balle and Mohri [2012] use constrained matrix completion to address spectral learning with
missing entries in the system matrix Fy,x, but that is a different problem. In fact, that problem can
also be addressed with weighted learning by assigning zero weight to the missing entries.
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7. LEARNING WITH MISSING VALUES

e Missing not at random (MNAR): The missingness probability can depend on the

the missing data.

These definitions go back to |[Rubin| [1976], who showed that MAR is a key require-
ment to be able to “ignore” the missingness mechanism, in the sense that a likelihood-
based estimate of the parameters 6 for the distribution underlying P(z | #) based only
on the likelihood P (z°" | §) will give the same result as an estimate based on the joint
likelihood IP (1, zobs |6, @), where ¢ are the parameters of the missingness distribution
underlying P(m | Z, ¢). For this, Rubin [1976] required MAR not only for the true miss-
ingness distribution but for all potential missingness distributions parameterized by ¢.
A further requirement is that the parameters 8 and ¢ must be “distinct”. Interestingly,
in the context of likelihood-based parameter estimation, it is sufficient to require MAR

only as a property of the data sample m, z°P

and not for the underlying missingness
distribution. Unfortunately, with regard to these mentioned aspects, the term “missing
at random” is used inconsistently throughout the literature, and it is often not clear
what exactly is meant or required. A mathematically careful account of the various
versions of MAR and the intricacies involved is given by [Seaman et al.| [2013].

In the context of spectral learning of OOM parameters, where we are dealing with
sequential data, we will require the missingness mechanism to be always missing se-

quentially at random (AMSAR), which we define as follows:

Definition 69. The missingness is always missing sequentially at random (AMSAR)
if for all t,m,x we haveﬂ

P(mt | M1, (Z-) - ]]‘D(mt ‘ me—1, E?Esl)7 where

Mi_1=mM1...My_1, and i'gksl denotes the observed values among the first t — 1.

The missingness is strictly uncertain if P(my |my—1,%) > 0 for all t,m, T.

The AMSAR requirement says that the missingness at every time ¢ is conditionally
independent of the current and future values of the process (observed or not), con-
ditioned on the past missingness and the past observed values. This means that the
missingness at time ¢ does not provide any additional information about the future of

the process that is not already known from the past observations. Therefore:

Lemma 70. AMSAR missingness implies that for any t,m,Z, we have

P (x| me, 7727) = P(ae | 7725). (17)

!We will interpret statements about conditional probabilities to mean that they must hold only for
the cases that the conditional probabilities are well-defined.

124



Proof. We assume that (¢, 9%, 2:) > 0, as otherwise the statement is trivial.

Then P (¢ [, 32%) = P(my |2y, 7725) P | 3725)/ P(me | 325) = P(e| 25%), be-
_ _ _ - (%) _ _

cause Py |2, 70%3) = [Ty Pl | my—1, 20, 79%) = [Thoy Pl [mp—1, 79%) =

P(mny | 7953, where for () we have used that the AMSAR condition P (my | my_1, %) =

P (my | my— 1,:1:kb %) also implies that P (my, | my— 1,:1:t,:rtb1) P (my | my— 1,xtb1) [ ]

Let us now rewrite the data m, zobs

over the alphabet {0,1} x (X U{0}) by setting o; = 2 if my = 0, i.e., if the observation
at time ¢ is not missing, and o; = () otherwise. We will call any sequence mq0; ... mgog
over the alphabet {0,1} x (XU{0}) consistent if it satisfies o, = ) whenever m; = 1 and

ot # () whenever m; = 0. We will interpret the observation process with missing data as

as an input-output sequence § = mio1 ... myoy

an input-output process, where we view the missingness as input and the observation
(possibly () as output. We can then factorize the distribution of the combined input-
output process as in Equation as

N

N
P(mjo;...myon) = H P(my|miog ... my_101—1) H P(oy |mioy ... my_10.—1my) .
—_————
t=1

™(y) f(®)

Note that P(m, 2°%) = P(mjo; ... myoy) for all m, 2°P, which implies that P(7) = 0
if g is inconsistent. Assuming AMSAR missingness, for all consistent ¢ the input policy
m(y) = Hi\il (my | my—1,29%) = P(m | Z) describes the missingness mechanism, while

according to Lemma [70] and noting that for consistent sequences we have

IP(.’L‘t ’ mt, fOES) if my = O,
P(ot | myio1 ... m_10i-1my) = -t (18)
1 ifm =1,

we see that the controlled process f satisfies

~ ~ P(z°b) if g is consistent,
vy f(y) = (19)

0 otherwise.

