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Abstract

Reasoning with a Bayesian network amounts to computing probability distri-
butions for the network’s variables. Pearl’s propagation algorithm provides
for efficient reasoning with singly connected networks. When applied to a
multiply connected network, the algorithm no longer yields exact probabili-
ties, yet has been reported to result in good approximations. In this paper
we provide some theoretical background to the algorithm’s performance on
multiply connected networks. We indicate the two types of error that can
arise in the probabilities computed by the algorithm and analyse the different
factors that govern one of these errors.

1 Introduction

Bayesian networks [1] by now are generally accepted as powerful models for cap-
turing the knowledge of complex problem domains along with the uncertainties in-
volved. A Bayesian network consists of a directed acyclic graph in which each node
represents a statistical variable and each arc expresses a probabilistic relationship
between the connected variables; to capture the strengths of these relationships,
each variable has associated conditional probability distributions that describe the
effect of all possible combinations of values for its parents on the probabilities of
its values. A Bayesian network uniquely defines a joint probability distribution
and as such provides for computing any probability of interest over its variables.
Reasoning with a Bayesian network amounts to computing (posterior) proba-
bility distributions for the variables involved. For networks without any topological
restrictions, this reasoning task is known to be NP-hard [2]. For networks with
specific restricted topologies, however, efficient algorithms are available, such as
Pearl’s propagation algorithm for singly connected networks. Also the task of
computing approximate probabilities with guaranteed error bounds is NP-hard in
general [3]. Although their results are not guaranteed to lie within given error
bounds, various approximation algorithms are available that yield good results on
many real-life networks. One of these algorithms is the loopy-propagation algo-
rithm. The basic idea of this algorithm is to apply Pearl’s propagation algorithm
to a Bayesian network regardless of its topological structure. While the algorithm



results in exact probability distributions for a singly connected network, it yields
approximate probabilities for the variables of a multiply connected network. Good
approximation performance has been reported with the algorithm [4].

Many researchers have addressed the performance of the loopy-propagation
algorithm [5, 6]. Weiss and his co-workers more specifically investigated its perfor-
mance by studying the application of an equivalent algorithm on pairwise Markov
networks; their use of Markov networks for this purpose was motivated by the
relatively easier analysis of these networks and justified by the observation that
any Bayesian network can be converted into a pairwise Markov network. They de-
rived an analytical relationship between the exact probabilities and the computed
approximate probabilities for the loop nodes in a network including a single loop.

In this paper we study the application of the loopy-propagation algorithm on
Bayesian networks directly, and thereby enhance the insight into its performance.
We argue that two types of error can arise in the approximate probabilities yielded
by the algorithm, which we term the cycling error and the convergence error. A
cycling error arises when messages are being passed on within a loop repetitively
and old information is mistaken for new by the variables involved. A convergence
error arises when messages that originate from dependent variables within a loop
are combined as if they were independent. As a first step towards its understand-
ing, we analyse the various factors that govern the convergence error in binary
networks with loops of restricted topology. We argue that these factors pertain
to the degree of dependence between the variables from which the combined mes-
sages originate and the extent to which this dependence can affect the computed
probabilities.

The paper is organised as follows. In Section 2, we provide some preliminaries
on Bayesian networks; in addition, we detail Pearl’s propagation algorithm for
singly connected networks. In Section 3, we indicate the two types of error that
can arise when Pearl’s algorithm is applied to a multiply connected network. In
Section 4, we study the different factors that govern the convergence error. The
paper ends with our conclusions and directions for further research in Section 5.

2 Preliminaries

In Section 2.1 we provide some preliminaries on Bayesian networks; in Section 2.2
we review Pearl’s algorithm for reasoning with singly connected networks.