Note, however, that f(7) is well-defined only if 7(y) # 0, which by our interpretation
of conditional probabilities means that the above Equation (19) only states equality
for the cases where m(y) # 0. We will therefore simply require = > 0, as we have done

for the estimators from Remark [37] that are used in the IO-OOM learning algorithms,

125



7. LEARNING WITH MISSING VALUES

i.e., we require the missingness to be strictly uncertain. It is important to note that
m > 0 is a sufficient but not a necessary requirement, and we will later consider a case
empirically where the missingness is not strictly uncertain.

As a special case of Equation we have f(0zy...0xy) = P(Z) for all z € ¥*.
This warrants the following Algorithm to estimate a model M from data with
AMSAR and strictly uncertainly missing values, which learns an I0-OOM for the
controlled process f from the data with missing values viewed as an input-output
sequence, and reduces this to an OOM by only considering inputs m; = 0, i.e., non-

missing values.

Algorithm 13: Learning with AMSAR and strictly uncertainly missing values

In : An initial sample m, z° from a stochastic process with AMSAR and
strictly uncertainly missing values
Out: A model M for the stochastic process

1 Write the data as an input-output sequence § = mq01 ...y oy with
Tt if my = O,
Oy = .
2 Learn an I0-OOM (6, {70}, ws) over the alphabet {0,1} x (X U{0}) from s.
3 Return the model M = (6,{7z},W:) over the alphabet ¥, where 7, = 79 5.

If we recall that all of the spectral learning algorithms estimate the matrices 7, o
only in their last step by solving a set of linear equations separately for each 7, ,, we
realize that in Algorithm @ we do not need to compute the estimates 7, for x € ¥
and 7( g at all. In other words, the Steps 2 and 3 of Algorithm [13]taken together can be
seen as a spectral learning algorithm that returns the desired OOM estimate directly.
However, the indicative and characteristic words that we need to consider will be over
the alphabet {0,1} x (X U{0}), and importantly the input-output interpretation allows
us to obtain the required estimates f (y) for such words § via Remark

Next, we note that in the case of AMSAR and strictly uncertainly missing values,
the controlled process f is fully determined by the stochastic process governing Z via
Equation . In fact, if M = (0, {72}, we) is a d-dimensional model for the stochastic
process governing 7, then we can easily construct a model M’ = (o’, {7}, ,},w.) for the

controlled process f by setting

o =o, VI‘GE:Té’m:Tx, T{@:E Tas
€Y

we=w., VreX: T{yx =0, 767@ =0.
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It is straight forward to check that fue is a controlled process and that fi¢(y) =
> s P(2°P%, 7M18) = P(7°P%) for all consistent 7, as well as fay (7) = 0 for inconsistent
g. This shows that the rank of the controlled process f is the same as the rank of the
stochastic process governing . Taken together with the above comment that only the
matrices 79, for € ¥ need to be estimated, we see that this approach of estimating a

model M via modeling the controlled process does not increase the model complexity.

7.1 Current Restrictions

Recall that for learning I0-OOMs we have required the combined input-output process
to be stationary and ergodic, as well as the input policy 7 to satisfy m > 0. None
of these requirements is strictly necessary, but the more general cases have not been
studied. One practically relevant set of conditions that satisfies these requirements is

the following:

e The data Z are an initial sample from a stationary and ergodic stochastic process
X that can be described by a d-dimensional OOM.

e The missingness indicators m are an initial sample from a stationary and ergodic

stochastic process M that is independent of X.
e At least one of the processes X or M is weakly mixing.
e For all m, we have P(m) > 0.

The first three conditions ensure that the the joint process (X, M) is stationary
and ergodic, and therefore the combined input-output process governing the training
data 5 = (m,z°"), which is a function of the joint process (X, M), is stationary and
ergodic as well. The second condition ensures that the missingness is AMSAR (in
fact, it will be always missing completely at random), and the last condition ensures
that the missingness is strictly uncertain, i.e., that m > 0. At present, we will require
these conditions when learning an OOM model for a stochastic process from data with
missing values via Algorithm Most importantly, this means we can currently use
this approach only in the case of MCAR missingness. However, we should emphasize
that this restriction is not due to the approach used by Algorithm [13] but due to the

fact that IO-OOM learning in the case of non-stationary data has not been worked out.
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7. LEARNING WITH MISSING VALUES

7.2 Modified Estimates f(yj)

When regarding the training data with missing values as an input-output sequence, we
should slightly tweak the estimators from Remark 37| for the quantities f(7) to take
into account the fact that the symbols (0,0) and (1,z) for € ¥ can never occur.
Furthermore, we can make use of Equation that holds in the case of AMSAR
missingness to modify and possibly improve the estimators from Remark

Recall that by Remark [37| we estimate f(y) for § = myo;1 ... mgox by

i #mioLmior) —jp i (py
A . Cl A (s mi01...m 101 ...myg) >0,
f@) =1]pem) with p(y) = f( 101.mk) |

h=1 =ol otherwise,

where pi(y) are estimates for pg(mqo1 ... mgox) := P(og | mi01 ... mg_10_1mg).
We first modify the estimates of pg(7) as follows to reflect the fact that the symbols

(0,0) and (1, ) for € ¥ cannot occur:

1 if my, =1 and o, = 0,
#lmaormion) 5 (o my) > 0 and not (my = 1 and of = 0)
pu(g) = Fomerm (20)
S if #(myo1...my) =0 and my = 0 and o # 0,
0 otherwise.

\

Now, in the case of AMSAR missingness, Lemmaimplies that P (x| g, T955) =
P (g | M), 2955, my), where meP®, denotes the set of missingness indicators that are
equal to 0 among my_1. Taken together with Equation , this allows us to obtain

estimates for pg(y) by conditioning on all occurrences of the pattern mzbsli‘zbslmk in

the training sequence 5. That is, for the missing values in g, we can allow any symbol
to occur, not just (1,0), i.e., we may treat missing values as wildcards. Formally, we
will replace the occurrence counts #(:) in Equation by the modified occurrence

counts #°"(-) given by

whs G = 3 #(2), (21)
3%y
where we sum over all words z of the same length as § = mjo0;1 ... mpo, that match

b
the observed values of 7, denoted by z SZ i, which means that z; = 1y whenever
m; = 0. Clearly, the resulting estimators have the same requirement that the combined

input-output process must be stationary and ergodic and that the missingness is strictly
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uncertain as the estimators from Remark 37l The basic motivation for the use of these
estimators is that they are based on more occurrences in the training data and should,
therefore, typically have a higher precision.

We will use the same variance estimates for these estimators as derived in Sec-
tion replacing the counts #(-) by the modified counts #°"(-) throughout if treat-
ing missing values as wildcards, with the exception that where we know the value of
pr(y) exactly, i.e., when my = 1, we use this exact value for pi(y) and a corresponding
variance estimate of zero.

Computing the modified counts #°"(f) naively via Equation incurs a com-
putational cost that is exponential in the number of missing values in y. We will,
however, attempt to avoid selecting words with many missing values as indicative and

characteristic words, so that this computation remains tractable.

7.3 Empirical Investigation

We will now evaluate the performance of Algorithm empirically by employing it
to learn OOM models for stochastic processes from initial sample data with missing
values. For this, we will use the stochastic process benchmarks from Section but
add missing values to the data as follows.

We use two different missingness mechanisms, and for each we consider missing

1 1
9.5 45>

randomly missing values, we use an iid missingness process with missing probability

value rates 75 of and % For the first missingness mechanism that we denote

according to the desired missing value rate ry,;s. For the second missingness mechanism

that we denote by regularly missing values, we use a missingness process where a value is

missing every % time steps, i.e., sometimes the number of time steps between missing
mis
L]  and sometimes [ -], such that the missing value rate is 7. This is
T'mis T

mis

values is |

achieved by a hidden Markov model governing the missingness process with n = (Klls]
states, where state s; emits 1 (missing), while all other states emit 0 (not missing),

and with transition structure as shown in Figure The transition probability from
1

state s,_1 to s, is set to p = o+ 1. We can easily check that the expected

number of time steps between the occurrence of ‘1’s is (1 —p)(n—1)+pn = Tnl]is, so the
missingness rate will indeed be ry;s. The HMM has a unique stationary state that we
use as initial state, since the Markov chain is irreducible. For the missing value rates
rmis that we consider we have p = %, so the Markov chain is also aperiodic, hence the
resulting missingness process is stationary, ergodic, and mixing.