2.1 Bayesian Networks

A Bayesian network is a graphical model of a joint probability distribution Pr
on a set of statistical variables. For ease of exposition we assume all variables to
be binary, taking one of the values true and false; we will write a for A = true
and a for A = false. Each variable is represented by a node in a directed acyclic
graph; from now on, we will use the terms node and variable interchangeably. The
probabilistic relationships between the variables are captured by the digraph’s set
of arcs. The absence of an arc A — B between the variables A and B indicates
that there is no direct influence between them. If all trails between A and B are
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blocked by evidence, moreover, then there also is no indirect influence of A on B
or vice versa. We say that a trail between A and B is blocked by the available
evidence if it includes either an observed variable with at least one outgoing arc,
or an unobserved variable with two incoming arcs and no observed descendants.
If there are no direct or indirect influences between A and B, then the variables
are taken to be conditionally independent given the evidence. Associated with the
digraph are numerical quantities from the modelled distribution: for each variable
A, a set of conditional probability distributions Pr(A | 7(A)) is specified, where
7m(A) denotes the set of parents of A in the digraph. As an example, Figure 1
depicts a small Bayesian network. If no observations have been entered as yet, its
variables A and B are dependent along the trail A « D — B. The two variables
become independent as soon as an observation for the variable D is entered. If
observations are entered for both D and C|, then the variables A and B may be
dependent again, this time along the trail A — C «— B.

In the sequel, we distinguish between singly connected and multiply connected
Bayesian networks. A network is singly connected if there is at most one trail
between any two variables in its digraph. If there are multiple trails between
variables, then the network is multiply connected. A multiply connected Bayesian
network includes one or more loops, that is, one or more cycles in its underlying
undirected graph. A node that has two or more incoming arcs on the loop will be
called a convergence node. The Bayesian network from Figure 1 is an example of
a multiply connected network. The trail A «— D — B — C « A constitutes a
loop in the network’s digraph; node C' is the only convergence node in this loop.

2.2 Pearl’s Propagation Algorithm

Pearl’s propagation algorithm was designed for probabilistic reasoning with singly
connected Bayesian networks [1]. The algorithm is based upon the idea of message
passing between neighbouring variables. In the algorithm, each node X is looked
upon as an autonomous object that applies a limited number of simple computa-
tion rules. Using these rules, the node can compute its probability distribution
Pr(X | e) given the available evidence e, from the messages it receives from its
neighbours. Node X in turn computes the messages it has to send to its neighbours



to enable them to compute their probability distributions. The computation rules
are applied by the various nodes in parallel. In each iteration of the algorithm, a
node takes the messages it received in the previous time step for its input. The
rule used by node X for computing the probability distribution Pr(X | e) now is

Pr'(z | e) = a-\(z) - 7' (x)

where A!(z) is computed from the diagnostic messages )\ﬁ,j (z) it receives from each
of its children Yj:
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and 7'(x) is computed from the causal messages 7 (U;) it receives from each of
its parents Uj;:
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The rule for computing the diagnostic message to be sent to its parent U; is
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and the rule for computing the causal message to be sent to its child Y is

T (@) = 8- nt(@) - [ Mo (@)
k]
where « and 3 are normalisation constants. Figure 2 indicates, as an example, the
various messages that are sent between the variables of the network from Figure 1.
We note that in the prior state of a network all diagnostic messages are equal to
1. An observation for a node X can be entered into the network by multiplying
Ai(z) by 1 for the observed value of X and by 0 for the other value(s).

3 Errors in Loopy Propagation

When applied to a singly connected Bayesian network, Pearl’s propagation al-
gorithm results in exact probabilities. When applied to a multiply connected
network, however, the computed probabilities may include two types of error.
The first type of error arises when messages are being passed on in a loop
repetitively and old information is mistaken for new by the variables involved.
As an example, we consider again the multiply connected network from Figure 1.
After an observation for node C has been entered, the diagnostic message that it
sends to node A will consist of information about its own conditional probabilities
combined the probability distribution of node B. Node A passes this information
on to node D which in turn sends it to B. Node B misinterprets its own information
for new and includes it into its probability distribution. Node B then sends a



different message to node C' and the updating process is repeated. The error that
thus arises will be termed a cycling error.