Both of the missingness processes that we consider are independent of the obser-
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T

Figure 13: The HMM state transition structure describing the regular missingness pro-
cess. The HMM has n = fi] states, where state s; always emits 1 (missing), while all
other states emit 0 (not missing). The transition probability from state s,_1 to s, is set
top = =4 —n+ 1 to ensure a missingness rate of ry;s. The initial state is the unique

Tmis

stationary state.

vation process, so the missingness is MCAR. Also, both missingness processes are sta-
tionary, ergodic, and mixing. Therefore, the combined input-output process governing
the observed data with missing values will be stationary and ergodic. However, the
missingness with regularly missing values is not strictly uncertain, and we will see how
this affects the model estimation via Algorithm

We will now explain how we perform the I0O-OOM learning step of Algorithm

for the training data with missing values.

First we note that the training data is rather special, as it may be regarded as an
input-output sequence with alphabets Yo = X U {(}} and ¥; = {0, 1}, or equivalently
just as a sequence with missing values over the alphabet XU{0}, since the symbols (0, ()
and (1,x) for z € ¥ cannot occur. We take this into account by using |Xo| := |X| + 1
and |Xs| := 1 wherever these quantities are required in the learning algorithm, which
is in the computation of Oy, for selecting indicative and characteristic sequences, and
in the computation of the minimum M3 for the variance estimates. Furthermore, we
may simply use the fixed minimum M; = % for the variance estimates as in the case
of stochastic processes, which essentially assumes m = 1, which is not correct but often
performs significantly better than using the minimum M; computed from an estimate
of w. Therefore, we will always compute two model estimates, one using a minimum
variance M; based on an estimate 7, and one based on setting @ = 1, and select the
one that gives the higher likelihood on the training data, evaluated on the last at most
100,000 time steps. Clearly, this is only relevant if the variance estimates are taken

into account, i.e., for weighted spectral learning, and this calls for improvement.

As indicative and characteristic words we select the at most 1024 words of highest

occurrence relevance that have an occurrence relevance of at least Opin, where Opin
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is computed according to the heuristic presented in Section using |X;] = 1 and
|Xo| = |2] + 1. The occurrence relevance rel(y) of a word g is basically the normal
occurrence count #(y), but additionally we penalize the relevance if the word 3 contains
missing values. Let |g™*| denote the number of missing values in 7. We will then
consider two possibilities. First, we may simply discard all words that contain missing
values by using rel(y) = #(¥)d|gmis|—o- In this case we only consider words without
missing values, and the estimators f(7) that treat missing values either as symbols or as
wildcards coincide. Alternatively, we may use rel(7) = #(7)|%|~17™"I, which we employ
when using the estimators f (7) that treat the missing values as symbols, as well as when
using the modified estimators that treat the missing values as wildcards. Note that the
word selection Algorithm [5| can be easily adapted to take this more general relevance
function into account by viewing the suffix tree as a trie, i.e., considering individual
positions instead of nodes, since positions instead of nodes are then considered in order
of descending relevance. As long as we employ a setting of Ly, = 0, this does not
change the runtime complexity.

Let us summarize the three cases how we deal with missing values in the data.
First, we can discard words containing missing values altogether. Alternatively, we
can merely penalize the selection of words containing missing values, in which case
we consider two different estimators f (y). The standard estimator for input-output
sequences treats missing values as symbols, while the modified estimator treats missing
values as wildcards.

As target dimension we use the process rank whenever this is known. We have seen
that using the process rank as target dimension generally works reasonably well, so that
this should suffice to be able to compare the effects of the other settings that we vary.
For the real-world benchmarks where the process rank is unknown, we use the dimension
estimated on the training data without missing values for the respective training data
length, as is given in the following Table [7} The reason we do not estimate the target

5| [ 103 | 10%5 | 10* | 10%5 | 10° | 10°5 | 106 | ~ 1055
ECOLI 2 3 14 5 9 | 14 | 28 53

BIBLE27 | 10 17 47 93 | 147 | 204 | 279 372

Table 7: Target dimensions used for real-world benchmarks of various data lengths.
dimension from the numerical rank of the matrix FY, x 1s that we have observed this
to give erratic results when the training data contains missing values. We do not know

why this is the case and leave this as an open problem requiring further research.

We compare two spectral learning methods, namely the standard spectral learning

131



7. LEARNING WITH MISSING VALUES

Algorithm [6]and the weighted spectral learning Algorithm [§] However, as we have done
previously, in the case of the weighted spectral learning we resort to the element-wise
weighted spectral learning algorithm if the target dimension exceeds 192. The results
using standard spectral learning are shown in Figure[T4], and the results using weighted

spectral learning are shown in Figure

7.3.1 Results

Let us first examine the results of standard spectral learning in the case of randomly
missing values. We observe that for all methods of dealing with the missing values and
all missingness rates, the estimated models appear to generally converge to a correct
model when given sufficient training data, except for the ECOLI benchmark, where
the quality of estimated models actually deteriorates for training data exceeding 10°°
symbols. While we have not examined in detail why this happens, this may well have to
do with the fact that we are using a target dimension optimized for data without missing
values for the real-world benchmarks, which increases considerably in the ECOLI case

05.5

for data lengths greater than 1 and may be too large when values are missing.

Furthermore, we observe that standard spectral learning for randomly missing val-
ues mostly works best if the missing values are simply discarded. Treating missing val-
ues as wildcards often gives comparable results, but treating missing values as symbols
does not work as well. We presume that the estimates for words containing missing val-
ues have a significantly lower precision, especially when the missingness rate is low and
the missing values are treated as symbols, which then causes problems for the standard
spectral learning algorithms. Indeed, we will see that this changes when considering
weighted spectral learning. However, discarding occurrences containing missing values
will necessarily discard a large amount of the available training data, so especially for

higher missingness rates, we expect this to be an inefficient way of dealing with missing

1

values. In fact, for the BIBLE27 benchmark with a missingness rate of 5%,

discarding
missing values gives the worst performance.

Next, let us examine what changes if we use weighted spectral learning instead but
still consider randomly missing values. In this case, all methods for dealing with missing
values generally give similar performance. Only on the real-world benchmarks ECOLI
and BIBLE27 with a large missingness rate of 2—15 we can see that discarding missing
values gives significantly worse performance than the other methods. Furthermore, the
performance in the case of missing values is slightly closer to the performance without

missing values than it is when using standard spectral learning. Usually this means
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that the performance is improved by using weighted spectral learning over standard
spectral learning, but the BIBLE27 benchmark does not fit this pattern, since here
standard spectral learning outperforms weighted learning even without missing values.
Finally, weighted spectral learning with missing values works well also on the ECOLI
benchmark, where standard spectral learning failed for larger amounts of training data.
Weighted spectral learning, therefore, gives us more freedom in how to deal with miss-
ing values, while at the same time generally improving the performance compared to
standard spectral learning.

Before we turn to the results for regularly missing values, let us explain a general
problem that occurs in the case of regularly missing values. Namely, if values are
missing regularly at a rate of rys, then at least every [ﬁ} time steps a value will be
missing. Therefore, consistent estimates for f (Zzy) with z € ¥ can only be obtained for
words Z and ¢ that contain no missing values if |Zzg| < [Tluﬂ’ since otherwise the word
Zzy simply does not occur in the training data. The reason we can have inconsistent
estimates at all is because we have violated the requirement that the missingness must
be strictly uncertain. This has two consequences:

First, if we allow only indicative and characteristic words that contain no missing
values, then this places a bound on the rank of processes that can be estimated correctly
by the general learning Algorithm 4l For example, if we consider a missingness rate of
Pmis = ﬁ, then most processes of rank exceeding 2|%| + 2 can no longer be estimated
correctly. The reason is that most processes or rank d will have an operator 7, of
full rank d, which can only be estimated correctly via the learning Equations if
rank(FLy x) > d. But only entries f(Zzj) for words Z and 7 of length |Z| + |g| < 3
can be estimated correctly, which are the entries where # = ¢ or (7,7) € ¥ x £=? or
vice versa, so all other entries must be ignored, i.e., we may assume them to have an
arbitrary value. It is easy to see that we can always fill the unknown entries in such a
way that the resulting matrix Fzy, x has rank at most 2|3| + 2.