The second type of error originates from the combination of causal messages
by the convergence nodes of the loops. A convergence node combines the messages
from its parents as if they come from independent sources. In a singly connected
network the parents of a node indeed are independent, the parents of a convergence
node, however, may be dependent. By assuming independence upon combining
the causal messages, a convergence error may then be introduced.

4 The Convergence Error

To study the size of the convergence error, we apply the loopy-propagation algo-
rithm to the example Bayesian network from Figure 1. In the prior state of the
network, all diagnostic messages equal 1 and the nodes receive informative mes-
sages from their parents only. In this state, moreover, the algorithm establishes
exact probability distributions for the nodes A, B and D. Node D sends a causal
message with its exact prior probability distribution to A and B. These nodes
combine the message they receive from D with their own conditional probabilities
in a mathematically correct way. They subsequently send their exact prior prob-
ability distributions to the convergence node C' which combines the two messages
to establish its own (approximate) probability distribution. Since node C' does not
pass on any information to nodes A and B, only a convergence error arises during
the propagation. Studying the prior state of the network therefore allows us to
investigate the convergence error in isolation.

Upon receiving the exact prior probability distributions of the nodes A and B,
node C' establishes the following approximate probability:

Pr(c) = Y Pr(c|AB)-mc(A)-mc(B)
A,B

= ) Pr(c| AB)-Pr(A) - Px(B)
A,B

where we use Pr to distinguish approximate probabilities from exact ones. The
computation rule used for the derivation explicitly builds upon the assumption
that the two parents A and B of C are independent. This assumption holds for
the singly connected networks for which the algorithm was developed, yet does
not hold for multiply connected networks in general. In the network from Figure 1
more specifically, nodes A and B are dependent, thereby violating the assumption
underlying the computation rule which in turn gives rise to a convergence error.
To establish the size of the convergence error in the computed probability Pr(c),
we compare it against the exact probability Pr(c); the latter probability equals



Pr(e) = ZPr c¢| AB) - Pr(AB)
A,B
= > Pr(c| AB)-Pr(AB| D) Pr(D)
A,B,D
= > Pr(c|AB)-Pr(A| D) -Pr(B|D)-Pr(D)
A,B,D
Note that the derivation builds upon the observation that the parents A and B of

C are independent given D. The difference between the exact and approximate
probabilities now is

Pr(c)—f’vl"(c):w~x~y-z

where w = Pr(c|ab)— Pr(c|ab) — Pr(c | ab) + Pr(c | ab)
r = Pr(a|d)—Pr(a|d)
y = Pr(b|d)—Pr(b|d)
2 = Pi(d) - Pr(ay

We observe that the size of the convergence error is governed by four factors.
These factors are illustrated in Figure 3; for the construction of the figure we
used the probabilities from Figure 1. The surface shown in Figure 3 captures the
approximate probability Pr(c) computed for the convergence node C as a function
of the probabilities Pr(a) and Pr(b); for any particular Pr(a) and Pr(b), therefore,
the corresponding f’vr(c) is a point on this surface. The figure further shows a line
segment that has its two endpoints on the depicted surface. This line segment
expresses the exact probability Pr(c) as a function of Pr(d); for a particular Pr(d),
resulting in a particular Pr(a) and Pr(b), therefore, the corresponding Pr(c) is a
point on the line segment. Note that while the surface depicts the probability
of ¢ under the assumption of independence of A and B, the line segment takes
the dependence between these two nodes into consideration. The convergence
error now equals the distance between the point on the line segment that matches
Pr(d) and its orthogonal projection on the surface; for Pr(d) = 0.5, the difference
between ﬁ(c) and Pr(c) is indicated by the vertical dotted line segment.
The impact of the various factors on the convergence error now is as follows:

e The factor w captures the curvature of the surface. The more curved the
surface is, the larger the distance between a point on the line segment and
its projection on the surface will be. The larger the factor w, therefore, the
larger the convergence error. The factor ranges between —2 and 2. For our
example network, we have a maximal curvature of the surface and w = 2.