Secondly, as soon as we have any entry in one of the estimated matrices Fy7 x or
Fzy, x that we cannot estimate consistently, then this will introduce an error into the
model estimated by standard spectral learning, i.e., standard spectral learning is no
ﬁ, any
typical selection of indicative and characteristic words X and Y where there are T € X

longer consistent. For instance, in the case of a missingness rate of rys =

and y € Y for words Z,y € ¥* such that |Z| + |y| > 4 will run into this problem. It
may be possible to circumvent this problem by using a creative selection strategy for
indicative and characteristic words that is tailored to this case, for instance enforcing
X c 3 and Y C 0% but we do not consider this here. However, the weighted
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Spectral learning with randomly missing values

RANDOM4.7f\ | RANDOM432[ X

Treatment of
discarded
............ as symbOl
...... as wildcard

BIBLE27

Tmis*

40%
22%
11%
S 1 0%
Spectral learning with regularly missing values
\\.  %._ . RANDOM4.7 ‘\ T RANDOM4.32

Treatment of
missing values:

—— discarded
............ as symbol
------- as wildcard

N BIBLE27

Tmis
N
40% N
. 22% N
| 11%
I 0%

Figure 14: Evaluation of spectral learning on the benchmarks for stochastic processes
with randomly or regularly missing values at missingness rates of rpis € {%, 41 L

4525/
Indicative and characteristic words are the < 1024 words of highest relevance > Opin t}lat

either discards or penalizes words with missing values. In the latter case, estimators f(7)
are considered that either treat missing values as symbols or as wildcards.
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Weighted spectral learning with randomly missing values
RANDOMA4.7 [ 41 1) RANDOM4.32 :

Treatment of
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Figure 15: Evaluation of weighted spectral learning on the benchmarks for stochas-
tic processes with randomly or regularly missing values at missingness rates of rps €
{9%5, f15’ %} Indicative and characteristic words are the < 1024 words of highest rele-
vance > Opin that either discards or penalizes words with missing values. In the latter case,

estimators f(g) are considered that either treat missing values as symbols or as wildcards.
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7. LEARNING WITH MISSING VALUES

spectral learning Algorithm [8| should be able to cope with individual inconsistent esti-
mates f (Zzy) that are based on zero occurrences in the training data by automatically
assigning them a very small weight. It will therefore be interesting to see if weighted
spectral learning is able to estimate correct models in cases where standard spectral

learning fails.

Let us now examine the results in the case of regularly missing values. We first
focus only on the strategy to discard missing, where only words without missing values
are used as indicative and characteristic words. In this case, no correct models can
be learned by standard or weighted spectral learning in the case of a missingness rate
75
for the benchmark RANDOM4_27 as well as the real-world benchmarks. This is likely
due to the bound imposed on the rank of learnable processes discussed above. In the
case of the RANDOM27_7 and RANDOM27_32 benchmarks and a missingness rate
of rmis = 4%57 weighted spectral learning appears to be able to learn a correct model,
while standard spectral learning clearly fails for the RANDOM27_32 benchmark. And

considering a missingness rate of ;s =

of rmis = 2—15 for any benchmark and in the case of a missingness rate of ry;s =

%, weighted spectral learning is able to learn
correct models for all benchmarks, while standard spectral learning works only for the
benchmarks with an alphabet size of |¥| = 27 and fails for the benchmarks with a
smaller alphabet size of |X| = 4. The cases where standard spectral learning fails to
learn a correct model but weighted spectral learning succeeds clearly cannot be due to
some intrinsic bound on the rank of processes that can be learned, and are therefore
likely due to the errors introduced by inconsistent estimate for entries in the matrices
FY,X and szx.