e The distance between a point on the line segment and its projection on the
surface is maximal for the segment’s midpoint and minimal for its endpoints.
The impact of the location of this point on the convergence error is reflected
by the factor z. The value of z ranges between 0 and 0.25. For our example
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Figure 3: The probability of ¢ as a function of Pr(a) and Pr(b), assuming indepen-
dence of the parents A and B of C' (surface), and as a function of Pr(d), assuming
independence of A and B given D (line segment).

network, with Pr(d) = 0.5, the exact probability Pr(c) is located at the mid-
point of the line segment and z is maximal. Would Pr(d) have been equal to
0 or to 1, then the probability Pr(c) would have been located at an endpoint
of the line segment and, hence, would have lied on the depicted surface.
Note that with these values of Pr(d), the nodes A and B would have been
independent and exact probabilities for C would indeed have been found.

e The distance between a point on the line segment and its projection on the
surface further depends on the location of the line segment. The distance
is zero if the projection of the line segment on the Pr(a),Pr(b)-plane of
the figure is orthogonal to one of the axes; it is maximal if the projection
equals one of the plane’s diagonals. Moreover, the distance is zero if the two
endpoints of the line segment coincide; it is maximal if these points have
maximal distance. The impact of the location of the line segment on the
convergence error is expressed by the factors z and y. These factors range
between 1 and —1; in our example network, we have r = —0.4 and y = —0.8.

Informally speaking, the factors z, y and z with each other capture the degree
of dependence between the nodes A and B along the trail through node D and
the factor w indicates to which extent this dependence can affect the computed
probabilities. From the above considerations, we note that the error ranges be-
tween —0.5 and 0.5. We now conclude our analysis by establishing the size of
the convergence error for node C' in the example network. For the four factors
that govern the error, we found that w = 2, z = —0.4, y = —0.8 and z = 0.25,
from which we establish a convergence error of 0.25- —0.4- —0.8 - 2 = 0.16. Using
the loopy-propagation algorithm, we compute from the network the approximate
probability Pr(c) = 0.5. Note that our closed formula for the convergence error
enables us to establish the exact probability to be Pr(c) = ﬁ(c) +0.16 = 0.66.
So far, we analysed the size of the convergence error just for the example
network from Figure 1. Our analysis readily extends to binary networks in which
each convergence node has just two loop nodes among its parents. While for our



example network we could establish the various factors that govern the error’s size
directly from the network’s specification, however, this may no longer be possible
for networks of more complex topology.

5 Conclusions

We investigated the errors that arise when Pearl’s propagation algorithm for rea-
soning with singly connected networks is applied to a multiply connected Bayesian
network. We identified the two types of error that are introduced by the algorithm
in the computed probabilities, which we termed the cycling error and the conver-
gence error. For binary networks with loops of restricted topology, moreover, we
detailed the various factors that govern the size of the convergence error. This type
of error arises when a convergence node in a loop combines the messages it receives
from its two parents as if originating from independent sources. The size of the
error is subject, among other factors, to the degree of dependence between the two
parents. Informally speaking, the less dependent these two nodes are, the smaller
the convergence error will be. By studying the application of the algorithm directly
on Bayesian networks, we enhanced the insight into its performance, compared to
previous research that used pairwise Markov networks for this purpose.

We studied the convergence error only in binary networks in which each con-
vergence node has just two loop nodes among its parents. When a convergence
node has more than two incoming arcs from loop nodes, the formula expressing
the convergence error will be much more complicated. We expect, however, that
also the more general expression will bear information about the degree of depen-
dence among the parents involved. Also, we studied the size of the convergence
error only in the prior state of a network. When observations are entered into the
network, the convergence error will change in size. We hope to report new results
from our further analysis of these issues in the near future.
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