We now observe what changes if indicative and characteristic words containing miss-
ing values are allowed. We first note that in the case of randomly missing values, as for
the case of regularly missing values, treating missing values as wildcards gives at least
as good and often substantially better results than treating missing values as symbols
for standard as well as weighted spectral learning. This is what we had expected of
these estimators, and we will therefore turn our attention to the results where miss-
ing values are treated as wildcards. As soon as we allow indicative and characteristic
words containing missing values, there is no longer any principled bound on the model
complexity that can be estimated. And indeed, it appears that in the case of weighted
spectral learning models can now be estimated correctly in all cases of regularly missing
values with a missingness rate of s = & (if we consider the “tweaked” curves that
we will explain subsequently) and even in the cases RANDOM4_7, RANDOM4_32, and
RANDOMZ27_7 with a missingness rate of s = % In the case of standard spectral
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learning, the inclusion of indicative and characteristic words containing missing values
does improve the results in the cases where no consistent estimate was possible with-
out such words — and only in these cases. However, we can also see that the model
estimation remains inconsistent in all of these cases.

Our interpretation is that the inclusion of words containing missing values yields a
better exploitation of the available training data and overcomes the problem of a limit
on the rank of processes that can be learnt, possibly at the cost of including matrix
entries with lower precision, but cannot prevent the problem of inconsistent estimates
entering the matrices Fy7 x and F2y7 x. Such inconsistent estimates, which introduce a
fixed error into the matrices Fy, x and Fzy, x as more training data is available, then
cause the learning performance of the standard spectral learning algorithm to plateau
at a sub-optimal level. Weighted spectral learning, however, can still obtain correct
model estimates in these cases, apparently because it can ignore such inconsistent
matrix entries by automatically assigning them very small weights.

Finally, we compare the performance in the case of regularly missing values to the
performance in the case of randomly missing values for the weighted spectral learning
algorithm when treating missing values as wildcards. In the case of a missingness rate
of rmis = 9%, the results are almost the same, except for the BIBLE27 benchmark,

where the performance is slightly worse for regularly missing values. In the case of a

1
25’

values. And for a missingness rate of rys = 4%,), the results are comparable on the

missingness rate of ry = the performance is clearly worse for regularly missing
synthetic benchmarks, but slightly worse on the real-world benchmarks, which even
require employing the following “tweaked” settings in the case of regularly missing
values:

For the ECOLI benchmark, the “tweak” consists of selecting the model learned for
a training data length of 10° using a minimum variance M; computed as in the case of
stochastic processes, i.e., fixing 7 := 1, instead of the model using a minimum variance
M based on an estimate 7, which is otherwise selected due to a higher likelihood on the
training data. This highlights the importance of the minimum variance parameter M
and shows that the crude method to select the parameter based on higher likelihood on
training data may be insufficient. For the BIBLE27 benchmark, we see that weighted
spectral learning for a missingness rate of ryjs = T15 and treating missing values as
wildcards gives a performance that deteriorates as the amount of training data increases.
We have seen such behavior before, and assume this is due to a poorly selected target
dimension setting. Therefore, we have obtained the “tweaked” curve by using lower
target dimension settings of {8, 16,32, 64,96, 128,160,192} for the respective training
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7. LEARNING WITH MISSING VALUES

data lengths, which are set based on intuition and not further optimized. This highlights
the importance of selecting a suitable target dimension, which unfortunately in the case
of data with missing values is currently an open problem.

We summarize the main findings as follows.

Conclusion 71. Algorithm using standard spectral learning works reliably only in
the case of strictly uncertain missingness, i.e., here in the simple case of randomly
missing values, and best when dealing with missing values by discarding them or treat-
ing them as wildcards. The performance is generally improved when using weighted
spectral learning instead. Moreover, weighted spectral learning can also deal with regu-
larly missing values, where the missingness is not strictly uncertain, if missing values
are treated as wildcards. We therefore recommend to use Algorithm together with
weighted spectral learning and to treat missing values as wildcards for the most general
applicability and overall best results.

However, especially for real-world processes of possibly high rank, it is crucial to find
a suitable setting for the target dimension, which is currently an open problem when

dealing with missing values.
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Conclusion

We have already included discussions and conclusions at the relevant places throughout
the thesis, so that we will use this final conclusion chapter to point out several avenues

for further research.

In Section [5.4.3| we showed how to extend the spectral learning algorithm to take
weights into account that reflect the precision of the individual estimates f (z) for the
entries in the system matrix Fy7 x. In Section we explained how to obtain vari-
ance estimates \7[ f (i)] for this purpose. We employed several tricks for the variance
estimates from Remark |39 that are required to make the estimates suitable for the
weighted spectral learning algorithms. Most importantly, the variance estimates must
not be zero, as their inverse is used in the weighted spectral learning algorithms. How-
ever, this poses a dilemma, as we wish to assign small variance estimates to very precise
estimates f () that are based on many occurrences in the training data, while using a
too small variance causes numerical issues for the weighted learning algorithm. Further
insight into setting the parameters M and K that control the minimum variance and
the strength of the Bayesian prior used for the variance estimation would be desirable.
In particular, the situation in the case of weighted learning for data with missing values
is unsatisfactory, where we need to resort to a crude form of cross-validation to optimize
the minimum variance M.

Possibly related to this, the estimation of the target dimension based on the nu-
merical rank of the matrix Fyy x, which also uses variance estimates for the entries in
Fyy x, requires further research especially in the case of data containing missing values,
where the approaches from Section [5.3.1 currently fail. We speculate that the variance
estimates from Section [5.1.1] may have problems dealing with extreme cases, where the

estimates f(Z) are either close to zero or one, or based only on very few counts, and
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that such entries may occur much more frequently in the matrix FY, x when dealing
with missing values. Interestingly, however, the model estimation using weighted spec-
tral learning that is also based on these variance estimates does perform well even for
data with missing values. In any case, this calls for further investigation.

Instead of improving the variance estimates, a complementary approach is to make
the weighted spectral learning algorithms more numerically robust. A possible and
standard method would be to include some form of regularizer for the required weighted
linear regression problems. In fact, this might also be a way to address the strange
behavior of the weighted spectral learning algorithm that we observe in situations
where the target dimension is set too low for the complexity of the available data.

In general, there currently is a lack of understanding what the (weighted) spectral
learning algorithm does if the target dimension is set lower than the process rank, even
in the idealized case of a perfectly estimated system matrix. The intuition is that a
best lower-rank approximation is learned, but our empirical results indicate that this
may not be the case, at least not with regard to the cross-entropy. Alternatively, one
may ask the question of how to obtain a lower-rank approximation to a given model
that minimizes the cross-entropy. Some progress in this direction has recently been
made by Kulesza et al. [2014} 2015a].

A final possible refinement to the current weighted spectral learning is to obtain
the matrices 7, in the last step by solving A~ A, asa weighted total least squares
(WTLS) problem instead of a GLS problem. This additionally takes the precision
of the entries in the matrix A into account, which are currently viewed as error-free.
However, solving WTLS is computationally expensive. Also, we have experimented
with this and presented initial results [Thon, [2013|, but have found this to suffer from
numerical issues. In fact, the TLS solution to a regression problem is in some sense
a deregularized version of the corresponding OLS solution, so we have concluded that
using TLS certainly requires the use of additional regularization. It is currently unclear
if using the more involved WTLS methods in place of GLS can improve the performance
of the weighted learning algorithm at all.

A long-standing open problem has been how to learn (I0)-OOM models for (con-
trolled) processes from non-stationary data. As we have seen, this is needed by our
approach to learn OOMs from data with missing values if the missingness is no longer
MCAR, i.e., depends on the observation process. Recent progress has been made in the
case of learning OOMs for non-stationary stochastic processes [Wu and Noé, |2016]. A
careful analysis of these results and extension to the case of non-stationary controlled

processes or even just the special case of learning OOM from data with missing values
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would be a very valuable contribution. Related to this is the question which conditions
are really necessary to obtain a consistent model estimation via the time-average esti-
mates from Remark We currently require the process to be stationary and ergodic
but know that these requirements are too strong.

Last, but most importantly, it would be exciting to see real-world applications of
the models and learning methods presented in this thesis, as it is only really possible

to asses the utility of the various approaches in the context of a concrete application.
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